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FRICTIONAL CONTACT PROBLEMS INVOLVING
P(X)-LAPLACIAN-LIKE OPERATORS

EUGENIO CABANILLAS L.}, §

ABSTRACT. This article is dedicated to studying a class of frictional contact problems
involving the p(x)-Laplacian-like operator, on a bounded domain  C RZ? Using an
abstract Lagrange multiplier technique and the Schauder fixed point theorem we establish
the existence of a weak solution. Furthermore, we also obtain the uniqueness of the
solution assuming that the datum f; satisfies a suitable monotonicity condition. The
results here extend earlier theorems due to Cojocaru- Matei to the quasilinear case, with
semilinearity fi.
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1. INTRODUCTION

In this paper we discuss the existence of weak solutions for the following nonlinear ellip-
tic problem for the p(ai)—Laplacian—like operator originated from a capillary phenomena.
Problem 1. Find u : 2 — R such that
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where 2 C R? is a bounded domain with smooth enough boundary I', partitioned in
three parts I'1, 'y, I's such that meas (I';) >0, (i =1,2,3); f1: QxR =R, fo: Ty —» R,
g:T3 = Rand M : [0,+00[— [mg,+oo[ are given functions, p € C(Q) and L(u) =
f |Vu\p(z)+,/1+|vU|2p(z

The study of the p(z ) Klrchhoﬁ type equations with nonlinear boundary conditions of
different class have been a very interesting topic in the recent years. Let us just quote[2,
5, 6, 12, 20, 28] and references therein. One reason of such interest is due to their frequent
appearance in applications such as the modeling of electrorheological fluids [25], image
restoration [13], elastic mechanics [29] and continuum mechanics [4]. The other reason is
that the nonlocal problems with variable exponent, in addition to their contributions to
the modelization of many physical and biological phenomena, are very interesting from a
purely mathematical point of view as well; we refer the reader to [1, 3, 11, 22, 23, 27].
Cojocaru-Matei [9] studied the unique solvability of problem (4) in the case M(s) =

_ . |Vu|2P(@) =2y,
1, fi(z,u) = fi(x), without the term Wimmok

antiplane shear deformation of a nonlinearly elastic cylindrical body in frictional contact on
I's with a rigid foundation; see, e.g. [26]. They used a technique involving dual Lagrange
multipliers, which allows to write efficient algorithms to approximate the weak solutions;
see [21]. For this situation, the behavior of the material is described by the Hencky-type
constitutive law:

p = constant > 2, which models the

o () = ktre(u()) Iz + p(@) [ (w(@)|| "2 P (u(z))

where o is the Cauchy stress tensor, tr is the trace of a Cartesian tensor of second order,
is the infinitesimal strain tensor, u is the displacement vector, I3 is the identity tensor, k, u

are material parameters, p is a given function; € is the deviator of the tensor ¢ defined
3

by el =& — %(tre)I3 where tre = Y ;;; see for instance [19].
i=1

Inspired by the above works, we study the existence of weak solutions for Problem 1,
under appropriate assumptions on M and f;, via Lagrange multipliers and the Schauder
fixed point theorem. In this sense, we extend and generalize the result the main result in
[9]. Also, we state a simple uniqueness result under suitable monotonicity condition on
fi-

The paper is designed as follows. In Section 2, we introduce the mathematical prelim-
inaries and give several important properties of p(z)-Laplacian-like operator. We deliver
a weak variational formulation with Lagrange multipliers in a dual space. Section 3, is
devoted to the proofs of main results.

