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MACWILLIAMS IDENTITIES OF THE LINEAR CODES OVER
Z4|u,v)
(u? 02 uv,vu)

B. CALISKAN'*, §

ABSTRACT. In this paper, complete weight enumerators, the symmetrized weight enu-

merators and the Lee weight enumerators for the linear codes over the ring S = Z4 +

uZy +vZy4, where u? = v? = wv = vu = 0 are defined. The MacWilliams identity denotes

an identity between a linear code and its dual code on their weight distribution. We
classify elements of S into seven classes and study MacWilliams identities of linear codes
over S. Finally, we calculate the Lee weights of Gray images of the elements and give an
example.
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tities For The Linear Codes Over Z4 + uZ4 + vZ4” presented at the ”2nd International
Conference on Applied Engineering and Natural Sciences”, Konya Technical University,
Konya, Turkiye, March 2022.

1. INTRODUCTION

MacWilliams identities are related to the weight enumerator of a linear code and the
weight enumerator of its dual code. It is one of the most fundamental results in coding
theory. In the last few decades, the study of codes over various finite rings has received
much attention. A number of papers have been published on MacWilliams identities
for linear codes over finite rings for various types of weight enumerators. For example,
in [10] linear codes over Z4 + uZ, were investigated and MacWilliams identities for a
variety of weight enumerators were proven. In [3] linear codes were studied over the ring
Fo+uFy+u?Fy, where p is an odd prime. Also, a Gray map and MacWilliams identity were
given. In [7] linear codes were considered over the ring Z4[u]/ (u? — 1) and Lee weights,
Gray maps and all weight enumerators for these codes were defined and MacWilliams
identities for the complete, symmetrized and Lee weight enumerators were proved. In [8]
the authors investigated linear codes over the ring Z4+uZ4+u?Zy. Lee weights, Gray maps

! Osmaniye Korkut Ata University, Faculty of Engineering and Natural Sciences, Department of Math-
ematics, Osmaniye, Tiirkiye.
e-mail: bcaliskan@osmaniye.edu.tr; ORCID: 0000-0003-5120-4208.

* Corresponding author.

§ Manuscript received: August 12, 2023; accepted: January 13, 2024.
TWMS Journal of Applied and Engineering Mathematics, Vol.15, No.2; © Isik University, Depart-
ment of Mathematics, 2025; all rights reserved.

291



292 TWMS J. APP. ENG. MATH. V.15, N.2, 2025

for these codes were defined and MacWilliams identities for the complete, symmetrized
and Lee weight enumerators were proven.

Extensions of the ring Z4 received a special attention in the study of codes over rings.
For example, in [6] linear codes over R = Zy+uZ4~+vZ4+uvZy and MacWilliams identities
for linear codes over R with respect to both Lee and Hamming weight enumerators were
obtained. In a recent work [5] the authors considered the commutative ring Z4+uZ4+vZ4,
where u?2 = v? = wv = vu = 0 with 64 elements. They completely determined the
generators of cyclic and constacyclic codes over this ring. Moreover, they constructed the
minimal generating sets for cyclic codes over Zy4 4+ uZy4 + vZ4.

Motivated by these works, we define complete weight enumerators, the symmetrized
weight enumerators and the Lee weight enumerators for linear codes over the ring S =
Zy + uZy + vZ4, where u? = v? = wv = vu = 0 and prove MacWilliams identities for all
the weight enumerators involved.

2. PRELIMINARIES

Consider the ring S = Z4 + uZy4 + vZ4, where u? = v?> = wv = vu = 0. It can be
also viewed as the quotient ring Z4[u,v]/ <u2, v2,uv,vu>. Any element of s € S can be
expressed uniquely as s = a+ub+vc, where a, b, c € Z4. The finite ring S has the following
properties:

It has 64 elements.
Its units are given by

U={a"+ub+wvc : a" is unit in Zy,b,c € Z4} .

It is a local Frobenius ring with unique maximal ideal I = (2, u,v).
It is a non-chain extension of the ring Z,.
It is not a principal ideal ring [5].

Recall that a linear code C of length n over the ring S is an S-submodule of S". For
any element s = (sg, s1,...,s,—1) of S™, the cyclic shift operator is defined as:

0 (805815« 38n—1) = (Sn—1,805- -+, Sn—2) -

Let C be a linear code of length n over S, then C is called cyclic if o(C) = C.
The Lee weight wy, of any element a of Z4 as

wr,(a) =min{a,4 —a}.

