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ON THE E-MERSENNE AND i-MERSENNE-LUCAS OCTONIONS

M. KUMARI', K. PRASAD'*, H. MAHATO', §

ABSTRACT. This paper aims to introduce the k-Mersenne and k-Mersenne-Lucas octo-
nions. We investigate the algebraic properties of these octonions in closed form and give
some well-known identities like Catalan identity, d’Ocagne identity, Simson identity, etc.
Moreover, we present various generating functions and partial sum formulae for these
octonions. Lastly, we study the combined identities and matrix representation for these
octonions.

Keywords: k-Mersenne Octonions, Binet Formula, Catalan’s Identity, Finite sum, Gen-
erating Function.
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1. INTRODUCTION

In 1843, W.R.Hamilton extended the concept of set of complex numbers to the set of
quaternions denoted as H. For a,b,c,d € R, a quaternion ¢ € H is of the form ¢ =
a+ bi+ cj + dl, where i2 = j2 =12 = ijl = —1.

Inspired by Hamilton’s work, J.T. Graves defined the concept of the octonions in 1843.
Later, in 1845, A. Cayley also defined the octonions. The set of octonions is usually
denoted by @. With a natural basis {eg = 1,e7 = i,e5 = j,e3 = l,eq4 = €,e5 = ie, e =
je,er = le}, O forms an 8-dimensional non-associative division algebra over R.
If a € O then it takes the form,
7
a= Zarer, where a, € R. (1)
r=0
And, the conjugate of the octonion a is given as

7
a=ag— Z arér. (2)
r=1
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The norm of an octonion a is given as

N(a) = Vaa = Vaa =

The octonion basis {eg = 1,61 = i,ea = j,e3 = l,eq4 = e,e5 = ie,eg = je,er = le} follows
a special multiplication rule[1] given in the Table 1.

TABLE 1. The multiplication table for the basis of O

1 el €9 €3 €4 €5 €6 €7
11| e es es e4 es €g er
e1ler| =1 | e3 | —ea| e5 | —eq4 | —e7 | e
€y | €2 | —€3 -1 €1 €6 €7 —€4 | —€5
es|les| eo | —e1| =1 | er | —eg| €5 | —ey
€4 | €4 | —€5 | —€ | —€7 -1 €1 €2 €3
€5 | €5 €4 —e7 €g —e1 -1 —€3 €9
eg | eg | er eq4 | —es5 | —ea | e3 -1 | —eg
€7 | er | —€p €5 €4 —e3 | —€y €1 -1

For more reading on the quaternions and octonions, reader referred to [2, 3.

In recent years, recursive sequences are of great interest among the researchers. Study
of recursive sequences in division algebra was firstly presented by Horadam[4] where they
introduced Fibonacci and Lucas quaternions. Later, researchers extended this study to
other number sequences like Pell, Pell-Lucas, Jacobsthal, k-Jacobsthal, etc. (for example,
see[5, 6, 7, 8, 9]). Octonions with Fibonacci and Lucas components were introduced by
Akkus and Kegilioglu[10] and they studied their properties like Binet formula, generating
function and some well-known identities. Recently A.D. Godse[11] studied the hyperbolic
Octonions involving k-Fibonacci & k-Lucas sequences and Ozkan et.al. [12] studied the
hyperbolic Octonions with k-Jacobsthal & k-Jacobsthal Lucas sequences. Some recent
work on octonions with a number sequence like Pell, Pell-Lucas, Jacobsthal, Mersenne,
Horadam etc. can be seen in[13, 8, 14, 15, 16].

Motivated essentially by recent works on octonions with the components from a recursive
sequence, here we are considering the generalized recursive sequences so-called the k-
Mersenne sequence and the k-Mersenne-Lucas sequence, a generalization of the Mersenne
sequence. Many papers are dedicated to Mersenne sequence and their generalizations (see,
for example [17, 18, 19, 20]). Dagdemir and Goksal [21] have defined Mersenne quaternions
and obtained Binet’s formula and generating function of them.

