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WIENER AND HARARY INDICES OF MYCIELSKIAN GRAPHS
SHANU GOYAL!, TANYAL*, §

ABSTRACT. Let G = (V(G), E(G)) be a graph, where V = {vi,v2,...v,}. Let V' =
{v1,v5,...,v,} be the twin of the vertex set V(G). The Mycielskian graph M(G) of
G is defined as the graph whose vertex set is V(G) U V/(G) U {w} and the edge set is
E(G) U{vv) : viv; € E(G)} U {viw € V'(G)}. The vertex v; is the twin of the vertex v;
(or v; is twin of the vertex v;) and the vertex w is the root of M(G). The closed Myciel-
skian graph M[G] of G is defined as the graph whose vertex set is V(G) U V'(G) U {w}
and the edge set is E(GQ)U{viv] : viv; € E(G)}U{viv; :i=1,2,...,n}U{viw € V'(G)}.
The vertex v} is the twin of the vertex v; (or v; is twin of the vertex v;) and the vertex
w is the root of M[G]. In this paper, we study the Wiener and Harary indices of the
Mycielskian and closed Mycielskian graphs.

Keywords: closed splitting graph, shadow graph, closed shadow graph, Mycielskian
graph, closed Mycielskian graph.
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1. INTRODUCTION

Graphs are fundamental structures in mathematics and computer science, representing
networks of interconnected points (vertices) and lines (edges). The vertex set and the edge
set are represented as V(G) and E(G) respectively. Two vertices are adjacent if they are
connected by an edge. Two edges are incident if they share a common vertex.

The adjacency matriz, A(G), with the vertex set {vi,va,...,v,} is the n x n binary
matrix A(G) = [a;;] where a;; = 1 if the vertices v;, v; are adjacent, and a;; = 0 otherwise
Vi,7=12,...,n.

The distance matriz, D(G), of a graph G is the matrix [d;;] with d;; = d(v;, v;), where
d(vi,v;) is the length of the shortest distance between v; and v;.

Topological index is a numerical quantity mathematically derived from the graph struc-
ture. The first topological index to ever introduced was Wiener Index, by Harry Wiener
[15]. It was developed to find the structure of the paraffin molecule and its boiling point

! Banasthali Vidyapith, Department of Mathematics & Statistics, Banasthali-304022, Rajasthan, India
e-mail: shanugoyal@banasthali.in; ORCID: https://orcid.org/0000-0003-0030-8550.

! Banasthali Vidyapith, Department of Mathematics & Statistics, Banasthali-304022, Rajasthan, India
e-mail: tanya09mittal@gmail.com; ORCID: https://orcid.org/0009-0006-5332-3008.

* Corresponding author.

§ Manuscript received: October 29, 2024; accepted: February 05, 2025.
TWMS Journal of Applied and Engineering Mathematics, Vol.15, No.11; (©) Isik University, Depart-
ment of Mathematics, 2025; all rights reserved.

2687



2688 TWMS J. APP. ENG. MATH. V.15, N.11, 2025

and was first called “path number” but later on was studied as gross status, the distance
of a graph and transmission in pure mathematics. It is helpful for comparing chemical
structures since it is a graph invariant, meaning it remains unaltered under graph iso-
morphism. Many academics in the fields of mathematics and chemistry have studied this
graph invariant (see [5-9, 11, 16]).

Definition 1.1. The Wiener Index, W(G), is defined as sum of distance between all
unordered pairs of vertices in a connected graph G, i.e.,

W(G) = Z d(vi, vj) ZZ(Z Vi, V).

{010 }CV(G) i=1 j=1

The Harary index was introduced independently by Plavsi¢ [13] and then by Ivanciuc
[10]. It provides insights into the connectivity and structural properties of graphs, partic-
ularly in molecular and network analysis. Recent studies have explored generalized forms
of the Harary index, enhancing its applicability to various graph families and operations
(see [2-4]).

