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THE FIRST ZAGREB INDEX, THE FORGOTTEN TOPOLOGICAL
INDEX, THE INVERSE DEGREE AND SOME HAMILTONIAN
PROPERTIES OF GRAPHS

R. LI'* §

ABSTRACT. Let G = (V,E) be a graph. The first Zagreb index and the forgotten
topological index of a graph G are defined respectively as ) d*(u) and D ey d®(u),

where d(u) is the degree of vertex u in G. If the minimum degree of G is at least one,

the inverse degree of G is defined as >, .y ﬁ In this paper, we, for a graph with

minimum degree at least one, present an upper bound for the first Zagreb index of the
graph and lower bounds for the forgotten topological index and the inverse degree of
the graph. We also present sufficient conditions involving the first Zagreb index, the
forgotten topological index, or the inverse degree for some Hamiltonian properties of a
graph.

Keywords: The first Zagreb index, the forgotten topological index, the inverse degree,
Hamiltonian graph, traceable graph.
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1. INTRODUCTION

We consider only finite undirected graphs without loops or multiple edges. Notation
and terminology not defined here follow those in [3]. Let G = (V(G), E(G)) be a graph
with n vertices and e edges, the degree of a vertex v is denoted by dg(v). We use 6 and A
to denote the minimum degree and maximum degree of G, respectively. A set of vertices in
a graph G is independent if the vertices in the set are pairwise nonadjacent. A maximum
independent set in a graph G is an independent set of largest possible size. The indepen-
dence number, denoted B(G), of a graph G is the cardinality of a maximum independent
set in G. For disjoint vertex subsets X and Y of V(G), we use E(X,Y) to denote the set
of all the edges in E(G) such that one end vertex of each edge is in X and another end
vertex of the edge is in Y. Namely, F(X,Y):={f:f=zyc E,z € X,y Y }. A cycle
C in a graph G is called a Hamiltonian cycle of G if C' contains all the vertices of G. A
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graph G is called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is
called a Hamiltonian path of G if P contains all the vertices of G. A graph G is called
traceable if G has a Hamiltonian path.

The first Zagreb index and the forgotten topological index of a graph were introduced
by Gutman and Trinajsti¢ [7] and Furtula and Gutman [6], respectively. For a graph G,
its first Zagreb index, denoted Z;(G), and its forgotten topological index, denoted F(G),
are defined as >, cy ) dZ (u) and D uev(c) d3,(u), respectively. If §(G) > 1, the inverse
degree, denoted Inv(G), of G is defined as )y, ﬁu). The survey paper [1] provides a rich
collection of information on the results of the first Zagreb index, the forgotten topological
index, and the inverse degree of a graph. In recent years, the sufficient conditions based
on the first Zagreb index, the forgotten topological index, and the inverse degree for the
Hamiltonian properties of graphs have been obtained. Some of the sufficient conditions
can be found in [2], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], and [18]. Motivated by
the research in the above-mentioned references, we, using one inequality in [5], in this pa-
per present an upper bound for the first Zagreb index and lower bounds for the forgotten
topological index and the inverse degree of a graph G with §(G) > 1. We also present suffi-
cient conditions involving in the first Zagreb index, the forgotten topological index, or the
inverse degree for some Hamiltonian properties of a graph. The main results are as follows.

Theorem 1.1. Let G be a graph with n vertices, e edges, and 6 > 1. Then

1]
2 3
Z1(G) < (n— B)A? + %@’ n %

with equality if and only if G is a regular balanced bipartite graph.

[2]
5(23%6% — €2)
B
with equality if and only if G is a regular balanced bipartite graph.

F(G) > (n—B)5° +

3]

F(G) > (n— )5 + g (25 <552 - n&ﬁ) —e? —28(n— 5)A2>

with equality if and only if G is a regular balanced bipartite graph.
[4]
n-f (8-
A BA3
with equality if and only if G is a regular balanced bipartite graph.

Inv(G) >

[5]

B 2
Inv(G) > % + 523 <25 </852 + ne_ﬁ) - - 26(n—,8)A2>

with equality if and only if GG is a regular balanced bipartite graph.
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Theorem 1.2. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges.

[1] If
e? (k+1)A3
ZI(G)Z(n—k—l)A2+2(k+1)+ 55

then G is Hamiltonian.

2] If
§(2(k +1)%262 — €?)

< _ _ 3
F(G) < (n—k—1)8% + P ,

then GG is Hamiltonian.

3] 1
F(G) < (n—k—1)8%+
kfrl (2(k +1) ((k: +1)8% + n—elj—l) —e? =20k +1)(n—k— 1)A2> !

then G is Hamiltonian.

