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RELATIVELY PRIME INVERSE DOMINATION ON VERTEX
SWITCHING OF SOME GRAPHS

C. JAYASEKARAN!* L. ROSHINI!, §

ABSTRACT. Let G = (V, E) be a non-trivial graph. A subset D of the vertex set V of a
graph G is called a dominating set of G if every vertex in V' — D is adjacent to a vertex
in D. The domination number is the lowest cardinality of a dominating set, and it is
denoted by v(G). If V — D contains a dominating set S of G, then S is called an inverse
dominating set with respect to D. In an inverse dominating set S, every pair of vertices
uw and v in S such that (deg(u),deg(v)) = 1, then S is called relatively prime inverse
dominating set. The lowest cardinality of a relatively prime inverse dominating set is
called the relatively prime inverse domination number and is denoted by ’yr_pl (G). In this
paper, we find relatively prime inverse domination number on vertex switching of some
graphs.

Keywords: Domination, Inverse domination, Relatively Prime Inverse domination, Ver-
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1. INTRODUCTION

When we refer to a graph,we mean a limited number, undirected one having no loops
or numerous edges. We cite the book by Chartrand and Lesniak for terms related to
graph theory [2]. In this work, it is assumed that every graph is non-trivial. The degree
of a vertex v in a graph G = (V, E) is denoted by the symbol deg(v) and is defined as
the number of edges that intersect v. The lowest of {deg(v) : v € V(G)} is denoted by
0(G) and the total of {deg(v) : v € V(G)} is denoted by A(G). The subgraph produced
by a set S of vertices of a graph G is denoted by (S), with V((S)) = S and E((S)) =
{uv € E(G) : u,v € S}. One of the most rapidly expanding fields of graph theory is the
study of domination and associated subset problems. A full survey of dominance can be
seen in [4]. A set D C V(@) in a graph G is a dominating set of G if for every vertex
v in V — D, there exists a vertex u in D such that v is adjacent to u. A dominating
set is also called v-set. The least cardinality of a dominating set of a graph G is called
the domination number of G and is represented by v(G). In [8], the concept of inverse
domination in graph was introduced by Kulli V. R. et al. Let D be the v-set of G. If
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V — D contains a dominating set .S, then S is known as the inverse dominating set of G
with respect to D. The inverse domination number v~1(S) is the smallest cardinality of
all the least inverse dominating sets of G. A crown graph on 2n vertices is an undirected
graph with two set of vertices {uy,us,...,u,} and {v1,ve,...,v,} and with an edge from
u; to v, 1 < i # j < n [1]. The book graph is defind as the cartisian product of star
graph S, and path P, [3]. The graph obtained by joining disjoint cycles ujus...uyu1 and
v1V2...05,v1 With an edge wjv is called the dumbbell graph Db, [9]. A set S C V is said
to be relatively prime dominating set if it is a dominating set with at least two elements
and for every pair of vertices u and v in S such that (deg(u),deg(v)) = 1. The lowest
cardinality of a relatively prime dominating set of a graph G is known as the relatively
prime domination number of G and is represented by 7,,(G) [5]. The concept of relatively
prime inverse domination of a graph was introduced in [7] and the lowest cardinality of
a relatively prime inverse dominating set of a graph G is known as the relatively prime
inverse domination number of G and is represented by %Tpl(G). The goal of this paper is

to find the parameter 'yg,l(G) in graph vertex switching.

Definition 1.1. [7] Let D be a - set of a graph G. If V — D contains a dominating
set S of G, then S is called an inverse dominating set with respect to D. If every pair
of vertices u and v in S such that (deg(u), deg(v)) = 1, then S is called relatively prime
mverse dominating set. The lowest cardinality of a relatively prime inverse dominating
set of a graph G is called relatively prime inverse domination number of graph G and is
denoted by 77;1 (G). If no such set S exists in V — D, then we denote ’y,fpl(G) =0.

Definition 1.2. [6] For a finite undirected graph G = (V,E) and v € V, the graph G
formed from G by removing all edges incident to v and adding edges that are not adjacent
to v is the vertex switching of G by v.

2. KNOwN RESULT

Theorem 2.1. [4] If G is a graph with no isolated vertices, then the complement V — S
of every minimal dominating set S is also a dominating set.

