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RELATIVELY PRIME INVERSE DOMINATION ON VERTEX

SWITCHING OF SOME GRAPHS

C. JAYASEKARAN1∗, L. ROSHINI1, §

Abstract. Let G = (V,E) be a non-trivial graph. A subset D of the vertex set V of a
graph G is called a dominating set of G if every vertex in V −D is adjacent to a vertex
in D. The domination number is the lowest cardinality of a dominating set, and it is
denoted by γ(G). If V −D contains a dominating set S of G, then S is called an inverse
dominating set with respect to D. In an inverse dominating set S, every pair of vertices
u and v in S such that (deg(u), deg(v)) = 1, then S is called relatively prime inverse
dominating set. The lowest cardinality of a relatively prime inverse dominating set is
called the relatively prime inverse domination number and is denoted by γ−1

rp (G). In this
paper, we find relatively prime inverse domination number on vertex switching of some
graphs.

Keywords: Domination, Inverse domination, Relatively Prime Inverse domination, Ver-
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1. Introduction

When we refer to a graph,we mean a limited number, undirected one having no loops
or numerous edges. We cite the book by Chartrand and Lesniak for terms related to
graph theory [2]. In this work, it is assumed that every graph is non-trivial. The degree
of a vertex v in a graph G = (V,E) is denoted by the symbol deg(v) and is defined as
the number of edges that intersect v. The lowest of {deg(v) : v ∈ V (G)} is denoted by
δ(G) and the total of {deg(v) : v ∈ V (G)} is denoted by ∆(G). The subgraph produced
by a set S of vertices of a graph G is denoted by 〈S〉, with V(〈S〉) = S and E(〈S〉) =
{uv ∈ E(G) : u, v ∈ S}. One of the most rapidly expanding fields of graph theory is the
study of domination and associated subset problems. A full survey of dominance can be
seen in [4]. A set D ⊆ V (G) in a graph G is a dominating set of G if for every vertex
v in V − D, there exists a vertex u in D such that v is adjacent to u. A dominating
set is also called γ-set. The least cardinality of a dominating set of a graph G is called
the domination number of G and is represented by γ(G). In [8], the concept of inverse
domination in graph was introduced by Kulli V. R. et al. Let D be the γ-set of G. If
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of Mathematics, 2024; all rights reserved.

1179



1180 TWMS J. APP. AND ENG. MATH. V.14, N.3, 2024

V −D contains a dominating set S, then S is known as the inverse dominating set of G
with respect to D. The inverse domination number γ−1(S) is the smallest cardinality of
all the least inverse dominating sets of G. A crown graph on 2n vertices is an undirected
graph with two set of vertices {u1, u2, ..., un} and {v1, v2, ..., vn} and with an edge from
ui to vi, i ≤ i 6= j ≤ n [1]. The book graph is defind as the cartisian product of star
graph Sn and path P2 [3]. The graph obtained by joining disjoint cycles u1u2...unu1 and
v1v2...vnv1 with an edge u1v1 is called the dumbbell graph Dbn[9]. A set S ⊆ V is said
to be relatively prime dominating set if it is a dominating set with at least two elements
and for every pair of vertices u and v in S such that (deg(u), deg(v)) = 1. The lowest
cardinality of a relatively prime dominating set of a graph G is known as the relatively
prime domination number of G and is represented by γrp(G) [5]. The concept of relatively
prime inverse domination of a graph was introduced in [7] and the lowest cardinality of
a relatively prime inverse dominating set of a graph G is known as the relatively prime
inverse domination number of G and is represented by γ−1

rp (G). The goal of this paper is

to find the parameter γ−1
rp (G) in graph vertex switching.

Definition 1.1. [7] Let D be a γ- set of a graph G. If V − D contains a dominating
set S of G, then S is called an inverse dominating set with respect to D. If every pair
of vertices u and v in S such that (deg(u), deg(v)) = 1, then S is called relatively prime
inverse dominating set. The lowest cardinality of a relatively prime inverse dominating
set of a graph G is called relatively prime inverse domination number of graph G and is
denoted by γ−1

rp (G). If no such set S exists in V −D, then we denote γ−1
rp (G) = 0.

