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PMC-LABELING OF PRISM ALLIED GRAPH, PENDULUM GRAPH
AND COG WHEEL GRAPH

R. PONRAJ'* AND S. PRABHU", §

ABSTRACT. In this paper, we investigate the PMC-labeling behavior of some graphs like
pendulum graph, hexagonal circular ladder, cog wheel graph, triangular wheel graph,
double crown-wheel graph, crown-triangular wheel graph, H, ,, P3 x P, prism allied
graph and antiprism allied graph.
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1. INTRODUCTION

In this study, we now consider only a undirected, finite and simple graphs. The sets V(QG)
and E(G), respectively denote the vertex set and edge set of the graph G. We refer to
Harary [4] for all other terms and fundamental notations in graph theory. The concept
of graph labeling was first presented by Rosa in 1967 [14]. Edge odd graceful labeling
in some wheel-related graphs has been investigated by Aljohani and Daoud [1]. Ibrahim
et al. [5] have worked on edge H-irregularity strength of hexagonal and octagonal grid
graphs. L(2,1) labeling of lollipop and pendulum graphs were discussed in [7]. Susanti
et al. [16] proved that double sun flower graph, triangular winged prism graphs and
rectangular winged prism graphs are all edge odd graceful. Seoud et al. have worked on
difference graphs [17] and mean graphs [18]. Chit presented the idea of cordial graphs
[2]. Prime cordial and 3-equitable prime cordial graphs were studied in [19]. Sharma and
Bhat [15]have worked on vertex edge resolvability for the web graph and prism related
graph. Kumari and Mehra [6] have worked on vertex product cordial labeling. Prajapati
and Gajjar [13] proved that the generalized prism graph is Prime cordial. Edge product
cordial labeling of some graphs were examined in [12]. The rainbow connection number
of origami graphs and pizza graphs have investigated by Nabila and Salman [8]. Gallian
updates his dynamic survey on graph labeling on a regular basis [3]. The process of
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PMC-labeling graphs was first presented in [9], and PMC-labeling different graph families
was covered in [10, 11]. This study computes the PMC-labeling behavior of some graphs
like pendulum graph, hexagonal circular ladder, cog wheel graph, triangular wheel graph,
double crown-wheel graph, crown-triangular wheel graph, H,, ,,, P3 x P,, prism allied graph
and antiprism allied graph.

2. PRELIMINARIES

Definition 2.1. [7] The pendulum graph S, i is a graph that is created by joining each
leaf of the star graph Ky with a cycle graph C,,.

Definition 2.2. [15] The heptagonal circular ladder HCL,, is the graph by adding new
vertices between the vertices of degree three in the pentagonal circular ladder PCL,,.

Definition 2.3. [1] The cog wheel graph CW,, is a graph obtained by combining a wheel
graph W, = C,, + K1, where C,, = vivavs...v5v1 and K1 = {ug} with a set of vertices
{uy,ug,us,...,up} such that a verter u; is adjacent to vertices v; and vit1, for 1 < i <
n — 1. More over, the vertex u, is adjacent to vertices vi and v,.

Definition 2.4. [1] The triangular wheel graph TW, is a graph obtained by combining
the wheel graph W,, = C,, + K1, where C,, = vivavs...vpv1 and K1 = {up} with a set
of vertices {uy,u2,us, ..., uy} such that vertex u; is adjacent to vertices v; and v;y1, and
vertex u, is adjacent to vertices v1 and vy,. Additionally, each vertex u; is adjacent to the
vertex ug.

Definition 2.5. [1] The double crown-wheel graph DCW,, is a graph obtained by combining
a wheel graph W,, = C,, + K1, where C,, = vivavs ... v,v1 and K1 = {up} with two sets of

vertices. The first set is {w1,wa, ws, ..., wy}, where each vertexr w; is adjacent to vertices
v; and viy1, for 1 < i <n—1, and the vertex w, is adjacent to vertices vi and v,. The
second set is {ui,ug,us, ..., u,}, where each verter u; is adjacent to vertices v; and viy1,

for 1 <i<n-—1, and the vertex u, is adjacent to vertices v1 and v,.