Definition 1.2. The Harary indezx, H(G), of a graph is defined as the reciprocal sum of
the distances between all unordered pairs of vertices in a connected graph G, i.e.,

H(G) =
{'Uiy’Uj}zg:V(G) d(v“ vj) Zz; jz; d(vi,v

Let G be a graph and V'(G) be the copy of the vertex set V(G), i.e. V/(G) ={v':v €
V(G)}-

Definition 1.3. The splitting graph, A(G), of a graph G is a graph with vertex set
V(A(GQ)) = {V(G) UV'(G)} and edge set E(A(G)) = E(G)U {zy : zy € E(GQ)}, in-
troduced by Sampathkumar and Walikar [14).

Definition 1.4. The closed splitting graph, A[G], of a graph G is a graph whose vertex
set V(A[G]) = {V(G)UV'(G)} and edge set E(A[G]) = E(G)U{zz': x € V(G)} U {ay :
zy € E(G)}, mentioned in [7].

Definition 1.5. The shadow graph , D2(G), of a graph G is a graph whose vertezx set
V(D2(G)) ={V(G)UV'(G)} and edge set E(D2(G)) = E(G)U{z'y' : xzy € E(G)}U{zy :
zy € E(G)}, see in [1].

Definition 1.6. The closed shadow graph , D2[G|, of a graph G is a graph whose vertex set
V(D2[G]) ={V(G)UV'(G)} and edge set E(D3|G]) = E(G)U{z'y' : zy € E(G)} U{zy :
zy € E(G)} U{za' : x € V(Q)}, mentioned in [7, 9].

Figure 1 depicts a graph G with its splitting graph H = A(G), closed splitting graph
H' = A[G], shadow graph H” = Dy(G) and closed shadow graph H"” = D5[G].

Definition 1.7. Let G = (V(G), E(GQ)) be a graph, where V.= {v1,ve,...vn}. Let V' =
{v],vh, ... v} be the twin of the vertex set V(G). The Mycielskian graph M(G) of G is
defined as the graph whose verter set is V/(G)UV'(G)U{w} and the edge set is E(G)U{v;v] :
viv; € E(G)} U{viw € V/(G)}. The vertex v} is the twin of the vertex v; (or v; is twin of
the vertex v;) and the vertex w is the root of M(G).

Myecielski [12] introduced a graph operator for finding triangle-free graphs, whose chro-
matic number is arbitrarily large.
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FIGURE 1. A graph G with its splitting graph H = A(G), closed splitting
graph H' = A[G], shadow graph H” = Dy(G) and closed shadow graph
H" = Dy[G].

Definition 1.8. Let G = (V(G), E(G)) be a graph, where V(G) = {vi,va,...v,}. Let
VI(G) = {v], v, ..., v}, } be the twin of the vertex set V(G). The closed Mycielskian graph
MIG] of G is defined as the graph whose vertex set is V(G) U V'(G) U{w} and the edge
set is E(G) U {viv} s vy € E(G)}U{vw) 1= 1,2,...,n} U{vjw € V/(G)}. The vertex
v} is the twin of the vertex v; (or v; is twin of the vertex v}) and the vertex w is the root

of M[G].

Figure 2 depicts a graph G with its Mycielskian graph M = M(G) and closed Myciel-
skian graph M’ = M[G].
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FIGURE 2. A graph G with its Mycielskian graph M = M(G) and closed
Mycielskian graph M’ = M[G].
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2. WIENER INDEX
Egan et al. [4] derived the Wiener index of splitting graph as follows:

Lemma 2.1. [}/ Let G be a connected triangle-free graph on n vertices and m edges. The
Wiener index of A(G) is given by

W(A(G)) = 4W(G) + 2n + 2m.

Lemma 2.2. [}/ For a connected graph G = (V(G), E(G)) on n > 2 vertices and m > 1
edges such that any pair of adjacent vertices have at least one common neighbour, the
Wiener index of A(G) is given by

W(A(G)) = 4W (G) + 2n + m.