4] I
n—k—1 (2(k+1)%2% —€?)
A (krnAF

Inv(G) <

then G is Hamiltonian.

[5] If
Inv(G) < n—Tk:—l+
2

then G is Hamiltonian.
Theorem 1.3. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges.

[1] If
e? n (k+2)A3
2(k+2) 20

Z1(G) > (n—k —2)A% +
then G is traceable.
(2] If

5(2(k + 2)262 — €2)

< (n— Tk — 9253
F(G) < (n—k—2)5° + PR

then G is traceable.

3] I
F(G) < (n—k—2)8+

i )—62—2(k+2)(n—k:—2)A2),

_9 <2(k +2) ((k +2)0% + m—k_2
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then G is traceable.

[4] If
. 252 2
Ino(G) < = i : (2%(2?2();?) =,
then G is traceable.
[5] If
Inv(G) < n_TH+

1 e2

T 2AT (2(k +2) <(k +2)6% + n_k_2> —e?—2(k+2)(n—k— 2)A2> ,

then G is traceable.

2. LEMMAS

We will use the following results as our lemmas. Lemma 1 is Corollary 2.11 on Page 8
in [5].

Lemma 2.1 [5]. If a; and by (k =1,2,--- ,s) are positive real numbers, then

1 S a? S b? S 2 S S S 2
The next two are from [4].

Lemma 2.2 [4]. Let G be a k-connected graph of order n > 3. If § < k, then G is
Hamiltonian.

Lemma 2.3 [4]. Let G be a k-connected graph of order n. If 5 < k+1, then G is traceable.
Lemma 4 below is from [19].

Lemma 2.4 [19]. Let G be a balanced bipartite graph of order 2n with bipartition (A,
B). Ifd(x)+d(y) > n+1 forany x € A and any y € B with zy ¢ E, then G is Hamiltonian.

3. PROOFS

Proof of Theorem 1.1. Let G be a graph with n vertices, e edges, and 6 > 1. Clearly,
f <mn. Let I :={ui,us,...,ug} be a maximum independent set in G. Then

Y dw) = |E(ILV-D< Y d).
uel veV —I
Since Y, oy d(u) + >, ey d(v) = 2e, we have that

ddu)<e< ) d).

uel veV -1



RAO LI: FIRST ZAGREB INDEX, FORGOTTEN TOPOLOGICAL INDEX, INVERSE DEGREE ... 2617

Applying Lemma 2.1 with s = 8, a; = d(u;) and b; = 1 with ¢ = 1,2, ..., 8, we have
8

) Blug) S 13 B 2 B 3
5 Z 1 Z )~ <Z d(u;) * 1) > Zd2(ui) le — (Z d(u;) * 1>

i=1 i=1 i=1

2
28 " d*(u) <) d*(u Zd+<2d >§Zd3(u)zd(1u)+ez.

uel uel uel
[1]. Notice that Z1(G) = >, d*(w) + > eyy—; d*(v). Thus

2871(G) =28 d*(u)+28 Y  d*(v

uel veV—I

<> d Zd——l—e +28 Y d(v <ﬁA3§+62+2ﬂ(n—6)A2.

uel uel veV -1

Therefore
A?’
21(6) < (- A+ &+ 220

23
If

2 AB
VA —(n—BA2+ & L

then, from the above proofs, we have that ), _; d(u) = e which implies that }° _,_; d(v) =
e and thereby G is a bipartite graph with partition sets of I and V — I. Furthermore,
we have that d(u) = 6 = A for each u € I and d(v) = A for each v € I. Thus
O|I| = |E(I,V —I)| = (n — |I[)0. Therefore [I| = |V —I| = §. Hence G is a regular
balanced bipartite graph.

If G is a regular balanced bipartite graph, a simple computation can verify that

A3
71(0) = (- a7+ £+ O
This completes the proofs of [1].
[2]. From
B3 ) < 3 ) Y s
uel ucl ucl
we have
2 _ P 3 2
2888% < 5Zd (u) + e
uel
Thus
Z d3 25252 —€ )
uel B
Therefore

252 _ 2
A=Y Fw =Y+ Y dw) > (n_5)53+5(2566).

weV uel veV—-I
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If
5(232%6% — €2)

/8 )
then, from the above proofs, we have that ) |, ; d(u) = e which implies that > _,_;d(v) =
e and thereby G is a bipartite graph with partition sets of I and V — I. Further—
more, we have that d(u) = 0 for each v € I and d(v) = § for each v € I. Thus
S|I| = |[E(I,V —I)| = (n —|I])d. Therefore |I| = [V —1I| = 5. Hence G is a regular
balanced bipartite graph.

F(G)=(n—B)5 +

If G is a regular balanced bipartite graph, a simple computation can verify that
§(28%6% — €2)

F(G) = (n—p)5° + 3

This completes the proofs of [2].