The Mersenne sequence { My, },>0 is defined [22] by

My=0, M;=1, My =3M,—2M, 1, n>1,
and the k-Mersenne sequence { M}, , }n>0 is defined [23] recursively by
Mo =0, My1=1, M1 =3kMy, —2Mgn1, n>1. (4)
The Mersenne-Lucas sequence {my, },>0 is defined [24] by
mo=2, mp =3, Mpy1 =3My—2mp_1, n>1,
and the k-Mersenne-Lucas sequence {my, , }n>0 is defined [19] by

Mio =2, Mmp1 =3k, Mmgpp1=3kmg,—2mg,—1, n=>1. (5)



1220 TWMS J. APP. AND ENG. MATH. V.14, N.3, 2024

The Binet formulae of the k-Mersenne and k-Mersenne-Lucas sequences are given, respec-
tively, by

AT — \D
My, =22 and mg, = A} + )5, (6)
k] A]_ _ AZ k]
3k 9k2 — 8 3k —V9k2 -8
where \; = +\/2— and Ay = ——s are the roots of the characteristic

equation A\? — 3k\ + 2 = 0 associated with the above recurrence relations.
Note that A\; and Ao satisfy the following properties:

M+ A =3k, MA=2, A —Iy=+ 9k2 — 8 (7)
and also

AMOA2 N A

Ao 20 0N 27

2. OCTONIONS WITH k-MERSENNE/k-MERSENNE-LUCAS NUMBERS

In this section first we define the k-Mersenne octonions, obtain their algebraic properties
in closed form and present some well-known identities. Then we define and investigate the
k-Mersenne-Lucas octonions. Let Mj,,, and my , be the nth k-Mersenne and k-Mersenne-
Lucas numbers, respectively, throughout the paper.

Definition 2.1. Forn > 0, any n'" k-Mersenne octonion MQy,,, is defined as

7
MOy =Y My pirer. (8)
r=0

Using the Definition 2.1 and equation (4), after some basic calculations, we get the
recurrence relation for the k-Mersenne octonions as follows:

M@k,nJrl = 3kM@k7n — 2M©k,n71, n > 1, (9)
where MOy o = ZZ:O My, re, and MOy, 1 = ZZ:O My, v 1.

By (2), the conjugate of the k-Mersenne octonion is defined as

7
M(O)k,n - Mk,O - Z Mk,n+r€r- (10)

r=1
For k = 1 expression (9) gives the recursive formula for the Mersenne octonion i.e.
MQOyy1 =3MO,, —2MQO,—1, n>1,
where M Qg = EZ:O M,e, and MOy = EZ:O M, 1€,

Theorem 2.1. For anyn € NU{0}, the norm of the n'" k-Mersenne octonion MQy,,, is

A1+ X2+ AN A1+ A2+ L+ L) — 25500
N(M@k,n>_\/ (L4 X 1)+ 8044 3 |
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Proof. From (3), we have

Nz(M@)k,n) = ZMlg,nJrr

_ i )\7114-7" _ )\721+r 2
B AL — A2

r=0

A A A AT+ M) — 25527

9k2 — 8 '
O

Theorem 2.2. The closed form formula of the k-Mersenne octonions is given as
aA} — BAD

MOy, = —~——_22 11
ok =8 (1D

where a = YT_ Me, and B = 31 _o Nsey.

Proof. By using the Binet formula of k-Mersenne numbers sequences (6) in the Definition

2.1, we get
7
)\n+r )\n+r
MOy, Z < > er
r=0
7
= AN TN, — AR Me,
_ aA —fBA3
9k2 -8’

where a = >7_ Me, and 8 = Y7_ A, O

With the help of this closed form formula, we give several identities of k-Mersenne
octonions given in the following theorems. Throughout the paper, we use a = ZZ:O Aer
and 8 = ZZZO 5er. Note that O is a non-commutative algebra and hence af # Ba.

Theorem 2.3. [Catalan’s Identity] For n,r € N such that n > r, we have
2" [0 (2" = M) + Ba (2" — AT

(1) MOy 1+ MOy — MO3 , =

9k2 — 8 ’
2" [af(2" — A3) + Ba(2" — A3))]
2 _ 2 1
(2) MO+ MOy i — MOy, = 9k2 — 8 '

Proof (1). Using (11) in the LHS, we write
(ak’f“ — ﬁké‘”) (ak?"“ - ﬁAZ"“) ~ (aA? - ﬂAS‘)2