2. PRELIMINARIES

For the reader’s convenience, we point out some basic results on the theory of Lebesgue-
Sobolev spaces with variable exponent. In this context we refer the reader to [15, 25] for
details. Firstly we state some basic properties of spaces W 1P(%) (©) which will be used later.
Denote by S(2) the set of all measurable real functions defined on 2. Two functions in
S(Q) are considered as the same element of S(2) when they are equal almost everywhere.
Write

Ci(Q)={h:heCQ),h(x)>1 for any x € Q},
h™ :=minh(z), h':=maxh(z) forevery h € C,(Q).
Q )



E. CABANILLAS L.: FRICTIONAL CONTACT PROBLEMS ... 1191

Define
LP@)(Q) = {u € S(Q) : / u(z)[P®) da < +oo for p € O (Q)}
Q

with the norm

(2)
" dw <1},

ey = iy = {3 > 03 [ |10
and
WhP@/(Q) = {u e LP@(Q) : |Vu| € LP@(Q)}
with the norm
ull1,p(z) = [ul Lo (@) + VUl Lo )
Proposition 2.1 ([18], Theorem 1.3). The spaces LP®)(Q) and W) (Q) are separable

reflexive Banach spaces.

()
Proposition 2.2 ([18], Theorem 1.4). Set p(u) = [, ‘u(az)‘p dz. For any u € LP®) (1),

then
(1) for u#0, |ulpm) = A if and only if p(L) = 1;
(2) [ulp@) <1 (=1;> 1) if and only if p(u) < 1 (= 1;> 1);
: - +
(3) if |U|P($) > 1, then |U|§(f) < p(u) < |U|§(},)Z
(4) if [uly(a) <L, then [ulpey < () < ,y‘z(gj)}.
(5) limg 1 o0 |Uklp@) = 0 if and only if limy_, oo p(ug) = 0;
(6) limpy oo [kl p(z) = +00 if and only if limy_, 4o p(ur) = +00.

Proposition 2.3 ([16, 18], Theorem 1.2, Theorem 2.3). If ¢ € C1(92) and q(z) < p*(x)
(q(z) < p*(x)) for x € Q, then there is a continuous (compact) embedding WHP(®) (Q) <
L1@)(Q), where

p(z) = A if plx) < N,
+oo  ifp(z) > N.

Proposition 2.4 ([18], Theorem 1.15). The conjugate space of LP®)(Q) is L) (Q), where

ﬁ + ﬁ =1 holds a.e. in Q. For any u € LP®(Q) and v € LI®)(Q), we have the

following Holder-type inequality
1 1
wvdzr| < (— + —)|u|p@) Vg -
\/Q | < G+ Dby oy

We introduce the following closed space of W'P(®)((Q)
X={veW@(Q):qu=0 a. e on I} (6)

where v denotes the Sobolev trace operator and I'y C ', meas (I'y) > 0, therefore X is a
separable reflexive Banach space. Now, we denote

lullx = [Vulpy. e X.

This functional represents a norm on X.

Proposition 2.5 ([7], Theorem 2.5). There exists ¢ > 0 such that
ullip@) < Cllullx  for allu € X.
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Then, the norms ||.||x and ||.||; () are equivalent on X.
The derivative operator of L in weak sense L' : X — X' is

2p(z)—2
(L'u,v) :/ <Vu|p(x)_2Vu + M) Nudz, Yu,v € X. (7)
Q

V 1+ |Vu|?(@)

Proposition 2.6. The functional L : X — R is convezx. The mapping L' : X — X' is a
strictly monotone, bounded homeomorphism, and is of (S+) type, namely

up — u and limsup L' (uy) (un, — u) < 0 implies u, — u,
n—-+00

where X' is the dual space of X.