2 if3<n<5
Theorem 2.2. [6] For a path P, v,,/(P,) =3 if n=6,7

0 otherwise

3. MAIN RESULTS

Theorem 3.1. Let C), be the cycle and v be any vertex of C,,. Then for any integer n > 3,
4, = 2if nis odd
’Y'rpl (Cnv) = {

0:if nis even

Proof. Let vivg - - - v, be the cycle C,, and C,, be the complement graph of C,. Clearly,
C," = C,",1 <i,j <n. Without losing generality, let v be v; for some i,1 < i < n.
Then in Cnv, v; is adjacent with v;+1 and v;—1; v;41 and v;—1 are adjacent with every
vertices except v;y2 and v;_2, respectively for 1 < ¢ < n and v; is adjacent with every
vertices except v;_1,vj41 and v; for 1 < j < n where j # i — 1,4,% + 1. Clearly, in C,",
deg(v;) = 2,deg(vit1) = deg(vi—1) = n — 2 and deg(v;) = n — 4. Now we consider the
following two cases.
Case 1. n is odd

Let n = 2k + 1,k > 1. When k = 1, C3” = P3. Hence, by Theorem 2.2, 7&)1(073U) =

%—pl(Pg) =2
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Let £ > 2. In C,", D = {v;41,vi12} is a y-set and a corresponding v~ !-set is S =
{vi—1,vi—2} and (deg(vi_1),deg(vi—2)) = (n —2,n — 4) = 1, since n is odd. Hence, S is a
minimum relatively prime inverse dominating set of C,," and so ~,,}(C}) = 2.

Case 2. n is even

Let n = 2k, k > 2. When k = 2, C," = K; U K5 which has an isolated vertex given in

Figure 1. By Theorem 2.2, v, 1(C,") = 0.

rp
U1 U1 (%1
3 U3 R U3
04 ~ ~V1

Figure 1

Now consider Co;," where k > 3. For any given v-set D of Cy,", any corresponding
v~ l-set S must contain at least two vertices and each vertex has even degree and so S
cannot be a relatively prime inverse dominating set. Hence, 'yr_pl(C’nv) =0. O

Example 3.1. The graphs Cs, Cs, and C:* are given in the Figure 2. Clearly, D = {vo,v3}
is - set of Ce. In C3*, S = {vy,v5} is a corresponding v~ !-set with degree sequence (1,3).
This implies that S is a minimum relatively prime inverse dominating set of Cy' and so
Vrp (C51) = 2.

U1 1 U1
v
s vy Us Vg Vs 2
V4 V3 V4 V3 V4 V3
_ ~U1
Cs Cs Cs
Figure 2

Theorem 3.2. Let v be any vertex of the the dumbbell graph Db,. Then
(1) forn = 3, ., (Dby) =2
(2) forn = 4, v, (Dby) = {i Z.f degpy, (v) i 2
if degps, (v) =3
0if degpy, (v) =2 and v is adjacent to
(3) forn =5, fyr_pl (DbY) = a vertex of degree 3
4 otherwise

(4) forn>6, v, (Dby) = 0.

Proof. The dumbbell graph Db,, is obtained by joining two disjoint cycles ujus....u,u1
and v1vg....v,v] with an edge ujvy. Then in Db, deg(v) = 2 if v € {u;,v; : 2 < i < n}
and deg(v) = 3 if v € {uy,v1}. Let Db}, be the vertex switching graph Db,, with respect
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to the vertex v. Let D be a - set of Db, and S be a minimum relatively prime inverse
dominating set of Db}, with respect to D. Now we consider the following five cases.
Case 1. n=3

In Dbs, if deg(v) = 3, then v is either u; or v;. Clearly, Dbs" = Dbs*. Without losing
generality, let v be ui. The graphs Dbs and Dbs"' are given in Figur 3. A v-set of Db3"! is
D = {u3,v3} and a corresponding v~ !- set S = {ug,va}. In Db¥1, (deg(uz),deg(va)) = (1,
3) = 1 and so S is a minimum relatively prime inverse dominating set of Db%!. Therefore,
Tt (DBY) =2