Definition 1.2. [6] For a finite undirected graph G = (V,E) and v ∈ V , the graph Gv

formed from G by removing all edges incident to v and adding edges that are not adjacent
to v is the vertex switching of G by v.

2. Known Result

Theorem 2.1. [4] If G is a graph with no isolated vertices, then the complement V − S
of every minimal dominating set S is also a dominating set.

Theorem 2.2. [6] For a path Pn, γ−1
rp (Pn) =


2 if 3 ≤ n ≤ 5

3 if n = 6, 7

0 otherwise

3. Main Results

Theorem 3.1. Let Cn be the cycle and v be any vertex of Cn. Then for any integer n ≥ 3,

γ−1
rp (C̄n

v
) =

{
2 if n is odd

0 if n is even
.

Proof. Let v1v2 · · · vn be the cycle Cn and C̄n be the complement graph of Cn. Clearly,
C̄n

vi ∼= C̄n
vj , 1 ≤ i, j ≤ n. Without losing generality, let v be vi for some i, 1 ≤ i ≤ n.

Then in C̄n
v
, vi is adjacent with vi+1 and vi−1; vi+1 and vi−1 are adjacent with every

vertices except vi+2 and vi−2, respectively for 1 ≤ i ≤ n and vj is adjacent with every
vertices except vj−1, vj+1 and vi for 1 ≤ j ≤ n where j 6= i − 1, i, i + 1. Clearly, in C̄n

v
,

deg(vi) = 2, deg(vi+1) = deg(vi−1) = n − 2 and deg(vj) = n − 4. Now we consider the
following two cases.
Case 1. n is odd

Let n = 2k + 1, k ≥ 1. When k = 1, C̄3
v ∼= P3. Hence, by Theorem 2.2, γ−1

rp (C̄3
v
) =

γ−1
rp (P3) = 2.
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Let k ≥ 2. In C̄n
v
, D = {vi+1, vi+2} is a γ-set and a corresponding γ−1-set is S =

{vi−1, vi−2} and (deg(vi−1), deg(vi−2)) = (n− 2, n− 4) = 1, since n is odd. Hence, S is a
minimum relatively prime inverse dominating set of C̄n

v
and so γ−1

rp (C̄v
n) = 2.

Case 2. n is even
Let n = 2k, k ≥ 2. When k = 2, C̄4

v
= K1 ∪K3 which has an isolated vertex given in

Figure 1. By Theorem 2.2, γ−1
rp (C̄4

v
) = 0.

C4 C̄4 C̄v1
4

Figure 1
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v4 v2

v3

Now consider C̄2k
v

where k ≥ 3. For any given γ-set D of C̄2k
v
, any corresponding

γ−1-set S must contain at least two vertices and each vertex has even degree and so S
cannot be a relatively prime inverse dominating set. Hence, γ−1

rp (C̄n
v
) = 0. �

Example 3.1. The graphs C5, C̄5, and C̄v1
5 are given in the Figure 2. Clearly, D = {v2, v3}

is γ- set of C̄v1
5 . In C̄v1

5 , S = {v4, v5} is a corresponding γ−1-set with degree sequence (1, 3).
This implies that S is a minimum relatively prime inverse dominating set of C̄v1

5 and so
γ−1
rp (C̄v1

5 ) = 2.

C5 C̄5
C̄v1
5

Figure 2
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Theorem 3.2. Let v be any vertex of the the dumbbell graph Dbn. Then

(1) for n = 3, γ−1
rp (Dbvn) = 2.

(2) for n = 4, γ−1
rp (Dbvn) =

{
3 if degDbn(v) = 2

4 if degDbn(v) = 3
.