Lemma 2.3. Let G be a connected graph with n vertices and m edges. The closed splitting
graph A[G] of a graph G has Wiener index given by

W(A[G]) = AW (G) +n + m.

Definition 2.1. The matriz of all-ones or the all-ones matriz has all entry equal to one,

denoted by J.

Theorem 2.1. Let G be a connected graph of n vertices and m edges. The Wiener indez
of Mycielskian graph M(G) of G is given by

W(M(Q)) = 3W(G) + n? + 4n.
Proof. The distance matrix of M(G) as a 3 x 3 block matrix entries is written as

D(G)  D(G)+2I, 2C
DMM(G)) = |D(G) + 2L, 2J, -2, C
2B B O

where D(G) is the distance matrix of graph G, I, is the identity matrix of size n, J,, is
the all-ones matrix of size n, B is the row matrix of order n with b;; = 1V 4, j, C' is the
column matrix of order n with ¢;; =1V 7,5 and O is the zero matrix of order 1.

The Wiener index of M(G) can be expressed using distance matrix D(M(G)) as follows:

WM(G)) = %ZD(M(G))
- % [Z D(G) + Y (D(G) +2L,) + 20+ > (D(G) + 21”)]
+% [Z(QJ”_QIn)+ZC+ZQB+ZB]
_ % [ZBD(G) +ZQIn+Z2Jn+Z3B+ch}

1
= 5 [32W(G)) + 2n + 2n* + 3n + 3n)|

= 3W(G) +n® +4n.
Hence the theorem. O

Theorem 2.2. Let G be a connected graph of n vertices and m edges. The Wiener index
of closed Mycielskian graph M[G] of G is given by

W(M[G]) = 3W(G) + n* + 3n.
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Proof. The distance matrix of M[G] as a 3 x 3 block matrix entries is written as
D(G) D(G)+ 1, 2C
DM[G]) = |D(G)+ 1, 2J,—2I, C
2B B (@)
where D(G) is the distance matrix of graph G, I, is the identity matrix of size n, J,, is
the all-ones matrix of size n, B is the row matrix of order n with b;; = 1V 4, j, C' is the

column matrix of order n with ¢;; =1V 7,j and O is the zero matrix of order 1.
The Wiener index of M[G] can be expressed using distance matrix D(M[G]) as follows:

W) = 5> DMIC)

_ % [3°D(6) + 3(D(G) + ) + 320 + 32(D(G) + 1)
1

+5 [ D -2+ Y 0+ Y 2B+ B
- % [ZgD(G)+Z2Jn+Z3B+Z3C}

1
= 5 [32W(G)) + 2n* + 3n + 3n]
= 3W(G) +n® + 3n.
Hence the theorem. O

3. HARARY INDEX
Egan et al. [4] derived the Harary index of splitting graph as follows:

Lemma 3.1. [}/ Let G be a connected triangle-free graph on n vertices and m edges. The
Harary index of A(G) is given by
2
H(A(G)) = 4W(G) + g - Zm.
Lemma 3.2. [/] For a connected graph G = (V(G), E(G)) on n > 2 vertices and m > 1
edges such that any pair of adjacent vertices have at least one common neighbour , the
Harary index of A(G) is given by

n—m

5

In order to compute the Harary index, we can consider the distance matrix of the
graphs as we considered in the case of Wiener index. The Harary index can be calculated
by taking the reciprocals of the non-zero entries in its distance matrix.
For instance, let A = [a;;] be any matrix and A = [a;;] where a;; = i if a;; # 0 and 0

otherwise. If the entries in A are either 0 or 1, then Y. A = >~ A. Also for any non-zero
¢, S.cA=c> A (mentioned in [4]).