[3]. By Cauchy-Schwarz inequality, we have

2
Z d? (v Z 12> (Z d(v)) > e?
veV -1

veV -1 ’UGV I
Thus
S ) > e’
veV -1 - B
Since
2ﬁZd2 <Zd3 Z + €2,
uel uel ue[ )
we have
2ﬂ<ﬁ52+ ><252d2 )+28 > d(v
uel veV -1
<Zd3 Zd—+e +2ﬁ(n7ﬁ)A2
u€el uel
< IS ) + e 4 268(n - )22
uel
Thus )
3 2 4 € 2 2
uzdd )> = (25 (ﬁé n_ﬁ) —e2—28(n—B)A )
Therefore
=3 dw) =) A+ Y d(v)
wel uel veV -1
> (n— )8 + g (25 (m? + 25> — e —2B(n — B)A2> .
If

2

F(G) = (0 - 95 + (25 (W pc ﬂ) ¢~ 9B(n - ﬁ)A2> |

then, from the above proofs, we have that Zuel d(u) = e and ) i, ;d(v) = e and
thereby G is a bipartite graph with partition sets of I and V' — I. Furthermore, we have
that d(u) = § for each v € I and d(v) = § = A for each v € I. Thus 6|I| = |[E(I,V —1)| =
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(n —|I])é. Therefore |I| = |V —I| = 5. Hence G is a regular balanced bipartite graph.
If G is a regular balanced bipartite graph, a simple computation can verify that
K} 2
F(G) = (n—B)8 + 3 <2,8 <ﬂ62 + = ﬁ> —e? —283(n — ﬁ)A2> .
n—

This completes the proofs of [3].

[4]. From
28 " d*(u) < d(u Z
uel uel uel d
we have
28882 < ﬁA?’Z — + e’
Thus . (25252 2)
— €
; dw) = pAs
Therefore
1 1 1 n—pB (28%6% —¢?)
Inv(G) = — =) —
P YY P S RP P TR ST
If
Inv(G) = n_#p + (25%° — &)

A pA3

then, from the above proofs, we have that » , ; d(u) = e which implies that >\ _;d(v) =
e and thereby G is a bipartite graph with partition sets of I and V — I. Furthermore,
we have that d(u) = 6 = A for each u € I and d(v) = A for each v € I. Thus
Alll = |E(I,V = I)] = (n — [I|)A. Therefore |I| = |V —I| = §. Hence G is a regu-
lar balanced bipartite graph.

If G is a regular balanced bipartite graph, a simple computation can verify that

n—pB  (28%6° —¢?)
Xt A

Inv(G) =
This completes the proofs of [4].

[5]. Recall that
2

9 e
> d(v)zn_ﬁ.

veV—1I

QﬁZdQ(u) < Zd3(u)z d(lu) + €2

uel uel uel

Since

we have

,6’<ﬁ52 ¢ ><2ﬁZd2 )+28 > d(v)

uel veV -1

<) d¥(u Z—+e +26(n — B)A?

uel uel
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<Ay d(lu) +e2+28(n— B)AZ.
uel

Thus . . )
2 € 2 2

uzgcmzw(”@ +asg) ¢ - 9at).

Therefore ) . )
@ =2 gy = 2 aw 2 aw)
weV uel veV -1
2

z”;BJrﬁlAg(zﬂ(ﬁ&%r ¢ —62—2/3(n—5)A2>

If

Inv(G) = n—p + L <2B <552 + ¢ > —e? —2B(n— 5)A2>
A BAS n—p ‘
then, from the above proofs, we have that ) _;d(u) = e and > .\, _;d(v) = e and
thereby G is a bipartite graph with partition sets of I and V — I. Furthermore, we have
that d(u) = 6 = Aforeachu € I and d(v) = A foreachv € I. Thus A|I| = |E(I,V—1I)| =
(n — |I])A. Therefore |I| = [V — I| = §. Hence G is a regular balanced bipartite graph.

If G is a regular balanced bipartite graph, a simple computation can verify that

_ 2
Inv(G) = ”Aﬁ + ﬁlAg <25 (55% ne_ﬁ) e —25(n—5)A2> .

This completes the proofs of [5].