(3) for n = 5, γ−1
rp (Dbvn) =


0 if degDbn(v) = 2 and v is adjacent to

a vertex of degree 3

4 otherwise

.

(4) for n ≥ 6, γ−1
rp (Dbvn) = 0.

Proof. The dumbbell graph Dbn is obtained by joining two disjoint cycles u1u2....unu1
and v1v2....vnv1 with an edge u1v1. Then in Dbn, deg(v) = 2 if v ∈ {ui, vi : 2 ≤ i ≤ n}
and deg(v) = 3 if v ∈ {u1, v1}. Let Dbvn be the vertex switching graph Dbn with respect
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to the vertex v. Let D be a γ- set of Dbvn and S be a minimum relatively prime inverse
dominating set of Dbvn with respect to D. Now we consider the following five cases.
Case 1. n = 3

In Db3, if deg(v) = 3, then v is either u1 or v1. Clearly, Dbv13
∼= Dbu1

3 . Without losing
generality, let v be u1. The graphs Db3 and Dbu1

3 are given in Figur 3. A γ-set of Db3
u1 is

D = {u3, v3} and a corresponding γ−1- set S = {u2, v2}. In Dbu1
n , (deg(u2), deg(v2)) = (1,

3) = 1 and so S is a minimum relatively prime inverse dominating set of Dbu1
n . Therefore,

γ−1
rp (Dbu1

3 ) = 2.

Db3 Dbu1
3

Figure 3
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In Db3, if deg(v) = 2, then v is either ui or vi where i = 2, 3. Clearly, Dbv23
∼= Dbv33

∼=
Dbu2

3
∼= Dbu3

3 . Without losing generality, let v be u2. The graph Dbu2
3 is given in Figure

4. A γ-set of Db3
u2 is D = {u1, v1} and a corresponding γ−1-set is S = {u3, v3}. In

Dbu2
n , (deg(u3), deg(v3)) = (1, 3) = 1. Hence, S is a minimum relatively prime inverse

dominating set of Dbu2
n and so γ−1

rp (Dbu2
3 ) = 2.

Db3 Db3
u2

Figure 4
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Case 2. n = 4
In Db4, if deg(v) = 2, then v is either ui or vi, 2 ≤ i ≤ 4. Clearly, Dbv24

∼= Dbv44
∼=

Dbu2
4
∼= Dbu4

4 and Dbv34
∼= Dbu3

4 . The graphs Dbu2
4 and Dbu3

4 are given in Figure 5.
Subcase 2.1. v = u2

A γ-set of Db4
u2 is D = {u2, u4} and a corresponding γ−1-set is S = {u3, v1, v3}. In

Dbu2
4 , (deg(u3), deg(v1)) = (1, 4) = 1, (deg(v1), deg(v3)) = (4, 3) = 1, (deg(v3), deg(u3))

= (1, 3) = 1. This implies that S is a minimum relatively prime inverse dominating set
of Dbu2

4 and so γ−1
rp (Dbu2

4 ) = 3.
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4

Figure 5
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Subcase 2.2. v = u3
A γ-set of Db4

u3 is D = {u1, v3} and a corresponding γ−1-set is S = {u2, u3, u4}. In
Dbu3

4 , deg(u2) = deg(u4) = 1 and deg(u3) = 5, and thereby S is a minimum relatively
prime inverse dominating set of Dbu3

4 . Therefore, γ−1
rp (Dbu3

4 ) = 3.
In Db4, if deg(v) = 3, then v is either u1 or v1. Clearly, Dbu1

4
∼= Dbv14 . Without

losing generality, let v be u1. The graph Dbu1
4 is given in Figure 6. A γ-set of Db4

u1 is
D = {u1, u3, v4} and a corresponding γ−1-set is S = {u2, u4, v1, v2}. In Dbu1

4 , deg(u2) =
deg(u4) = 1 deg(v1) = 2 and deg(v2) = 3. Hence, S is a minimum relatively prime inverse
dominating set of Dbu1

4 and so γ−1
rp (Dbu1

4 ) = 4.