Definition 2.6. [1] The crown-triangular wheel graph CTW,, is a graph obtained by com-
bining the triangular wheel graphs TW,,, its vertex set V(TW,,) = {uo,v1,v2, 03, ..., Un,
UL, U2, U, . . ., Up} with the set {wi,wa, w3, ..., w,}, where each vertex w; is adjacent to
vertices v; and viy1, for 1 < i < n—1, and the vertex w, is adjacent to vertices vi and
Up.-

Definition 2.7. [3] The direct product of G and H is the graph denoted G x H whose vertex
set is V(G) x V(H) and for which vertices (u,v) and (v ,v') are adjacent precisely if uu' €
E(G) andw' € E(H). Then V(GxH) = {(u,v) |u e V(G)and veV(H)}, E(GxH) =
{(u,v), (u',v) |uu' € E(G)and v’ € E(H)}.

Definition 2.8. [3] The graph Hy,, has the vertex set V(Hp ) = {u;,v; |1 <i <n} and
the edge set E(Hyp) = {uwvj |1 <i<n,n—i+1<j<n}.

Definition 2.9. [15] The prism allied graph DA,, has vertex set of cardinality 4n and edge
set of cardinality 6n, indicated by V(DA,) and E(DA,,) respectively, where V(DA,) =
{ui,vi, 2,y | 1 <0 <n}and E(DAy) = {wivi, 2iyi, vizg | 1 <4 < npU{oiigr, vna1, uitig,
Up U1, ViVit1,Upv1 | 1 <i<n—1}.

Definition 2.10. [15] The antiprism allied graph AA,, has vertex set of cardinality 4n and
edge set of cardinality Tn, indicated by V(AA,,) and E(AA,,) respectively, where V(AA,) =
{ui,vi,w; | 1 <i <n} and E(AAy) = {viw;, uv; | 1 < i < npU{vjvipr, vpv1, Uiltis1, Upu,
Villig1,vpuy | 1 <i<n-—1}
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3. PMC-LABELING
Let a graph G = (V, E) be a graph with p vertices and ¢ edges. Define

£ piseven
P=13 pz1 is odd
5— pis odd,

and M = {£1,£2,---4+p}. Consider a mapping A : V' — M by assigning different labels in
M to the different elements of V' when p is even and different labels in M to p—1 elements
of V and repeating a label for the remaining one vertex when p is odd. The labeling as
defined above is said to be a pair mean cordial labeling if for each edge uv of G, there exists
a labeling w if A(u) + A(v) is even and wif A(u) + A(v) is odd such that
ISx, — S,\g\ < 1 where S, and SA? respectively denote the number of edges labeled with
1 and the number of edges not labeled with 1. A graph G for which there exists a pair
mean cordial labeling(PMC-labeling) is called a pair mean cordial graph(PMC-graph).
The following figure 1 is the simple example of the PMC-graph.

FicUure 1. PMC-graph.

4. MAIN RESuULTS

Theorem 4.1. The heptagonal circular ladder HCL,, is a PMC-graph for all values of
n > 3.

Proof. Consider the heptagonal circular ladder HCL,,. Denote by V(HCL,) = {u;, vi, zi, y; |
1 <i<n}and E(HCLy,) = {uix;, zivi, vy | 1 < i < n}U{xvip1, Tnv1, Uilis1, Uptl |

1 <4 < n — 1} respectively, the vertex and edge sets of the heptagonal circular ladder
HCL,. Then, it has 4n vertices and 5n edges. Define A(v1) = —n, A(u;) = —n — 1,
Az1) =n+2, and A(x,) = 1. We now consider two cases:

Case (i) : n is odd

Let us assign the labels 2,3,...,n+ 1 and —1,—2,...,—n 4+ 1 to the corresponding ver-
. . —3n—1
tices y1,%2,...,yn and vz, v3,...,v,. So, assign the labels —n — 2, —n —3,..., =25— and
n+3,n+4,..., 3";3 to the corresponding vertices us, 4, ..., un—1 and us,us, ..., Uy.
Then, assign the labels %, _33_5, ..., —2n and 3”—;5, %, ...,2n to the correspond-
ing vertices xo,x4,...,Tp—1 and x3,x5,...,Tn_2.