Proof of Theorem 1.2. Let G be a k-connected (k > 2) graph with n > 3 vertices and e
edges. Suppose G is not Hamiltonian. Then Lemma 2.2 implies that 8 > k + 1. Also,
we have that n > 2§ +1 > 2k + 1 otherwise 6 > k > n/2 and G is Hamiltonian. Let
I :== {ui,us,...,ug } be a maximum independent set in G. Then I := {u1,u, ..., up41 }
is an independent set in GG. Thus

S dw) = [E@V-D< Y dw).
uel veV -1
Since ), c;d(u) + >y d(v) = 2e, we have that
ddu)<e< ) d).
uel veV -1
[1]. Following the proof of [1] in Theorem 1, we have
e? (k+1)A3

Z1(G) < (n—k—l)A2+2(k+1) + 55

Since ) (; )A3
+1
>(n—k— 2 €
Z1(G)>(n—k—-1)A +2(k‘+1)+ 25 ,
we have ) ; )A3
_ o 9 e +1
Z1(G)=(n—-k—-1)A +2(l<:+1)+ 55 .

Thus we further have that > _; d(u) = e which implies that ) _,,_; d(v) = e and thereby
G is a bipartite graph with partition sets of I and V' —I. Furthermore, we have that d(u) =
0 = A for each u € I and d(v) = A for each v € I. Thus §|I| = |E(I,V —1I)| = (n—|1|)0.
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Therefore (k +1) = [I| = [V —I| = §. By Lemma 2.4, we have G is Hamiltonian, a
contradiction.

[2]. Following the proofs of [2] in Theorem 1.1 and [1] in Theorem 1.2, we can show that
G is Hamiltonian, a contradiction. The details of the proofs are skipped here.

[3]. Following the proofs of [3] in Theorem 1.1 and [1] in Theorem 1.2, we can show that
G is Hamiltonian, a contradiction. The details of the proofs are skipped here.

[4]. Following the proofs of [4] in Theorem 1.1 and [1] in Theorem 1.2, we can show that
G is Hamiltonian, a contradiction. The details of the proofs are skipped here.

[5]. Following the proofs of [5] in Theorem 1.1 and [1] in Theorem 1.2, we can show that
G is Hamiltonian, a contradiction. The details of the proofs are skipped here.

This completes the proofs of Theorem 1.2.

Proof of Theorem 1.3. Let G be a k-connected (k > 1) graph with n > 9 vertices and e
edges. Suppose G is not traceable. Then Lemma 2.3 implies that § > k + 2. Also, we
have that n > 2§ + 2 > 2k + 2 otherwise 6 > k > (n — 1)/2 and G is traceable. Let
I :== {u1,us,...,ug } be a maximum independent set in G. Then I := {uy,ug, ..., up42 }
is an independent set in GG. Thus

D dw) =B,V -D< D d).
uel veV—-I
Since ), crd(u) + >, ey d(v) = 2e, we have that
D dwu)<e< d(v).
ucl veV -1

[1]. Following the proof of [1] in Theorem 1, we have

2 k+2)A3
Z0(G) < (n—k — 2)A2 € ( .
UG ==k =20+ 505+ %
Since
2 k+2)A3
7 > (n—k— 2)A2 € (
(&) z(n—k=2) TR T
we have

e? (k +2)A3
2(k+2) + 26
Thus we further have that ) ; d(u) = e which implies that > _{,_; d(v) = e and thereby
G is a bipartite graph with partition sets of I and V' —I. Furthermore, we have that d(u) =
0 = A for each u € I and d(v) = for each v € I. Thus 0|I| = |E(I,V — I)| = (n — |I|)0.
Therefore (k +2) = |I| = |V — I| = §. Since n > 9, we have k¥ > 3. By Lemma 2.4, we
have G is Hamiltonian and thereby G is traceable, a contradiction.

Z1(G) = (n—k —2)A% +

[2]. Following the proofs of [2] in Theorem 1.1 and [1] in Theorem 1.3, we can show that
G is traceable, a contradiction. The details of the proofs are skipped here.



2622

13].

TWMS J. APP. ENG. MATH. V.15, N.11, 2025

Following the proofs of [3] in Theorem 1.1 and [1] in Theorem 1.3, we can show that

G is traceable, a contradiction. The details of the proofs are skipped here.

[4].

Following the proofs of [4] in Theorem 1.1 and [1] in Theorem 1.3, we can show that

G is traceable, a contradiction. The details of the proofs are skipped here.

[5].

Following the proofs of [5] in Theorem 1.1 and [1] in Theorem 1.3, we can show that

G is traceable, a contradiction. The details of the proofs are skipped here.

This completes the proofs of Theorem 1.3.

4. CONCLUSIONS

Let G be a graph with minimum degree at least one. We obtained an upper bound for
the first Zagreb index of the graph G and lower bounds for the forgotten topological index
and the inverse degree of the graph G. We also obtained sufficient conditions based on the
first Zagreb index, the forgotten topological index, or the inverse degree for Hamiltonian
and traceable graphs.

Acknowledgement. The author would like to extend his gratitude to the referee for his
or her suggestions which improve the initial version of the paper.
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