The Lee weight wy,(a) of a vector a € Zj is defined as the rational sum of the Lee weights
of its coordinates. In [5] the Gray map was defined as follows

¢:S =73
a+ub+ve— (a,a+ba+c).
We define the Lee weight of any element s = a + ub + vc € S as wr(4(s)). That is,
wr,(s) =wr, (a,a+b,a + ¢)

where a,b,c € Zy4 [5].
This map is extended componentwise to

.S — 7"

and the Lee weight wy (s) of s € Z3" is defined as the rational sum of Lee weights of its
coordinates.
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Let w = (wg,w1,...,wy—1) and z = (20, 21,...,2n-1) € S™. The Euclidean inner
product of w and z is defined as
W:-Z=wo2o +wiz1 + - Wp_12n-1
where the operations are performed in the ring S.

Definition 2.1. Let C be linear code of length n over S. Then the dual of C is defined as

Ct={wes": w-v=0 forallveC}.

3. WEIGHT ENUMERATORS AND MACWILLIAMS IDENTITIES

3.1. The Complete Weight Enumerator. The complete weight enumerator gives us
a lot of information about the code such as the size of the code, the minimum weight of
the code and the weight enumerator of the code for any weight function. Since S is a
Frobenius ring, the MacWilliams identities for the complete weight enumerator hold.

We list the elements of the ring S as S = {g1,92,...,964} given in Table 1 along with
the Gray image of each element. Next, we partition the elements of S into 7 classes based
on Lee weights as Ny, N1, Na, N3, Ny, N5, Ng, where for 0 <1i < 6,

Ni={se S:wr(s) =1}
The size of each N; is given as |[Ng| = |[Ng| = 1, [N1| = |Ns| = 6, |Na| = |Ny| = 15,
|Na| = 20. Then define
N;iNj = {xy:x € N;,y € N;}.
Clearly, NoN; = Ny (0 < j <6).

The complete weight enumerator (cwe) of a linear code C over S is defined by

tg, (d tgo (d t d
cwee (:Cl,xg,...,$64) — Zlﬁ” a1 ( ):C;U g2 ).”x'g}4964( )
deC

where wtg, (d) is the number of g; in the codeword d. This is a homogeneous polynomial
in 64 variables x1,x9,...,x¢4 With total degree on each term being n, the length of C.
Remark 3.1. We observe the following basic facts about the cwe of a code.

1) Since 0 € C, the term x7 always appears in cwec(x1,Ta, ..., Te4).
1

(2) cwec(1,1,...,1) =|C]|.

(3) cwec(a,0,...,0) =a™.

Definition 3.1. Let I be a non-zero ideal of S. Define x : I — C* by x(a + ub+ vc) =
i0T0Fe where C* is the multiplicative group of non-zero complex numbers, and x is a non-
trivial character of I. We then define the 64 x 64 matriz M, by letting M (i,j) = x(gig;)-

We have the following theorem from [9].

Theorem 3.1. Let C be a linear code of length n over S. Then

1
cwept (T1,%2,...,Te1) = —=CWEC (M (1,9, ... ,x64)T>

[
where M is the 64 x 64 matriz defined by M (i, j) = x(gigj) and T represents the transpose.
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3.2. The Symmetrized Complete Weight Enumerator and Lee Weight Enumer-
ator. Since in Z4, wr(1) = wr(3) = 1, the symmetrized weight enumerator the code over
Zy was defined in [2] as

swec (‘T’y’ Z) = cwec (‘T’yvzay) :

Adopting the same idea, we will define the symmetrized weight enumerator of the code
over S. To do this we need Table 2 which gives us the elements of S, their Lee weights
and the corresponding variables. Considering the elements that have the same weights we
can define the symmetrized weight enumerator as follows:

Definition 3.2. Let C' be a linear code over S of length n. Then define the symmetrized
weight enumerator of C as

Swec($’y’27w7p7r’s)26wec m??/?""?/? PAR Z p?"‘?p’ ""7""78 )
— \W_z \W_z —— \W_z
6 15 20 15
where x,y, z,w, p, T, s represent the elements of Lee weight 0,1,2,3,4,5,6 respectively. There-
fore,

swee (x’ Y, 2, W, p, T, S Z xwto wt1 )Zwt2 (d)wwtg(d)pwt4(d)rwt5(d) Swtg(d)
deC
where wio(d) = wig, (d), %};51(d) = iy wig,(d), 615752((1) = Y Zgwty,(d), wiz(d) =
Dizos Wig,(d), wia(d) = 3277 5 wig,(d), UJtS(d) =D imss Wiy, (d), wte(d) = wige, (d).
Theorem 3.2. Let C be a linear code of length n over S. Then