Uz (%) Uz V2
/\ /\ / " )
3
Us uy U1 U3 us

Db Dby

Figure 3

In Dbs, if deg(v) = 2, then v is either u; or v; where ¢ = 2,3. Clearly, Db3* = Dbs® =
Db5? = Dbs®. Without losing generality, let v be ua. The graph Db5? is given in Figure
4. A v-set of Dbg"? is D = {uj,v1} and a corresponding v '-set is S = {uz,v3}. In
Db¥2 | (deg(ug),deg(vs)) = (1, 3) = 1. Hence, S is a minimum relatively prime inverse
dominating set of Dbj?> and so 77,_])1 (Dbs?) = 2.

u (%) U9
U3 (75} U/\Ug g3 m

2 _Uz
U3
Db3 Db3u2

Figure 4

Case 2. n=4

In Dby, if deg(v) = 2, then v is either u; or v;, 2 < i < 4. Clearly, Dbj*> = Dby* =
Dby? = Dby* and Dby® = Dby®. The graphs Dby* and Dby? are given in Figure 5.
Subcase 2.1. v = uy

A ~-set of Dby"? is D = {ug,u4} and a corresponding v~ '-set is S = {us,vi,v3}. In
Dby?, (deg(us), deg(v1)) = (1,4) = 1, (deg(v1), deg(vs)) = (4, 3) = 1, (deg(vs), deg(us))
= (1, 3) = 1. This implies that S is a minimum relatively prime inverse dominating set
of Dby? and so v, (Dby?) =3

1
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U2 V2 Uz V2 U2 V2
Us Uy v U3 Us U3 u3 U3
Uy (O Uy s V4 Ug Uy
Db, Dby Dby"s
Figure 5

Subcase 2.2. v = ug

A ~-set of Dbs"? is D = {uj,v3} and a corresponding v~ "-set is S = {ug,us,uq}. In
Dby?, deg(ug) = deg(usg) = 1 and deg(uz) = 5, and thereby S is a minimum relatively
prime inverse dominating set of Dby®. Therefore, fy&,l (Dby?) = 3.

In Dby, if deg(v) = 3, then v is either u; or v;. Clearly, Dby' = Dby'. Without
losing generality, let v be uj. The graph Dby' is given in Figure 6. A 7-set of Dby"' is
D = {uy,u3,v4} and a corresponding v~ !-set is S = {ug, us,v1,v2}. In Db}, deg(ug) =
deg(uy) = 1 deg(vy) = 2 and deg(ve) = 3. Hence, S is a minimum relatively prime inverse
dominating set of Dby and so v,,} (Dby") = 4.

U
Uo 2 U2 V2
v U3
uSOI—O U3 uB%
Uy Uy Uy (%
Dby 4

Db

1

Figure 6

Case 3. n=5

In Dbs, if deg(v) = 2, then v is either u; or v;, 2 < i < 4. Clearly, Db;*> = Db =
Db:? = Dbz® and Dbg* = Dbz* = Db.* = Dbg*. The graphs Dbs, Db;*, Dbs? and Dbg?
are given in Figure 7.
Subcase 3.1. v = us

The vertex us is adjacent to only u; and us in Dby and so ue is adjacent to all vertices
except uy and ug in Dbs?. Also the vertices u; and ugz are non-adjacent in Dbg?. Hence,
a 7y-set of Dbz? must contain exactly three vertices. Since the degree sequence of vertices
of Dbs? is (7, 4, 3, 3, 3, 3, 3, 3, 2, 1), any corresponding ~v~l-set must contain at least
two vertices of degree 3 and thereby there does not exist any relatively prime inverse
dominating set. Therefore, 7, (Dbs?) = 0.
Subcase 3.2. v = ug
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A ~-set of Dbs"? is D = {u1,us,us} and a corresponding y—1-set is S = {ug, uq, v1,v3}.
Since the degree sequence of vertices is S is (4, 3, 1, 1), S is a minimum relatively prime
inverse dominating set of Dbg* and so v, (Dbs?) = 4.

us U9 (%) V3 us U9 (0 V3
[ p 2

by U Vs on L5 Vs i

Fgure 7

In Dbs, if deg(v) = 3, then v is either u; or vi. Clearly, Dby = Dbs*. Without losing
generality, let v be u1. A y-set of Dbs* is D = {uy, u3,u4, v2} and a corresponding vy~ !-set
is S = {ug,us,v1,vs}. Since the degree sequence of vertices of S in Db is (3,2,1,1), S
is a minimum relatively prime inverse dominating set of Dbs* and so %Tpl(Dbgl) = 4.
Case 4. n>6

In Db, if deg(v) = 3, then the degree sequence of DbY is (n —4,3,3,...,3,2,1,1). Any
y-set D of DbY contains four vertices and any v~ !-set .S must contain at least two vertices
of degree 3 and so Db}, has no relatively prime inverse dominating set. This implies that
Yo (DO},) = 0.