Case (i) : n is even
Also, assign the labels to the vertices y;,v;,1 < i < n as in case (i). Thus, assign the

labels —n — 2,—m — 3,..., # and n + 3,n +4,..., 3"2” to the corresponding ver-
tices uo, Uy, ..., U, and ug,us,...,U,—1. Now, assign the labels %74,#,...,—271
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and 3"2—‘”5, 3";8, ..., 2n to the corresponding vertices x2,x4,...,Tp—2 and x3,25,...,Tp_1.

Further, the edges v;r1vi, vit1%it1, 1 < ¢ < n — 1, y,v1,v121, x1u1 and ug;ue; 11 for
1<i< ”T_l when n is odd, ugjug+1 for 1 < i < ”T_Q when n is even, are labeled with 1
and all other edges are labeled by the integers other than 1.

TABLE 1. The following table 1 establish that the PMC-labeling of the
heptagonal circular ladder HC'L,, for all values of n > 3.

Values of n | Sy, | Sxc
1
n is odd 5”—2“ 5"2_ I
: 50 | b
n is even 5 5

O

Example 4.1. Figure 2 illustrates the PMC-labeling of the heptagonal circular ladder
HCL;.

FiGURE 2. PMC-labeling of the heptagonal circular ladder HC L.

Theorem 4.2. The pendulum graph S,y is a PMC-graph for all values of n > 3 and
k>1.

Proof. Let us now consider the pendulum graph S, ;. Denote by V (S, k) = {vo,vi; | 1 <
) < nandl < j < ki} and E(Sn,k) == {Uovl,javi,jUiJrl,jyvn,jvl,j | 1 < 7 <n-— landl S] < k‘}
respectively, the vertex and edge sets of the pendulum graph S, ;. Then, it has nk + 1
vertices and (n + 1)k edges. We now consider two cases:

Case (i) : n is even

Define A(up) = —1.

Subcase (i) : k is even

(=Un+it3 1<i<n, 1<j<k-—1,i& jare odd
Avig) =9 (it . . ) .
jf 1<i<n,1<j<k-1,iiseven & j is odd,
Aui ) = G-lnt2it2 i=1,2,...,2,1<j<k—1,jis even
Z’] 7(_]_1);“1_2 i=nf2 0 n,1<j<k—1,jis even,
(kfl);z+i+3 i1
(—k+1)n—2i+2 . nt2
AVik) = gern)Pzita Zn:4277‘?—|7-f'5”7 ?
f Z = T7T’..-,n_ 1

1 1= n.
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Subcase (i7) : k is odd
Let us assign the labels to the vertices v;j,1 < ¢ <n, 1 <7 <k —1 as in case (i) of
subcase (7). Then,

Chtln—izl 13 .n—1
AMvig) = EDatit2 9y -2
1 1= n.

In both subcases, the edges vov1,1, v; jvi+1,5, for 1 <i<n,1<j < k-1, jisodd, v, v ,
Uz jUnt2 1 <j<k-—1,jiseven, and vy yva ), when k is even, vo;_1 yv2; r, when £ is
odd for 2 < i < %‘2 are labeled with 1 and all other edges are labeled by the integers
other than 1.

Case (ii) : n is odd

Subcase (i) : k is even

Define A(ug) = —1.

(=Un+i+3 1<i<n, 1<j<k—1,i& jare odd
AWig) =9 (it . . ) -
AT 1<i<n, 1<j<k—1,iiseven & j is odd,
Aui) = a2l —q 9. 2 1 <<k -1, is even
v W# i=28 05, 1<j<k—1,jis even,
(fk+1)2nf2i+1 i1
(k—1)n+2i+1 i_93 n—1
Avig) = (Ch—1P42i-1 . ni1 nis Qn_ 1
2 =22
1 1 =n.

Subcase (i7) : k is odd
Define A(ug) = 1. Further, assign the labels to the vertices v; j,1 <i<n, 1 <j<k-—1
as in case (i) of subcase (7). Thus,

(k—1)n+i+3

. i=1,3

Avik) = ((ki—%:nizl . il
’ Ehilnil 57,0
(E—Dntit? 5 —6,8,...,n— 1.

In both subcases, the edges v; jvit14, for 1 <i < n, 1 < j < k-1, jis odd, v, v,
Untl ;jUnts j, 1 <j<k-—1,jiseven, and vy v2, vov1,1 When k is even, vo;—1 kv2; ,
2 2

),

v9 V3, when k is odd for 2 <4 < "Tfl are labeled with 1 and all other edges are labeled
by the integers other than 1.