H(AG)) = 4W(G) +

Lemma 3.3. [}/ Let A = [a;;] and B = [b;j] be n x n square matrices with real entries
such that at least one of a;; or b;; is zero for all 0 <4, j,< n, then

Y A+B=> 4+ B
Lemma 3.4. [4] Let D(G) and A(G) be the distance matriz and adjacency matriz of a

graph G on n vertices and I, be the identity matrixz of size n. Let ¢ be any non-zero real
number.
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(1) X cA(G) = ¢ L A(G)

(2) 22D(G) + cA(G) = 3 D(G) = A(G) + 22 (e + DA(G)

(3) X D(G) + eI, = . D(G) + Yl
Lemma 3.5. Let G be a connected graph with n vertices and m edges. Consider A[G],
then we have,

(1) d(v;,v)) =1 fori=1,2,...,n;

(2) d(vi,vj) = d(vj,v5) for 1 <i,j <mn, i #j;

(3) d(v;,v;) = 2 for vertices v; and v;

Lemma 3.6. The distance matriz of the closed splitting graph A[G] is a 2 X2 block matriz,
using Lemma 8.5, given by

D(G)  D(G)+1,

DAED = | p(G)+ 1. D(G)+AG)

where D(G) and A(G) are the distance matriz and adjacency matrix of graph G respectively
and I is the identity matriz of order n.

Lemma 3.7. Let G be a connected graph with n vertices and m edges. Consider Do(G),
then we have,

(1) d(vi, vj)

(2) d(vi, v;)
Lemma 3.8. The distance matriz of the shadow graph D2(G) is a 2 x 2 block matriz,
using Lemma 3.7, given by

(W}, 0)) for1 <iyj <m, i#j;
v

(v

', vj) for vertices v; and v;

=d
=d

D(G)  D(G) +2I,

D(D:(G)) = D(G)+2I,  D(G)

where D(QG) is the distance matriz of graph G respectively and I, is the identity matrix of
order n.

Lemma 3.9. Let G be a connected graph with n vertices and m edges. Consider D2[G],
then we have,

(1) d(v;,v)) =1 fori=1,2,...,n;

(2) d(vi,v) = d(vj,v}) forl <i,j <n, i j;

(3) d(vi,v;) = d(v},vj) for vertices v; and v;

Lemma 3.10. The distance matriz of the closed shadow graph D3|G] is a 2 x 2 block
matriz, using Lemma 3.9, given by

D(G)  D(G)+1,

D(D,[G)) = DG)+1, D(G)

where D(QG) is the distance matriz of graph G respectively and I, is the identity matriz of
order n.

Theorem 3.1. Let G be a connected graph with n vertices and m edges. The Harary
index of closed splitting graph A|G] of a graph G is given by
m

H(A[G]) = 4H(G) +n — 7.
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Proof. From Lemma 3.6, the distance matrix of A[G] is

D(G) D(G) + In }

Dale) = [1;(@) £1, D(G)+AG)

The Harary index of A[G] is given as:
HAG) = 5 > DA
_ % S D(@) + Y. D(@) + I+ Y. D(G) + I+ Y. D(G) 1 AQ)|
- %[ZD(G)JrZD )+ > I+ D(@) +ZI]
1[ZD @) —A(G)+22A(G)} [By Lemma 3.4]
= [ZD )+2Y T, + > 24(G —ZA(G)}
- el ] [

m
= 4H(G) 40+ —m [ZA(G):M]
= AH(G)+n - %
Hence the theorem. O

Theorem 3.2. Let G be a connected graph with n vertices and m edges. The Harary
index of shadow graph Ds(G) of a graph G is given by

H(Ds(G)) = 4H(G) + g

Proof. From Lemma 3.8, the distance matrix of Dy(G) is

D) DG+ 2In]

D(Dy(G)) = [D(G) +2I, D(G)

The Harary index of Dy(G) is given as:

H(D:(G) = 53 DDy
— %_ZD(G)JFZD(G)+21n+ZD(G)+2In+ZD(G)}
= %2217 )2 D(G) + 21,
N %QZD J+2) D(G)+2Y 2L [By Lemma3.4]
= %4ZD J+2> 21
- senoyea(z)
= 4H(G) + 5.