M(@k,n—i-rM@k,n—r - M@%,n =

9k2 — 8 9k2 — 8 9k2 — 8
_aBATAT + BTNy — aBXTTTAY T — BaAT AT
N 9k2 — 8
_ 2MaB( = AAT) + Ba(l — ATTA)]

9k2 -8
O 2"T[aB(2" = AT + Ba(2" — N3]
N 9k2 — 8 ‘

The argument for identity (2) is similar to (1). O
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Theorem 2.4. For n > 1, we have

o 22— N + Ba2 - N
(1) MOy 1 MOy py — MO2 =

9k2 — 8
2" aB(2 = A3) 4 Ba(2 — M\
(2) MO 1MOypyy — MOR,, = 2125 9;5)_ 86 (2=
Proof. For r = 1 in the Catalan’s identity given in the Theorem 2.3, we get the above
results. -

Theorem 2.5 (d’Ocagne’s Identity). Let n and r be any nonnegative integers, then the
d’Ocagne’s identity for k-Mersenne octonions is given by

afNTAE — BaAl N,
9k2 — 8 '

M(O)k,rM@k,nJrl - M©k,r+1M@k,n =

Proof. From Binet formula (11), we have

N — BT \ntl _ gyntl
M@hrM@k’n_A,_l—M@k7r+1M@k7n — (O& 1 B 2> <Oé 1 6 2 >

VK2 =8 9k2 — 8
AT — BATTIN /)l — BAD
- ( VOk? — 8 )( 9k2—8>
BTN+ BaXTALTE — aBATAS T — Ba AT
- 9k2 — 8
_ aﬁ)\’i)\g()\l — )\2) — ﬁaA’ng()\l — )\2)
9k2 — 8
BN — BaNPN,
B 9%z -8
As required. O

Theorem 2.6 (Vajda’s Identity). Let n,r & s be any non-negative integers then we have

MM [Bars — aBA
M©k,n+TM©k,n+s - M®k,nM@k,n+r+s = i [g(]zz 1_ 80‘6 2] .

Proof. By using the Binet formula for the k-Mersenne octonions, we have
M@k,n—l-'rM@k,n—l-s - M®k,nM®k,n+r+s

B <a)\711+r _6)\;+r> (axlt—&-s _ 6/\7214-5)

9k? — 8 VI9k? — 8
(Oz)\? _ B)\g) <a)\111+r+s _ B)\§L+T+s)
VI9k? — 8 9k? — 8
_ aﬁ)\?f)\721+7‘+8 + 5a}\?+r+3)\3 _ aﬁ)\?+r)\121+s _ ﬁa)\?JrsA;LJrr
B 9k2 — 8
_ uA)"[aBA (A5 — AT) + Badi(A] = A3)]
9k2 — 8
"M [Bar] — aBA3]
a k2 — 8 '
As required. O

Theorem 2.7. The ordinary and exponential generating function for the k-Mersenne
octonions are given, respectively, as
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(1) 202 MOy pa™ =
M@k n.%”

1223

M@k,o +x (M(O)k,l — 3]€M@k70)

1— 3z + 222 ’

ae}q:{? _ Be/\zx

(2) ZZO:O ] =

n!

9k2 — 8

Proof (1). Let gMO(x) be the ordinary generating function for the k-Mersenne octonion

{M@k,n}n207 i.e.

gMO(x

ZM@knm

Now using the closed form formula (11), we obtam

ZM@kn:rn = Z(a — A3 >x"
n=0 7 n=0 9k* —8
1 [ oo 00
T _047;)( 1) 57;)( 2) ]
1 1 1
Vo2 =8 _a<1—)\1$)_ﬁ<1—/\2x>}
_ 1 [(a = B) + 2 (BA1 — alg)
9k2 — 8 1 — 3kx + 222
- M@ko—l—l‘(M@kl—?)k‘M@ko)
N 1 — 3kx + 222
Proof of (2) is same as of (1), so we omit it. O

Theorem 2.8. For k # 1, the finite sum formula for k-Mersenne octonions is given by,

n
2MO
S MOy, = R

— MOy i1+ MOp 1 + MOy (1 — 3k)

31— k)

Proof. Using the Binet formula in LHS, we write

n
> MOy, =
s=0

s=0

1

2

] —

6A5>
vV 9k?2
1 = S = S

9k2 — 8
)\1)\2(04)\?

(ar™!