Proof. This result is obtained in a similar manner as the one given in [24], Proposition
3.1. For the reader’s convenience we sketch briefly the proof that L’ is of (Sy) type. Let
(uy) be a sequence of X such that u, — u in X. By the strict monotonicity of L’ we get

0 = limsup(L'u, — L'u,u, —u) = lim (L'u, — L'u,u, — u),
V—00 v—oo

thus limy, o0 (L'uy, u,, — u) = 0. Hence
|V, |22,

V 1+ |V, |2@)

lim <|Vu,, P@ =27y, +

V—00 0

)(Vu,, — Vu)dx =0. (8)

But, using estimation

2p(z)—2
/ (‘VUV‘P(I)—QVUV + ‘VUV‘ vuy) (VUV - VU) dr > / L|VUV‘P(CL‘) dx
Q Q

\/W p( )
_/ (—)|VU|P(w) da:—i—C’ / 1+ |Vul/|2p (z) dgj_/ 1+ ’vu|2p (z) dx)
Qb

we obtain, by (8), that

1 1
lim < IVu, |P® +C | — 7 /1 +|Vu, |2r@) d:v>
y—0o (z) Qp
:/ (|Vu\p +C/ \/1+|Vu|2p dx).
o \p(z)

So, the integrals of the family

{1‘V“V V“’”)+C ViVl - ¢1+WuH2p(‘”)}

p(z)

are absolutely equicontinuous on 2. Consequently

lim — |V, — Vu[P@)

+C \/1+\Vu,,] \/1+]Vu||2p(x)> dx = 0.

Therefore

lim IV, — Vul[P@® dz =0
v—=oo Jq p( )
and

1
lim ﬁwl + |V, | — /14 [Vu| @ dz = 0.

V—00 Q p €T
Then, we conclude, from the last two equalities and Proposition 2.5 , that v, — u in X
as v — +00. O
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Now, we define the spaces

1
S :{u e wre*r® (I): v e X such that w=9v a.eon F} 9)
S . 1 1
which is a real reflexive Banach space, —— + — =1forall z €, and
p(z)  p(z)
Y = 5, the dual of the space S. (10)

Let us introduce a bilinear form
b: X xY —R  :bv,pu) = (1,7 )yygs (11)

a Lagrange multiplier A € Y,
|Vu|2P(@)=2 ) du

CVUTT N e L vae s
V14 |Vu|?@)

(Az)=— [ M(I@) (|vuP@2+

I's 81/

and the set of Lagrange multipliers

A:{ueY:m,z)g/

g(@)l2(@)] , Vzes}. (12)
s

From (4) we deduce that A € A.
Let u be a regular enough function satisfying Problem 1. After some computations we
get (by using density results)

M(L(u))/ l—i—M IVulP® =2V | Vude = / fi(z, w)vdz
Q V1 + |[Vu|2p@) Q ’

2p(z)—2
L) @fyvdf (13)
V14 |Vu|?r()

for allv € X | where u satisfies (5) on I's.

%
Now, we write problem (13) as an abstract mixed variational problem (by means a
Lagrange multipliers technique)
We define the following operators:

i) A: X — X', given by
p(z)
((1 4 W) ]Vu\p(x)_2Vu> Nvdx, u,v e X.

V14 |Vu|?()

+ [ playdr+ M @) [ (1Vape-+
T2 I3

(Auw) = (L(w) |

Q

(14)
ii) F: X — X', given by
(F.v) = [ Ao apds s [ plyeds . wvex.
Q )
So, we are led to the following variational formulation of Problem 1.
Problem 1’. Find v € X and A € A such that
(Au,v )y +bwv,\) = (Fu),v) , YwelX (15)

bluyp—A) < 0 YueACY.

To solve this problem, we will apply the Schauder fixed point theorem.

Firstly, we ”freeze” the state variable v on the function F, that is we fix w € X such
that f = F(w) € X'.