O

TABLE 2. The following table 2 establish that the PMC-labeling of the
pendulum graph S, ; for all values of n > 3 and k > 1.

n and k Sx, Sxe
n and k are even ("gl)k (ngl)k
n is even and k is odd | (nEDE=L | (n Dkl
n is odd k is even (”‘E%k (ngl?ﬁk
n and k are odd (n+1)k (n+1)k

2 2
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Example 4.2. Figure 3 illustrates the PMC-labeling of the pendulum graph Ss 4.

FIGURE 3. PMC-labeling of the pendulum graph Ss 4.

Theorem 4.3. The cog wheel graph CW,, is not PMC-graph for every values of n > 3.

Proof. Let us now consider the cog wheel graph CW,,. Denote by V(CW,,) = {ug, u;, v; |
1 <i<n}and E(CW,) = {ugvi,uv; | 1 <i < n}U{ujvipr, vivit1, upvi, vpvy | 1 < <
n — 1} respectively, the vertex and edge sets of the cog wheel graph CW,, . Eventually
CW,, holds 2n + 1 vertices and 4n edges. If possible, let A be a PMC-graph. The possible
outcomes are A(u) + A(v) = 1 or A(u) + A(v) = 2 if the edge uv receives the label one.
Therefore, 2n — 1 is the maximum number of edges that can be labeled as 1. That is,
§>\1 < 2n — 1. Consequently, SXi > 2n + 1. Thus, SAT — SM >2n+1—-(2n—-1)=2>1,
a contradiction.

O

Theorem 4.4. The triangular wheel graph TW, is not PMC-graph for every values of
n > 3.

Proof. Let us now denote by V(TW,) = {uo,uj,v; | 1 < i < n} and E(TW,) =
{upui, wovi, wiv; | 1 < i <n}U{ujvit1, vviq1, U1y, vpv1 | 1 < i < n — 1} respectively, the
vertex and edge sets of the triangular wheel graph TW,,. Eventually, TW,, holds 2n + 1
vertices and 5n edges. Suppose now that T'W,, is a PMC-graph. The possible outcomes
are A(u) + A(v) = 1 or AMu) + A(v) = 2 if the edge uv receives the label one. Thereby,
2n — 1 is the maximum number of edges that can be labeled as 1. That’s Sy, < 2n — 1.
Consequently, SA? > 3n + 1. Therefore, SA? —Sy, >3n+1-2n—-1)=n+2>5>1,a
contradiction. O

Theorem 4.5. The double crown-wheel graph DCW,, is not PMC-graph for every values
of n > 3.

Proof. The vertex and edge sets of the double crown-wheel graph DCW,, are denoted by
V(DCW,,) = {ug,ui,vi,w; | 1 < i < n} and E(DCW,,) = {uvi, uv;, wiv; | 1 < i <
n} U {uvit1, Wivit1, UiVi41, Unvl, Wav1, Upv1 | 1 < @ < m — 1} respectively. Eventually
DCW,, holds 3n + 1 vertices and 6n edges. If possible, let DCW,, be a PMC-graph.
Case (i) : n is odd
Therefore, 2n is the maximum number of edges that can be labeled as 1. That’s Sy, < 2n.
Consequently, SAT > 4n. Thus, g)\«{ — §>\1 >4n —2n =2n > 6 > 1, a contradiction.
Case (i1) : n is even
Therefore, 2n + 2 is the maximum number of edges that can be labeled as 1. That is,
SM < 2n + 2. Consequently, SA? > 4n — 2. Therefore gk%ﬁ — le >4n—2—-(2n+2) =
2n —4 > 4 > 1, a contradiction.

O



2670 TWMS J. APP. ENG. MATH. V.15, N.11, 2025

Theorem 4.6. The crown- triangular wheel graph CTW, is not PMC-graph for every
values of n > 3.

Proof. Consider the crown- triangular wheel graph CTW,,. Denote by V(CTW,) =
{up, uj,vi,w; | 1 < i < n} and E(CTW,) = {uovi, uoui, wivi,wjv; | 1 < i < n} U
{UiVig1, Wiv£1, VU1, UpVL, WRV1, VY1 | 1 < i < n — 1} respectively, the vertex and edge
sets of crown- triangular wheel graph CTW,,. Eventually CTW,, holds 3n+ 1 vertices and
Tn edges. If possible, let CTW,, be a PMC-graph.