A1 At 1
(=) (=)

— BA3) —

— BATTY) 4+ (BA — aXg) + (a — B)

2MOy,, —

VIk2 — 8()\1/\2 — ()\1 + )\2) + 1)

MOy i1+ MOy + MOy o(1 — 3k)

As required.

31— k)

0

2.1. k-Mersenne-Lucas Octonions. Now, we define the k-Mersenne-Lucas Octonions
and present their properties like the Binet formula, generating function, combinatorial

identities, etc.
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Definition 2.2. For n > 0, the n'* k-Mersenne-Lucas octonion mQOy, ,, is defined as
7

m(O)k,n = Z Mg n+rer, (12)
r=0

where my, ,, s the nth k-Mersenne-Lucas number.

Using expression (5) in the Definition 2.2 and after some basic calculations gives the
recurrence relation for the k-Mersenne-Lucas octonions as follows:

MmOy n41 = 3kmOy ,, — 2mOp 5,1, n>1, (13)

where mQy, o = ZZZO myrer and mQy 1 = ZZ:O M rt1€r-
Note that for k£ = 1, we have the definition of the Mersenne-Lucas octonion given recur-
sively by
mQp1 = 3mO, — 2m0,_1, n>1, (14)
where mQg = ZZ:O mye, and mQy = ZZZO Myi1€r.
The conjugate of the k-Mersenne-Lucas octonion mQy, ,, can be written as
7

mk,n =Myo — Z M 4rEr- (15)

r=1

Theorem 2.9. For n > 0, the norm of the nth k-Mersenne-Lucas octonion mQOy, p, s

N(mOyg,) = \/A%”(l + A+ MY F AL+ A3+ L+ A 4+ 255.20 L (16)

Proof. By the definition of norm, we have

7
N2(m@k7n> = Zmz,n—s—r
r=0

7
_ Z (/\711+r+/\g+r)2
r=0
= MY+ XN+ LAY A+ A 4 A 25520
As required. O

Theorem 2.10. The closed form formula of the k-Mersenne-Lucas octonions is given as
mQOpn = Al + BA3, (17)
where o = Y1 _ Me, and 8= Y"_y Nyer.

Proof. By using the Binet formula for k-Mersenne-Lucas in the Definition 2.2, we get

7
MmOk, = > (AT + A7) e,
r=0
7 7
- < Ty Ner+ /\SZ)\QeT>
r=0 r=0
= Q]+ BN,
where a = 37_ Me, and 8 = ZZ:O Aber. O

Theorem 2.11 (Catalan’s Identity). For n,r € N such that n > r, we have
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(1) mOp pgrmOp gy — m@zm = 2" T[aB(A\F —27) + Ba(N3" —27)],
(2) MmOy p—ymOp pygr — m@im = 2" [aB(AFT — 27) + Ba(AF —27)].
Proof. Using the Binet formula for k-Mersenne-Lucas octonions, we write
MOk rmOpnr ~mOF,, = (X + BAFHT) (X[ + BAFT) — (oA} + AR
= aBAITTALTT 4 BaXTTIATT — aBATAL — BaAT Y
= 2"[afAA = 1)+ Ba(A" Ay = 1)]
= 2"TaB(AT —27) + Ba(AF —27)].
By a similar argument, (2) can be proved so we omit it. O

Theorem 2.12. For n > 1, the Cassini’s identity is given as
(1) m@k,n+1m@k,n—1 - m@z,n = 2n—1[a5()\% - 2) + Ba()‘g - 2)]7
(2) MmOy p—1mOp g1 — m@im = 2" HaB(A3 — 2) + Ba(N? —2)].

Proof. The results can be established by substituting » = 1 in the Catalan’s identity given
in the Theorem 2.11. [l

Theorem 2.13. Let n,r be any nonnegative integers, then d’Ocagne’s identity for k-
Mersenne-Lucas octonions is given by

MmOy, mOp 1 — MOy 1mOp, = (VIE2 — 8)(BaAlN, — afAIAL).
Proof. By the Binet formula (17), we have
mOp,mOp 1 — MOy 1mOp,, = (aN] + BAG) (AT + gAY
— (@ATH 4 BATHY) (0] + BAZ)

= a4 BadTTING — aBNTTIAD — BaT AT
= afAIAF (A2 — A1) + BaAT A5 (A1 — A2)
= (V92 — 8)(BaAl Ny — aSA]AD).