Hence, we arrive at the following abstract mixed variational problem.
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Problem 2. Given f € X’ find u € X and A € A such that
(Au,v ) +bv,\) = (fiv) , YveX
bluyp—A) < 0 YueACY. (16)

The unique solvability of Problem 2 is given under the following generalized assumptions.
Let (X, ||||x) and (Y, |/|[y) be two real reflexive Banach space.
(B1): A: X — X’ is hemicontinuous;
(B2): 3h: X — R such that
(a) h(tw) = t"h(w) with v > 1, Vt > 0,w € X
(b) (Au— Av,u—v )5, x > h(v—u), Yu,v € X;
(¢) V(z,) C X 12y, = 2 inX = h(z) < Vli_)rrolo sup h(z,).
(B3): A is coercive.
(B4): The form b: X x Y is bilinear, and
(1) Y(up) € X tupy = uin X = b(uy, p) — b(u, p), for all p € A.
(1) Y(A) CY : N, —myin Y = b(v, \,) = b(v,\), for all v € X.
(i) 36 > 0 inf sup 22 > 5
el vex |vlx|ply
u#0 p#£0
(Bs): A is a bounded closed convex subset of Y such that 0y € A.
(Bs): 3C1 > 0,4 > 0: h(v) > Ci|jv||% ,Vve X.

Theorem 2.1. Assume (By) - (Bg). Then there exists a unique solution (u,\) € X x A
of Problem 2.

Proof. See [9], Theorem 1. O

To solve Problem 1°, we start by stating the following assumptions on M , f1 , fo and ¢

(A1) M :[0,4o00[— [mo, +oo] is a locally Lipschitz-continuous and nondecreasing func-

tion; mg > 0.
(A2) f1:Q xR — R is a Caratheodory function satisfying

|fi(z,t)] < e1 + colt|*® 1 V(a,t) e Q xR,
a € Cy(Q)with a(z) < p*(z), a™ <p~.
(A3) fo € LV 3)(Dy), g € LP'@)(T3), g(z) > 0 a.e on I.
We have the following properties about the operator A.

Proposition 2.7. If (A1) holds, then
(i) A is locally Lipschitz continuous.
(ii) A is bounded, strictly monotone. Furthermore

(Au — Av,u —v) > kp|lu — UHI;(

where

b= p~ i lu—v|x > 1,
ptoiflu—vlx <1,

So, we can take h(v) = k‘p||v|]§(.

oy (Au,
(iii) <”uqf|§> — 400 as ||lu|lx — +oo.




E. CABANILLAS L.: FRICTIONAL CONTACT PROBLEMS ... 1195

Proof. (i) Assume that M is Lipschitz in [0, R;] with Lipschitz constant Lys, Ry > 0. We

have, for u,v,w € B(0, Ry)
p(x)
(1 + W) S v

V14 [Vul?#@

(Au — Av,w) =[M(L(u)) — M(L(v))] / Nwdz

Q

|vu’p(ﬂc) Ly
+ M(L(v / 1+ 12 | |Vulf@)2yy,
(Lw) | ( o) v

p(z)
- (1 + |VU|> |Vo|P@ =2V | . Vw da.

V1 + |Vo|2r)

Using the Lipschitz continuity of M, the Holder inequality and observing that k(t) =

(1 + V%) tP~2 satisfies conditions i)-iii) of Lemma 1 in [10] , so there exist constants

K1 >0,Ky >0 and v > 0 such that

[k(l2D)z = k(lyDyl < 7]z =yl [K1 + Ka(l2 + [y~ if 2 <p < o0, ¥y, 2 € R",

we get
[(Au = Av, w)| < Cllu — v x|wlx,

which implies ||Au — Av|x: < Cllu — v x.
ii)The functional S = L’ : X — X' defined by

p(z)
(Su,v) = / 1+ T VulP®=2Vu | Vode  Vu,v e X, (17)
Q V1 + | Vu|?()

is bounded (see Proposition 2.6). Hence, since M is continuous and L is bounded, A is
bounded.