In Db, if deg(v) = 2, then the degree sequence of Db? is (n — 3,4,3,3,...,3,2,1).
Clearly, any v-set D of DbY contains three vertices and any v~ !-set S must contain at
least two vertices of degree 3 and so Db?, has no relatively prime inverse dominating set.
This implies that ;' (DbY) = 0.

The theorem follows from the above four cases. 0

Theorem 3.3. Let v be any vertex of the book graph B,. Then

2 if n=2and degp, (v) =2

3 if n>3, degp,(v) =2 and 2n # 1(mod 3)
n if degp,(v) =n+1

0 otherwise

Vp (B) =

Proof. Let vg,v1,...,v, and ug, u1, ..., un, be the vertices of two copies of star K, with
central vertices vg and ug respectively. Join u; with v; for all 7, 1 <4 < n. The resultant
graph is book graph B,, with vertex set V(B,,) = {vo, uo, v, u; : 1 <i < n} and edge set
E(B,) = {vougp, viui, vovi,upu; : 1 < i < n}. Then B, has 2n + 2 vertices and 3n + 1
edges. Also degp, (v) = n for v € {ug,vo} and degp, (v) = 2 otherwise. Let D be a 7-set
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of By, and S be a corresponding minimum relatively prime inverse dominating set of B,,.
Now we consider the following three cases.
Case 1. n =2 and degp, (v) = 2

Here v is either u; or v;, 1 < i < 2. Clearly, B;;* = Bj? = B = By2. Without
losing generality, let v be u;. The graphs By and Bj' are given in Figure 8. A 7-set of
B% is D = {ug,vo} and a corresponding v~ !- set is S = {ug,v1}. In BY, deg(us) = 3,
deg(v1) = 1 and (deg(uy,),deg(v1)) = (3,1) = 1. Hence, S is a minimum relatively prime
inverse dominating set of B* and so %Tpl (Byv) =2.

U 1o Uy U2
U
Vo v
1 U2 1 0 Uy
B2 Bgl
Figure 8

Case 2. n > 3 and degp, (v) = 2

Here v is either u; or v;, 1 <4 <n. Clearly, B! = B2 = ... =2 Bliin =2 Bl 2 B2 = | =
Brr. Without losing generality, let v be u;. The graphs By and Bj' are given in Figure
9. Consider the graph B,"'. In B, deg(u1) = 2n — 1, deg(u;) = deg(v;) = 3,2 <i < mn,
deg(vi) = 1, deg(ug) = n — 1 and deg(vg) = n+ 1. A y-set of B,"* is D = {ug,vp} and
a corresponding v~ !-set is S = {uy, un,v1}. In B,", (deg(uy), deg(vy)) = (2n — 3,1) =
1, (deg(uy),deg(vi)) = (3,1) = 1 and (deg(u1),deg(uy)) = (2n — 1,3). Hence, S is a
minimum relatively prime inverse dominating set if and only if (2n —1,3) = 1 if and only
if 2n — 1 # 0(mod 3) if and only if 2n # 1(mod 3).

Uy Uy
y Us
— v
(%) Vo °
V4
D /Ul
By
Figure. 9

Case 3. degp, (v) =n+1

Here v is either ug or vg. Without losing generality, let v be ug since Br° = B'°. The
graphs Bs and By° are given in Figure 10. In B}, deg(ug) = deg(vo) = n, deg(u;) = 1
and deg(v;) = 3,1 <i <n. A ~v-set of B is D = {uy,v9,vs,...,v,} and a corresponding
v~ Lset is S = {v1,us, us, ..., un}. Also in B, (deg(v1),deg(uj)) = (3,1) =1,2<j<n
and (deg(u;),deg(um)) = (1,1) =1 for 2 <1 # m < n. Hence, S is a minimum relatively
prime inverse dominating set of B4 and so 7, (B°) = n.