Hence the theorem. OJ
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Theorem 3.3. Let G be a connected graph with n vertices and m edges. The Harary
index of closed shadow graph D2|G] of a graph G is given by

H(Dy[G)]) = 4H(G) + n.

Proof. From Lemma 3.10, the distance matrix of D3[G] is

D
D(D[G]) = [D(G) +I,  D(G)

The Harary index of D3[G] is given as:

HDAG) = 33 DDAG])
_ZD(G)%-ZD( G)+ I+ DG+ 1+ ) D(G) ]
QZD )+2) D(G)+ 1, ]

1
2
1
2
1
:52217 )+23 D(G) +2ZI} [By Lemma 3.4]
1
2
1
2

421) +2ZI}
[4(2 H(G)) + 2n]
= 4H(G) +n.

Hence the theorem. OJ

Theorem 3.4. Let G be a connected graph of n vertices and m edges. The Harary index
of Mycielskian graph M(G) of G is given by

H(M(G)) =3H(G) + inz - Zn.

Proof. The distance matrix of M(G) as a 3 x 3 block matrix entries is written as

D(G)  D(G)+2I, 2C
DMM(G)) = |D(G) + 2L, 2J,-2I, C
2B B O

where D(G) is the distance matrix of graph G, I,, is the identity matrix of size n, J, is
the all-ones matrix of size n, B is the row matrix of order n with b;; = 1V ¢,7, C is the
column matrix of order n with ¢;; =1V 4,5 and O is zero matrix of order 1.
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The Harary index of M(G) can be expressed using distance matrix D(M(G)) as follows:
HM(G) = 5> DIAG))
_ 1 [ZD G)+> D(G)+2L,+» 2C+> D(G)+2I, }
[ZzJ =20, +> C+> 2B+ B
= 5 [ZD(G) +Y D@+ 2L, + > 20+ D(G) + > 2, }
! [ZE%—ZE%—Z@—FZ@—FZE} [By Lemma 3.4]
= [ S DG+ 2+ 20+ 2+ Y C+ Y 2B+B|
1

1 1
= 5 [3(2H(G))+2n+2n+2n2+n+2n+n]

= 3H(G)+4n +4n

Hence the theorem. OJ

Theorem 3.5. Let G be a connected graph of n vertices and m edges. The Harary index
of closed Mycielskian graph M|G] of G is given by

H(M[G]) = 3H(G) + inz - %n.

Proof. The distance matrix of M[G] as a 3 x 3 block matrix entries is written as

D@G) D@G)+1, 2C
DMIG)) = |D(G)+ I, 2J,—2I, C
2B B O

where D(G) is the distance matrix of graph G, I,, is the identity matrix of size n, J, is
the all-ones matrix of size n, B is the row matrix of order n with b;; = 1V 4, j, C' is the
column matrix of order n with ¢;; = 1V 7,j and O is zero matrix of order 1.

The Harary index of M[G] can be expressed using distance matrix D(M[G]) as follows:

HM[G]) = lzm
_ [ZD )+ D(G)+ I+ 2C+ > D(G) + I+ > 2Ty — 2L,
—[ZCJFZ@JFZE}
= {ZD )+ DG+ > T,+> 2C+> D(G) +ZI}
= [ZzJ +ZE+Z€+Z@+Z§] [By Lemma 3.4]
- [ZD J42) T+ 30+ 3, - Y 20
+§[ZC+Z@+Z§}
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1 1 1 1 1
= 5 [3QH(G) +2n+ gn+on® = ondnt ontn
1 9
Hence the theorem. O

4. CONCLUSIONS

In this paper, we have given some results on the Wiener and Harary indices of the
Mycielskian and closed Mycielskian graphs.
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