To obtain that A is strictly monotone, we observe that L’ is strictly monotone.Hence,
L is strictly convex. Moreover, since M is nondecreasing, M (t) = fg M () d7 is convex in
[0, 4+00]. Consequently, for all s,t €]0, 1] with s +¢ =1 one has

M (L(su+tv)) < M(sL(u) + tL(v)) < sM(L(u)) + tM(L(v)), Vu,v € X,u # v.
This shows U(u) = M(L(u)) is strictly convex, then W'(u) = M(L(u))L'(u) is strictly

monotone, which means that A is strictly monotone.
To establish the inequality in ii), we apply Lemma 3 in [8] to obtain

p(z)
(Au — Av,u — v) 2/ M(L(u)) | [ 1+ L |Vu’p(x)f2vu
Q 1+ |Vu|?(®)

p(z)
(1 + W) |VoP®) =27y

VIt V@

1
>m0/ ——(|Vu — VulP@) dz > Wf/ IVu — VulP® dz
o p(z) rt Ja

— M(L(v))

}.(Vv — Vu)dx
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iii)For v € X with |lu||x > 1 we have

p(z)
M(L(u))/ 1+L (VuP@ | da
(Au,u) Q 1+ |Vu|?(®)

lullx [l

>mollull} ' — +oo as ||ullx — +oo.
O

Proposition 2.8. The form b: X xY — R defined in (11) is bilinear and, it verifies i),
it) and 1) in assumption (By). Moreover

b(u, ) S/F g(x)|u(x)|dT for all p € A, (18)
) = [ gl dr, (19)
b(u, p — X\) <0 for all p € A. (20)

Moreover, A is bounded.

Proof. The assertions i), ii), iii) and A bounded are similarly as [9], Theorem 3, pages
138-139.
It is obvious to check (18). To justify (19), we have to show that, a.e. z € {2

|Vu|?P(@) =2 ) ou(x)

i vap® ) oy M) = a@)ul)]

—M((L(u)) (\Wlp(””)2 +

In fact, let z € Q . If |u(z)| = 0, then

| V| 2P() =2 ) ou(z)

V14 |Vu2p@) | Ov

—M((L(u)) <|vu|ff’<=’f>—2 + u(x) =0 = g(z)|u(z)| on Is.

Otherwise, if |u(x)| # 0,then

~M((L(u)) (lvu|f’<w>—2+ e >8“<w>

e ) B ) @G

Furthermore, for all u € A :

b(u, p— A) = b(u, p) = b(u, A) = ( p,yu >Y><S = (A yu >Y><S' (21)
Hence, thanks to (18), (19) and (21), we obtain (20). O

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

We are ready to solve Problem 1’ (then Problem 1). For this, we consider the Banach
spaces X and Y given in (6) and (10) respectively, the bilinear form b in (11) and the set
A in (12).

Theorem 3.1. Suppose (A1) — (Az) hold. Then Problem 1’ admits a solution (u,\) €
X x A
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Proof. We apply the Schauder fixed point theorem.

As has been said before, we ”freeze” the state variable v on the function F', that is, we
fix w € X and consider the problem:

Find v € X and A\ € A such that

(Au,v ) +bv,A\) = (f,v) , YvelX, (22)
blu,p—A) < 0 YVueACY (23)

with f = F(w) € X'. Note that by the hypotheses on a and f;, given in (Asg), we have
fi(w) € L¥Y@(Q) — X'
By Theorem 2.1, problem (22)-(23) has a unique solution (uy, Ay) € X x A.
Here we drop the subscript w for simplicity. Setting v = u in (22) and g = 0y in (23),
using proposition 2.7 ii), we get
kpllull < (2C1Cal[w]% + 2C2Cal + cpl f2lp (@) rs) lullx (24)

where
_Jam if |w|lx > 1,
ot iffw|x <1,

and O is the embedding constant of X < LX(*)(Q).
Then

lullx < [C(1+ Jwllx)]7
Therefore, either ||ul|x <1 or
Jullx < €0+l o) - (25)
Since p~ > o' + 1, we have
T —Ct" —C = +o0  ast— +o0
Hence, there is some R; > 0 such that
RP" '-CR-C>o0. (26)
From (25) and (26) we infer that if ||w||x < Ry then |lul|x < Ri.
Thus there exists Ry = min{1, R} such that
|lullx < Ry forallue X. (27)
For this constant, define K as
K ={v:veL*@Q),|lv]x < R}
which is a nonempty, closed, convex subset of La(m)(Q). We can define the operator
T:K— L°®Q), Tw=u,

where wu,, is the first component of the unique pair solution of the problem (22)-(23),
(Uw, Aw) € X X A.