Db4 Dbu1
4

Figure 6
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Case 3. n = 5
In Db5, if deg(v) = 2, then v is either ui or vi, 2 ≤ i ≤ 4. Clearly, Dbv25

∼= Dbv55
∼=

Dbu2
5
∼= Dbu5

5 and Dbv35
∼= Dbu3

5
∼= Dbv45

∼= Dbu4
5 . The graphs Db5, Db

u1
5 , Dbu2

5 and Dbu3
5

are given in Figure 7.
Subcase 3.1. v = u2

The vertex u2 is adjacent to only u1 and u3 in Db5 and so u2 is adjacent to all vertices
except u1 and u3 in Dbu2

5 . Also the vertices u1 and u3 are non-adjacent in Dbu2
5 . Hence,

a γ-set of Dbu2
5 must contain exactly three vertices. Since the degree sequence of vertices

of Dbu2
5 is (7, 4, 3, 3, 3, 3, 3, 3, 2, 1), any corresponding γ−1-set must contain at least

two vertices of degree 3 and thereby there does not exist any relatively prime inverse
dominating set. Therefore, γ−1

rp (Dbu2
5 ) = 0.

Subcase 3.2. v = u3
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A γ-set of Db5
u3 is D = {u1, u3, u5} and a corresponding γ−1-set is S = {u2, u4, v1, v3}.

Since the degree sequence of vertices is S is (4, 3, 1, 1), S is a minimum relatively prime
inverse dominating set of Dbu3

5 and so γ−1
rp (Dbu3

5 ) = 4.

Db5 Dbu2
5
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u5u4
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v2 v3
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Fgure 7
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In Db5, if deg(v) = 3, then v is either u1 or v1. Clearly, Dbv14
∼= Dbu1

5 . Without losing
generality, let v be u1. A γ-set of Db5

u1 is D = {u1, u3, u4, v2} and a corresponding γ−1-set
is S = {u2, u5, v1, v4}. Since the degree sequence of vertices of S in Dbu1

5 is (3, 2, 1, 1), S
is a minimum relatively prime inverse dominating set of Dbu1

5 and so γ−1
rp (Dbu1

5 ) = 4.
Case 4. n ≥ 6

In Dbn, if deg(v) = 3, then the degree sequence of Dbvn is (n− 4, 3, 3, ..., 3, 2, 1, 1). Any
γ-set D of Dbvn contains four vertices and any γ−1-set S must contain at least two vertices
of degree 3 and so Dbvn has no relatively prime inverse dominating set. This implies that
γ−1
rp (Dbvn) = 0.

In Dbn, if deg(v) = 2, then the degree sequence of Dbvn is (n − 3, 4, 3, 3, ..., 3, 2, 1).
Clearly, any γ-set D of Dbvn contains three vertices and any γ−1-set S must contain at
least two vertices of degree 3 and so Dbvn has no relatively prime inverse dominating set.
This implies that γ−1

rp (Dbvn) = 0.
The theorem follows from the above four cases. �

Theorem 3.3. Let v be any vertex of the book graph Bn. Then

γ−1
rp (Bv

n) =


2 if n = 2 and degBn(v) = 2

3 if n ≥ 3, degBn(v) = 2 and 2n 6≡ 1(mod 3)

n if degBn(v) = n+ 1

0 otherwise

.