The theorem follows from cases 1, 2 and 3. O
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Figure 10

Theorem 3.4. Let v be any vertex of the Barbell graph By, ,. Then

_ v 0if degm, ,(v) =n and n is even.
Tt (Br) = { o)

2 otherwise

Proof. Consider two copies of K, with the vertex sets {u,ua,...,u,} and {vy,va,...,v,}.
Join u; and vy, we get the barbell graph G = B,, ,, with the vertex set V(B ) = {ui, v; :
1 < i < n} and edge set E(Bpy,) = {uivi, uuj,vvj 0 1 < i < j < n}. Also in By p,
deg(u1) = deg(v1) = n, deg(u;) = deg(v;) = n—1,2 < i < n. Let By, be the vertex
switching of By, with respect to the vertex v. Let D be a 7-set of By, and S be a
corresponding v~ !-set. We consider the following two cases.
Case 1. degp, ,(v) =n —1

Here v is either u; or v;, 2 <4 < n. Clearly, By, = By, = Bpn & Bply, 2 <i#j <n.
Without losing generality, v be uz. In By, v is adjacent to v;, 1 <4 < n, and a y-set of

By, is D = {v,u;}, for some i, 2 < i < n and a corresponding v~ '- set is S = {v;,u1},

for some 4, 2 <7 < n. Also in By ,,, (deg(vi),deg(u1)) = (n,n — 1) = 1. Hence, S is a
minimum relatively prime inverse dominating set of By, , and so %_pl (B;’w) = 2.

Case 2. degp, ,(v) =n

Here v is either uy or v;. Let v be u;. In By, , v is adjacent to v;, 1 < @ < n,

dpy  (v) =n. A y-set of By, is D = {u;,v;}, 1 <i < n. and a corresponding v~ *-set is
S ={uj,v;},2<i<n,i#j. Alsoin By, (deg(vj),deg(u;)) = (n,n — 2). Hence, S is

a minimum relatively prime inverse dominating set of By, ,, if and only if (n,n—2)=1if
and only if n is odd. This implies that v, (BY,,) = 2 if and only if n is odd.

Thus the theorem follows from the above two cases. OJ
U Vo Usg U2
/\ /\ / )
U vs
us Uy i U3 3
Bs By

Figure 11
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Theorem 3.5. Let H,,,, be a crown graph and v be any vertex of Hy, . Then

2 if nis odd
—1 HY —
%p( nn) 0 otherwise

Proof. Consider the complete bipartite graph K, ,, with vertex set V (K, ) = {u;,v; : 1 <
i < n}. By removing the edges u;v;, 1 < i < n, we get the crown graph with vertex set
V(Hpn) = {ui,v; : 1 <i < n} and edge set E(Hy,) = {uv; : 1 <i#j<n}. In Hy,py,
deg(u;) = deg(v;)) = n—1,1 <i <n. Let D be a y-set of H,,, and S be a minimum
relatively prime inverse dominating set with respect to D.

Clearly, Hy!, = Hy% = ... = Hyn = HiW = Hp2 = . = Him . Let v be ug. The graphs
Hj3 and Hy3 are given in Figure 12. In HyL,, deg(u;) = n, 1 < i < n, deg(v1) = n,
deg(vi) = n —2, 2 < i < n and hence the degree sequence of M contains only the

numbers n — 2 and n. A 7- set of HyY, is D = {up,v,} and a corresponding v~ Loset is

S ={un—1,vp—1}. In H¥' | (deg(un—1), deg(vn—1)) = (n,n — 2). Hence, S is a minimum

n,n’

relatively prime inverse dominating set if and only if (n,n —2) = 1 if and only if n is odd.
This implies that ;' (H4,) = 2 if and only if n is odd. O
Uy
u1 Ul Ul
Uz U2 U2
us U3 U3
us
Hs 3
Figure 12

4. CONCLUSION

In this paper, we have found the relatively prime inverse domination number on vertex
switching of some standard graphs like dumbbell graph, book graph, barbell graph, and
crown graph.
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