Case (i): n =3

Then, Sy, < 7. Consequently, S)\f > 14. Therefore SAg —Sy, >14—-7=17>1, a contra-
diction.

Case (i1) : n is even

Hence, 2n + 4 is the maximum number of edges that can be labeled as 1. That is, SAI <
2n+4. Consequently, SA? > bn—4. Then, SA? —Sy, >n—4—(2n+4)=3n-8>4>1,
a contradiction.

Case (7i7) : n is odd

Thus, 2n+2 is the maximum number of edges that can be labeled as 1. That’s Sy, < 2n+2.
Consequently, SA? > 5n — 2. Therefore SA? Sy, > —-2—-(2n+2)=3n—-4>11>1,
a contradiction. 0

Theorem 4.7. The graph H,, , is a PMC-graph iff 1 <n <5.

Proof. Now, consider the graph H, ,. Denoting by V(H, ) = {u;,v; | 1 <1i < n} and
E(Hpp) = {uvj | 1 <i<n,n—i+1<j<n} respectively, the vertex and edge sets of
the graph H,, ,. Then, H, , has 2n vertices and w edges. Note that Hi1 ~ P», the
path P is a PMC-graph [9]. We now consider two cases:

Case (i) : For2<n <5

Here, assign the labels —1,—2, ..., —n to the corresponding vertices ui, us, ..., u,. Then,
assign the labels 2, 3, ..., n to the corresponding vertices v, vo, ..., v,. Fix label 1 with v,.
More over, the edges u;v;, for 1 <i < n—1, and w;v;41, for 1 <i < n —2 are labeled with
1 and all other edges are labeled by the integers other than 1. Hence, SAT = % =Sy,
if n is even and S)\f = W, Sx, = % if n is odd.

Case (ii) : Forn > 6

Suppose now that H, , is a PMC-graph. The possible outcomes are A\(u) + A(v) = 1 or
A(u) + A(v) = 2 if the edge uv receives the label one. Then 2n — 3 is the maximum number
of edges that can be labeled as 1. That’s Sy, < 2n — 3. Consequently, S/\i =q—Sy >
g—(2n—3) = %. Therefore, Sye — S, > %—(211—3) = W >3>1,
a contradiction.

1

O
Example 4.3. Figure 4 illustrates the PMC-labeling of the graph Hy 4.

FIGURE 4. PMC-labeling of the graph Hy 4.
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Theorem 4.8. The graph P3 x P, is a PMC-graph for all values of n > 1.

Proof. Consider the graph P; x P,. Denoting by V(Ps x B,) = {u;,v;,w; | 1 < i < n}

and E(Ps x P,) = {uvit1, ujwit1, uit105, uiriw; | 1 <i < n — 1} respectively, the vertex

and edge sets of the graph P3 x P,,. Then, P3 x P, has 3n vertices and 4n — 4 edges. We

now consider two cases:

Case (i) : For odd n

Here, assign the labels —1,—4, ..., _3g+1 and 4,7,..., 3"2_1 to the corresponding ver-

tices uy,us,...,un and ug, uy,...,u,—1. Then, assign the labels —3,—6, ..., %

3,6,..., 3"2_3 to the corresponding vertices vy, vs, ..., Vy—9 and v, vy,...,v,—1. Fix label

1 with v,,. Next, assign the labels —2,—5,..., _3g+5 and 2,5,..., 3”2_5 to the correspond-

ing vertices wy, w3, ..., wyp—2 and wa, Wy, ..., wy—1. Fix label 1 with w,. Hence, the edges

Uit 1V, Uip1 Wy, UiV and ww;yq for 1 <4 < "T_l are labeled with 1 and all other edges

are labeled by the integers other than 1.