From (27) || Tw||x < Ry, for every w € K, so that T'(K) C K.

Moreover, if (uy,)y>1 (uw, = uy) is a bounded sequence in K, then from (27) is also
bounded in X. Consequently, from the compact embedding X — L*®) (), (Twy)y>1 is
relatively compact in L**)(Q) and hence, in K.

To prove the continuity of T', let (w,),>1 be a sequence in K such that

w, — w  strongly in L*®)(Q) (28)
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and suppose u, = Tw,. The sequence {(u,, \,)},>1 satisfies
(Auy,v)+bv,A\) = (Flw),v) , YvelX
b(uy,p—XN,) < 0 VYueA.

Using (27)-(28) we can extract a subsequence (u,,) of (u,) and a subsequence (w,, ) of
(wy) such that

Uy, — u*weakly inX,

uy, — u* strongly in Lo‘(m)(ﬂ) and a.e. in €,

. (29)
wy, - w a.e. in Q,
L(uy, ) — to, for some ty > 0,
and in view of continuity of M
M (L(wy,)) = M(to). (30)

We shall show that «* = T'w. To this end, by choosing u,, —u* as a test function, we have

< Aquvqu —u” > +b(u1’k _u*’)‘u) = < F(ka)7qu _u*v >

( Au*,uy, —u* ) 4+ b(uy, —u*,\*) = ( F(w),uy, —u™). (31)

Then

*|p(x)
[M(L(u*) — M(L(uy,)] /Q (1+ Vo] ) (VU [P@) =2V (Vuy, — Vu*) de+

1+ |Vur 20
) P(@)
M(L(w)) [ [<1+ [Vl >|W|p<w>—2vu*_ 4 AVt
Q

V1 + |[Vur|2p) V14 [V, [2P@

(Vuy, —Vu*)dr + b(uy, —u*, \* — A,,)

|V, |p($)_2Vul,k

= < F(w) _F(ka)ﬂqu —u* >
(32)
Since b(u,, —u*, \* —A,, ) > 0, again by the inequality of Lemma 3 in [8], p > 2, we obtain

Vu*|P
mC’/Vu,, — VurP®) dy + [M(L(u*) — M(L(u, / 1+ |
0Cp Q| . | [M(L(u") (L(uy,)] A e ) (33)

VU P@ =20 (Y, — Vu*)de < | F(w,) — F(w), u, —u*)].

But, using (29) we get

[M(L(u*) = M(L(u,)] / 1+ AN IVu* P@=2Vy* (Y, — Vu*) dz|
7 Ja V1 [Vur @) R
p(e
]/ Ve VU PO =2Tu* (Y, — Vu*)de) — 0 as k — oo,
1+ |Vu*]2p

(34)

- + - +
where 9, = max{||luy, ||% , luy, |I% } + max{||u*||% , |u*||% } is bounded.
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Also, by (Aj3), (29) and the compact embedding of X «— L**)(Q) we deduce, thanks
to the Krasnoselki theorem, the continuity of the Nemytskii operator

Ny, : L*@(Q) - LY@)(Q)
w — Nfl(w),

given by (Vi ())(e) = flou(e)), o€ 0

(35)

1f1(wy,) = fr(w)]lar@) = 0.
It follows from the definition of F' and the above convergence that
| ( F(wy,) — F(w),u, —u*)|—0. (36)
Thus, from (33)-(36) we conclude that
Uy, — u*  strongly in X.