Proof. Let v0, v1, ..., vn and u0, u1, ..., un be the vertices of two copies of star K1,n with
central vertices v0 and u0 respectively. Join ui with vi for all i, 1 ≤ i ≤ n. The resultant
graph is book graph Bn with vertex set V (Bn) = {v0, u0, vi, ui : 1 ≤ i ≤ n} and edge set
E(Bn) = {v0u0, viui, v0vi, u0ui : 1 ≤ i ≤ n}. Then Bn has 2n + 2 vertices and 3n + 1
edges. Also degBn(v) = n for v ∈ {u0, v0} and degBn(v) = 2 otherwise. Let D be a γ-set
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of Bn and S be a corresponding minimum relatively prime inverse dominating set of Bn.
Now we consider the following three cases.
Case 1. n = 2 and degBn(v) = 2

Here v is either ui or vi, 1 ≤ i ≤ 2. Clearly, Bu1
n
∼= Bu2

n
∼= Bv1

n
∼= Bv2

n . Without
losing generality, let v be u1. The graphs B2 and Bu1

2 are given in Figure 8. A γ-set of
Bu1

n is D = {u0, v0} and a corresponding γ−1- set is S = {u2, v1}. In Bu1
n , deg(u2) = 3,

deg(v1) = 1 and (deg(un), deg(v1)) = (3, 1) = 1. Hence, S is a minimum relatively prime
inverse dominating set of Bu1

n and so γ−1
rp (Bu1

n ) = 2.

B2 Bu1
2

Figure 8
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v1
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v0

u2

v2

u1
u0

v0
v2

u2
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Case 2. n ≥ 3 and degBn(v) = 2
Here v is either ui or vi, 1 ≤ i ≤ n. Clearly, Bu1

n
∼= Bu2

n
∼= ... ∼= Bun

n
∼= Bv1

n
∼= Bv2

n
∼= ... ∼=

Bvn
n . Without losing generality, let v be u1. The graphs B4 and Bu1

4 are given in Figure
9. Consider the graph Bn

u1 . In Bn
u1 , deg(u1) = 2n− 1, deg(ui) = deg(vi) = 3, 2 ≤ i ≤ n,

deg(v1) = 1, deg(u0) = n − 1 and deg(v0) = n + 1. A γ-set of Bn
u1 is D = {u0, v0} and

a corresponding γ−1-set is S = {u1, un, v1}. In Bn
u1 , (deg(u1), deg(v1)) = (2n − 3, 1) =

1, (deg(un), deg(v1)) = (3, 1) = 1 and (deg(u1), deg(un)) = (2n − 1, 3). Hence, S is a
minimum relatively prime inverse dominating set if and only if (2n− 1, 3) = 1 if and only
if 2n− 1 6≡ 0(mod 3) if and only if 2n 6≡ 1(mod 3).

B4 Bu1
4

Figure. 9
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Case 3. degBn(v) = n+ 1
Here v is either u0 or v0. Without losing generality, let v be u0 since Bu0

n
∼= Bv0

n . The
graphs B5 and Bu0

5 are given in Figure 10. In Bu0
n , deg(u0) = deg(v0) = n, deg(ui) = 1

and deg(vi) = 3, 1 ≤ i ≤ n. A γ-set of Bu0
n is D = {u1, v2, v3, ..., vn} and a corresponding

γ−1-set is S = {v1, u2, u3, ..., un}. Also in Bu0
n , (deg(v1), deg(uj)) = (3, 1) = 1, 2 ≤ j ≤ n

and (deg(ul), deg(um)) = (1, 1) = 1 for 2 ≤ l 6= m ≤ n. Hence, S is a minimum relatively
prime inverse dominating set of Bu0

n and so γ−1
rp (Bu0

n ) = n.
The theorem follows from cases 1, 2 and 3. �
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B5 Bu0
5

Figure 10
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Theorem 3.4. Let v be any vertex of the Barbell graph Bn,n. Then

γ−1
rp (Bv

n,n) =

{
0 if degBn,n(v) = n and n is even.