As required. O

Theorem 2.14. Let n,r and s be any non-negative integers then the Vajda identity is
giwen as

MO 1Mk s — MOp MO jyyrgs = 2" My (VK2 — 8) (A5 — Ba)]).
Proof. By the Binet formula (17), we have
MOk n4rMOp s — MOk MmO s = (AT + BATTT) (@] + BATT)
_ (Oé)\? + 5}\3) (axllﬂdrs + B)\§L+r+s)
= QBAITTAITS | AT AT _ o gam \nr s
_Baxlm—&-r—i—sxg
= (M) "[aBAS(A] — Ay) + BaAi(A; — A)]
= 2"My, (VOR? — 8)(aBA} — Ba]).
As required. O

Theorem 2.15. The ordinary and exponential generating function for the k-Mersenne-
Lucas octonions are given, respectively, as
m@k’() +x (m@ki - Bkm@)k’o)

1) T mQy pa" =
(1) 2nzo MOkn 1 3kz + 222 ’
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n
’fTL(O)k‘,na7 :O{€A11+56)\2x-

(2) 200

Proof. Let gmQO(z) = >.° ;mOy 2™ be the ordinary generating function for the k-

n=0
Mersenne-Lucas octonion mQy, ,. Now using the closed form formula (17), we obtain

n!

o [e.e]
Z mQOy pa" = Z (aAT 4+ BAy) 2"
n=0 n=0

= a) (M2)"+ 8> (Ae)”
n=0 n=0

1 1
- a<1—)\11‘) +5<1—)\2{L‘>

(a+B) —x (BA1 + ala)

1 — 3kx + 222
i m@ho +x (m@m - 3k’m@k70)
B 1 — 3kx + 222 '
As required.
Proof of (2) is same as of (1), so we omit it. O

Theorem 2.16. For k # 1, the finite sum formula for k-Mersenne-Lucas octonions is
given by

- 2mQOyg., — MmOy 1 + MmOk 1 + MmOy o(1 — 3k)
3" my, = 270 = s 1+ O,
= 3(1—k)

Proof. Using the Binet formula for k-Mersenne-Lucas octonions, we write

n

Y omOps = > (@A +B8X)=a) M+8Y A
s=0

s=0 s=0 s=0

A -1 At -1
- o (5) ()
MA2 (@A} + BAR) — (AT + BAITY) — (adg 4 BA1) + (a + B)
AA2 — (A1 4+ X)) +1
Qm@k,n — ’m@k,n+1 + m@m + m@k,o(l — 3k)
3(1— k)
As required. O

For k = 1, some of the properties of the k-Mersenne and k-Mersenne-Lucas octonions
are presented in [16].

3. COMBINED IDENTITY AND MATRIX REPRESENTATION

Now we give combined identities for the k-Mersenne and k-Mersenne-Lucas octonions
then we present their matrix representation. Further, we give closed formula for these
octonions viz determinant of tridiagonal matrices.

By following a similar argument to Theorem 2.8, for k # 41 the finite sum of even and
odd indexed k-Mersenne/k-Mersenne-Lucas octonions are, respectively

zn: 0 B 4®k,2n — @k,Z(n+1) -+ 3k@k,1 — (9k2 — 3)@]4,0
pord kJ,QS - 9(1 _ k2)
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and

= 40 2n+1 — Ok 2n43 + 30k 1 — 6kQx o
Z©k,28+1 - 9(1 — kz) )
s=0

where either Oy ,, = MOy ,, or mQOy ,.

Theorem 3.1. The ordinary generating function for even and odd indexed k-Mersenne/k-
Mersenne Lucas octonions are given by

S 9 _ gp2
Z @k’%xn _ Oko +x (3k@k71 +( 9k )©k70)
n=0

1— b5z + 4x2

and

- o n 3kOpo + Oy + 22 (O — 3k0yp)
Z k2n+1d = 1 — 52 & 42 ’
n=0

where either QO , = MOy, ,, or mQOy .