Since the possible limit of the sequence (u,),>1 is uniquely determined, the whole sequence
converges toward u* € X
Therefore, from (28) and the continuous embedding X < L*®)(Q), we get u* = Tw =
Uy
On the other hand
b(v,\) (F(w),v) — (Au,v)

lollx [vllx

< <F”<“"|) D 4 Aufxe

= HvHx U filz wvde + W””dr] + Lallullx + | A0]|
2

< Ol A (w)llar@) + I fallp@),r, + [1A0]x7 +1).

Next, using the boundedness of the operator Ny, and the sequence (u,),>1, and the inf-sup
property of the form b, we get ||\, ||y < C. It follows that up to a subsequence

(37)

Ay = Ao weakly in Y

for some \g € Y.

So (u*,A\*) and (u*, \g) are solutions of problem (22)-(23).Then, by the uniqueness
Ao = A* = \y,. This shows the continuity of 7.

To prove that T is compact, let (w,),>1 € K be bounded in L) (Q) and u, = T(w,).
Since (wy)y>1 € K, ||wy,||x < C and then, up to a subsequence again denoted by (wy),>1
we have

w, > w weakly in X.
By the compact embedding Xinto L*®)(Q), it follows that
w, — w strongly in L) (Q).
Now, following the same arguments as in the proof of the continuity of 17" we obtain
uy =T(w,) - T(w) =u strongly in X.
Thus
T(w,) — T(w) strongly in L®)(().

Hence, we can apply the Schauder fixed point theorem to obtain that T possesses a
fixed point. This gives us a solution of (u, A\g) € X x A of Problem 1, then a solution of
Problem 1, which concludes the proof. O
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Next, we consider the uniqueness of solutions of (15). To this end, we also need the
following hypothesis on the nonlinear term fi.
(A4) There exists by > 0 such that

(f(z,t) — f(z,8)(t —s) < bolt — s|P@  ae. zeQ,VtseR.
Our uniqueness result reads as follows.

Theorem 3.2. Assume that (A1) — (A4) hold. If, in addition 2 < p for all x € Q, then

(15) has a unique weak solution provided that
kp

by

<1,

where
Jo |VulP@® dz

As =
ue;?\{o} Jo [ulP®) da

Proof. Theorem 3.1 gives a weak solution (u,\) € X x A. Let (u1, A1), (u2, A2) be two
solutions of (15). Considering the weak formulation of w; and us we have

( Auj,v ) +b(v,N) = (F(u),v) , YveX, (38)

buj,p—2N) < 0 VueACY i=1,2.

By choosing v = w1 —wug, p = Ay if i =1 and p = A\ if © = 2, we have
(Aup — Aug,ug —ug ) + b(u; —ug,\y — A2) = (F(ur) — Flug),us —ug ) ,Vv € X,
blup —ug,da— A1) < 0 VueACY. (39)

It gives
<AU1 —Auz,ul —’LL2> S <F(U1) —F(UQ),Ul — U2 >

Then, from (39) and repeating the argument used in the proof of Proposition 2.7, ii),
we get

by /Q Vs — VaaP® de < | fr(ur) — fi(uz),ur —us )|
< / (s ur) — fi (e u2)) (ur — us) daf
Q

= ’/ 1 = usf da < bo)‘*_l/ Vg — Vug[P@ da.
@ 0

kP
boAs ©

Consequently when < 1, it follows that u; = us. This completes the proof. ]

4. CONCLUSIONS

In this paper, we considered a class of frictional contact problems involving the p(x)-
Laplacian-like operator, on a bounded domain © C R2?. . First, we establish important
operator properties of p(z)-Laplacian-like operator and bilinear form. Then, under suitable
assumptions (A;)—(Ay4), using an abstract Lagrange multiplier technique and the Schauder
fixed point theorem, we showed that problem (1)-(5) possesses a unique weak solution.
This method allows to write efficient algorithms in order to approximate the weak solutions
and can be applied for solving similar nonlinear elliptic inequalities.
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