2 otherwise

Proof. Consider two copies of Kn with the vertex sets {u1, u2, ..., un} and {v1, v2, ..., vn}.
Join u1 and v1, we get the barbell graph G = Bn,n with the vertex set V (Bn,n) = {ui, vi :
1 ≤ i ≤ n} and edge set E(Bn,n) = {u1v1, uiuj , vivj : 1 ≤ i < j ≤ n}. Also in Bn,n,
deg(u1) = deg(v1) = n, deg(ui) = deg(vi) = n − 1, 2 ≤ i ≤ n. Let Bv

n,n be the vertex
switching of Bn,n with respect to the vertex v. Let D be a γ-set of Bv

n,n and S be a

corresponding γ−1-set. We consider the following two cases.
Case 1. degBn,n(v) = n− 1

Here v is either ui or vi, 2 ≤ i ≤ n. Clearly, Bui
n,n
∼= Bvi

n,n
∼= B

uj
n,n
∼= B

uj
n,n, 2 ≤ i 6= j ≤ n.

Without losing generality, v be u2. In Bv
n,n, v is adjacent to vi, 1 ≤ i ≤ n, and a γ-set of

Bv
n,n is D = {v, ui}, for some i, 2 ≤ i ≤ n and a corresponding γ−1- set is S = {vi, u1},

for some i, 2 ≤ i ≤ n. Also in Bv
n,n, (deg(vi), deg(u1)) = (n, n − 1) = 1. Hence, S is a

minimum relatively prime inverse dominating set of Bv
n,n and so γ−1

rp (Bv
n,n) = 2.

Case 2. degBn,n(v) = n
Here v is either u1 or v1. Let v be u1. In Bv

n,n, v is adjacent to vi, 1 ≤ i ≤ n,

dBv
n,n

(v) = n. A γ-set of Bv
n,n is D = {ui, vi}, 1 ≤ i ≤ n. and a corresponding γ−1-set is

S = {uj , vj}, 2 ≤ i ≤ n, i 6= j. Also in Bv
n,n, (deg(vj), deg(uj)) = (n, n − 2). Hence, S is

a minimum relatively prime inverse dominating set of Bv
n,n if and only if (n, n− 2) = 1 if

and only if n is odd. This implies that γ−1
rp (Bv

n,n) = 2 if and only if n is odd.
Thus the theorem follows from the above two cases. �

B3 Bu1
3

Figure 11
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Theorem 3.5. Let Hn,n be a crown graph and v be any vertex of Hn,n. Then

γ−1
rp (Hv

n,n) =

{
2 if n is odd

0 otherwise

Proof. Consider the complete bipartite graph Kn,n with vertex set V (Kn,n) = {ui, vi : 1 ≤
i ≤ n}. By removing the edges uivi, 1 ≤ i ≤ n, we get the crown graph with vertex set
V (Hn,n) = {ui, vi : 1 ≤ i ≤ n} and edge set E(Hn,n) = {uivj : 1 ≤ i 6= j ≤ n}. In Hn,n,
deg(ui) = deg(vi) = n − 1, 1 ≤ i ≤ n. Let D be a γ-set of Hv

n,n and S be a minimum
relatively prime inverse dominating set with respect to D.

Clearly, Hu1
n,n
∼= Hu2

n,n
∼= ... ∼= Hun

n,n
∼= Hv1

n,n
∼= Hv2

n,n
∼= ... ∼= Hvn

n,n. Let v be u1. The graphs
H3,3 and Hu1

3,3 are given in Figure 12. In Hu1
n,n, deg(ui) = n, 1 ≤ i ≤ n, deg(v1) = n,

deg(vi) = n − 2, 2 ≤ i ≤ n and hence the degree sequence of Hu1
n,n contains only the

numbers n − 2 and n. A γ- set of Hu1
n,n is D = {un, vn} and a corresponding γ−1-set is

S = {un−1, vn−1}. In Hu1
n,n, (deg(un−1), deg(vn−1)) = (n, n − 2). Hence, S is a minimum

relatively prime inverse dominating set if and only if (n, n− 2) = 1 if and only if n is odd.
This implies that γ−1

rp (Hu1
n,n) = 2 if and only if n is odd. �

H3,3 Hu1
3,3

Figure 12
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4. conclusion

In this paper, we have found the relatively prime inverse domination number on vertex
switching of some standard graphs like dumbbell graph, book graph, barbell graph, and
crown graph.
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