Proof. The argument is very similar to Theorem 2.7. (|

For any sequence {a,}, let {(z) = > 77, a’;ﬁn be the exponential generating functions

then clearly it satisfy

— a2, 2" — (2741227
o)+ &) =23 F and gla) —€(-0) =20 )
n=0 ’ ’

n=0

Simplifying and replacing = with \/x gives the generating function for even and odd indexed
sequence a, as

E(Vz) +&(—V o dgn "
e

n=0

Sasn (.%') =

and

Sazn i1 (z) = §(Vr) —E(=v7) _ Z M

2\/x (2n+1)!
For k-Mersenne octonions, using Theorem 2.2 the exponential generating function &(x)
satisfy

n=0

1

5(1‘) if(-l’) = m(a(ehx + e—)qac) - B(e)\gac + e—)\Qgg)>

Using the trigonometric identity sinh(rz) = (e"* —e™"*)/2 and cosh(rz) = ("™ +e7"%) /2,
we have

z)+&(—x) = ——=(acosh A\yx — B cosh Aoz
€(@) +€(~a) = —=—(acosh A — fcosh \ow)
and

z) — &(—x) = ——=(asinh \jx — B sinh A\yx).

§(x) — &(—x) 9k2—8( 1r— 3 2)
which gives

1
EMOy o, (¥) = —===—=(acosh A1z — B cosh A/

9k — 8

1 . .
and  Eyo, o, (2) = m(asmh)\l\f—ﬁsmh)\gﬁ).
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Similarly, the exponential generating function for even and odd indexed k-Mersenne-Lucas
octonions are, respectively

EmOyzn () = (acoshA\jv/a + B cosh Aay/x)

1
and  &noy (7)) = %(a sinh A1/ + B sinh Aov/z).

Theorem 3.2. For positive integer n, let define the matrices F™ F©) and G(k) as

(n) | Okny2 Ogpgr (0) Ok O, |3k =2
FU"(O,) = [@karl Orr ] , FO(Og,) = [@k,l Ono and G(k) = R
Then we have

F(MOy,) = (Gk)"FOMO,) and F™(mOy,) = (G(k))"FO(m0y,).
Proof. We prove the result using inductive hypothesis. For first identity (k-Mersenne
octonion), for n = 1 the equality holds i.e. G(k)F©)(MQy,) = FO(MOy,). Now we
verify the fact for n + 1 by assuming that the hypothesis is true for n > 1. We have

(GR) T FO(MOR,) = GR)(G(K)"FO(MOy,)

= G(k)F™ (MO,
FOD(MOy,,).
Thus the proof is completed and by a similar assertion the second identity (k-Mersenne-
Lucas octonion) can be verified easily. O

From Theorem 3.2 we have F(™) (MQy,,.) = (G(k))"F(©) (MQy,,) and taking determinant
on both sides give the Simson identity for Mersenne/Mersenne-Lucas octonions given by
following identities:

MOy 1 MOyt — (MOpp)? = 2" (MO p MOy — (MOy1)%),
MOy 1 MO i1 — (MOy,)? = 2" H MO oMOy o — (MO 1)?),
MO 1M 1 — (MO ) MO amOy o — (mOy1)?),
MmOk 1mOp i1 — (MOp)? = 2" (MO MmOy 2 — (MO 1)?).

The nth term of Mersenne octonions (MQy,,) can also be expressed by the determinant
of the tridiagonal matrix defined as follow:

[
[\]

2

\V)

[MOy2 MOy,
2 3k 1
2 3k 1
Tk,n - .. )
2 3k 1
2 3k
L -4 nXn
where determinant of T}, ,, satisfy
det(Tkm) = M@k,nJrl- (18)
Similarly, if we replace the first row of the above tridiagonal matrix with [mQy 2, mQy 1,0,
0,...,0] then its determinant gives the (n + 1)th term of the k-Mersenne Lucas octonions

i.e. det(Tkm) = m@k7n+1.
The above identity can be also verified with the hypothesis of mathematical induction on
n.



M. KUMARI, K. PRASAD, H. MAHATO: THE K-MERSENNE OCTONIONS ... 1229

4. CONCLUSION

In our present study, we have defined the octonions involving the k-Mersenne and
k-Mersenne-Lucas sequences and obtained the closed form formulas of these octonions.
Moreover, we have presented various results including norm, generating functions, Cata-
lan’s identity, Simson identity, d’Ocagne’s identity, Vajda’s identity, and the finite sum
formula of these octonions. Lastly, we have studied the combined identities and matrix
representation for these octonions.
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