Case (ii) : For even n

Now, assign the labels —1,—4,..., # and 4,7,..., 3"2_4 to the corresponding ver-

tices ul,U3,...,un§1 and wug,uyq,...,uUn—9. Fix label 1 with u,. Then, assign the la-
—on

bels —3,—6,..., =" and 3,6,..., 37” to the corresponding vertices wvi,vs,...,v,_1 and

V2,4, . - ., Uy. More over, assign the labels —2, —5,.. ., _3’2‘“ and 2,5, ..., 3”2_2 to the cor-
responding vertices wy, ws, ..., wp—1 and wa, Wy, . .., wy,. Thus, the edges w;11v;, w;r1w;,
for1 <i< "7_2 and u;vi1, w1 for 1 <4 < 5 are labeled with 1 and all other edges

are labeled by the integers other than 1. In both cases, S/\i =2n—2=S),. ([l

and

Example 4.4. Figure 5 illustrates the PMC-labeling of the graph Ps x Py.

FiGure 5. PMC-labeling of the graph P3 x Pj.

Theorem 4.9. The prism allied graph DA, is a PMC-graph for all values of n > 3.

Proof. Consider prism allied graph DA,,. Denoting by V(DA,) = {u;, v, z;,y; | 1 <i <
n} and E(DA,) = {uvi, xy;, vix; | 1 < i < n}U{0i@ip1, Un®1, Uillip1, Unl], UjVi+1, VU1 |
1 <4 < n—1} respectively, the vertex and edge sets of the prism allied graph DA,,. Then,
it has 4n vertices and 6n edges. We now consider two cases:

Case (i) : n is odd

Let us assign the labels —1,—2,...,—n and 3,4,...,n + 2 to the corresponding vertices
T1,T2,...,Ty and v1,v9,...,v,. Then, assign the labels —n —1,—n —2,..., % and
n+3,n+4,..., 3"—;3 to the corresponding vertices u1,us, . . ., u, and ug, uq, ..., Up—1. De-
fine A\(y1) = 2. So, assign the labels #, %, ..., —2n and 3"2—%, 3”—;7, ...,2n to the

corresponding vertices y2,¥y4,...,Yn—1 and y3,9s,...,Yyn—2. Finally, fix the label 1 with

Yn-
Case (i) : n is even
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Now, assign the labels to the vertices x;,v;,1 < i < m as in case (i). Thus, assign

the labels —n —1,—n — 2,..., _T?’” and n+3,n+4,..., 3"2—"“4 to the corresponding ver-
tices ui,us, ..., up—1 and ug,uyg,...,u,. Define A(y1) = 2 and A(y2) = % Also,
assign the labels _372‘_4, _33_6, .o, —2n and 3"—2‘*'6, 3”2—+8, ..., 2n to the corresponding ver-

tices Y3, Y5, - -+, Yn—1 and yq,Yg, - - -, Yn—o. Finally, fix the label 1 with y,. In both cases,
the edges vijy1x;, w1, viv1zir1, for 1 <i<n-—1, z1y1, viug and Tp1, are label_ed with
1 and all other edges are labeled by the integers other than 1. Thus, Sxe =3n =8,,. U

Example 4.5. Figure 6 illustrates the PMC-labeling of the prism allied graph D As.

FiGURE 6. PMC-labeling of the prism allied graph D As.

Theorem 4.10. The antiprism allied graph AA,, is not PMC-graph for all values of n > 3.

Proof. Let us now consider antiprism allied graph AA,,. The vertex and edge sets of the an-
tiprism allied graph AA,,, respectively denoted by V(AA,) = {ui, vi, zi,y; | 1 <i <n}and
E(AA,) = {zyi, uvi, vizg | 1 <4 < nfU{vivig1, UnV1, Uillip 1, Unll, Vit 1, VpUl, L3041, TpU1 |
1 <i <mn—1}. Then, it has 4n vertices and 7n edges. Suppose now that the antiprism
allied graph AA, is a PMC-graph. Then, 3n is the maximum number of edges that
can be labeled as 1. That is, Sy, < 3n. Consequently, S)\§ > q— (3n) = 4n. Thus,
S)\fl: —Sy), >4n — (3n) =n >3 > 1, a contradiction. O

5. CONCLUSION

In this paper, we have examined the PMC-labeling behavior of some special graphs
like pendulum graph, hexagonal circular ladder, cog wheel graph, triangular wheel graph,
double crown-wheel graph, crown-triangular wheel graph, H, ,, P3 x P,, prism allied
graph and antiprism allied graph. Usually in the graph labeling vertices are assigned by
positive integers. But in the labeling method that have studied in this paper, both positive
and negative integers are used as label for vertices. Investigation of whether this labeling
techniques is present or not on other graph families is an open problem for future work.
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