1
@swec (Do, D1, Dy, D3, Dy, D5, Dg), where

Dy = x+4+6y+ 152+ 20w+ 15p+ 67+ s
Dy = z4+4y+52—-5p—4r—s
Dy = z42y—z—4dw—p+2r+s

)

swect (z,y,z,w,p,T,5) =

D3 = z2—-32+3p—s
Dy = z24+2y—z—4w—p+2r+s
Ds = z—4y+52z—-5p+4r—s
Dg = x—6y+ 15z —20w+ 15p —6r + s
Proof. The proof is similar to that for Theorem 8 in [6]. It is obvious that if r €
No,thenz rsflz rs) *62 7"3*152 TS —202 ) =15,
sE€No SENY SEN> $EN3 sENy
Z x(rs) =6, Z x(rs) =
SEN5 s€ENg

From the proof of Theorem 8, if wr,(a)) = wr(B) for o, f € S, we have

D xlas) =Y x(Bs), (1 <5 <6).

SENj SENj

So,ifreNl,thenZ (rs) =1, Z x(ag) =4, Z (rs) =5, Z

s€Ng seENy SENg SEN3
Z x(rs) = —b, Z x(rs) = —4, Z Xx(rs) = —1. Others can be obtained similarly. [
SENy SEN5 s€Ng
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Definition 3.3. [4] Let C' be a linear code of length n over Zy. Then, the Lee weight
enumerator of C is defined by

Leec (z,y) = Z xQ"_wt(C)ywt(C).
ceC
Definition 3.4. Let C be a linear code of length n over S. Then, the Lee weight enumer-
ator of C is defined by
Leec (x,y) = Z xG”_th(d)y“’tL(d).
deC

Theorem 3.3. Let C be a linear code of length n over S. Then

Leec (z,y) = swec (2%, 2%y, 2*y?, 23y*, 2%y, 2y°, %) .

6 64 6
Proof. Let wtr(d) = Ziwti(d). For n = Zw% (d) = Zwti(d), we have
i=0 i=1 i=0

6

6n — wtr(d) = (6 —i)wt;(d).
=0
From the definition of the Lee weight enumerator of C' above, we have

Leec(x, y) — Z xﬁnfth(d)yth(d)
deC
=Y T (@) St
deC
6
— Z H(xﬁ—iyi)wti(d)
deC i=0

6 _5 4.2 3.3 .2 4 5 .6
= swec (2°, 2%y, 2y, 2%y, 2y 2y, 0°)

Theorem 3.4. Let C be a linear code of length n over S. Then

1
Leeqi (x,y) = —Leec (x +y,x —y).

]
Proof. From Theorems 3.2 and 3.3, we have
1
LeecL (xJ y) = mswec (E07 E17 E27 E37 E47 E57 EG)

where

Ey = 8%+ 625y + 152%% + 20233 + 1522y + 621° + 9% = (= + y)°

By = 2%+ 425y + 52t — 522yt — 4y’ — % = (x +y)P(z —y)

By = 2%+ 2%y — 2"y’ — 40y’ — 2%yt 4 220° + 0 = (m + )z —p)?
By = 2%—32%*+32%y" — 0 = (2 + y)*(a — p)?

Ey = 284255 — a2t — 42y — 22yt 4+ 295 + 48 = (@ + y)2(z — y)*
Bs = 2% — 4%y + 5219 — 5yt + day® — o8 = (z +y)(z —y)°

Fs = % — 625y + 152%y% — 20233 + 1522y — 621° + 9% = (z — y)°

Hence Leeq1 (x,y) = ﬁLeec (x+y,x—y). O
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Example 3.1. Let C be the linear code of length 3 over S generated by

3+ 2u+2u 0 0 1+2u 0 0
G = 0 3+ 2u+2u 0 0 1+2u 0
0 0 3+ 2u+2u 0 0 1+ 2u

By using Magma [1] we obtain the Lee weight enumerator of C as x3¢ 462300 + 1522412 +
20x'8y18 + 15212924 + 625930 + ¢35, The dual code C* is generated by

1+2u+2v 0 0 1+ 2u 0 0
H = 0 1+2u+2v 0 0 1+42u 0
0 0 1+2u+2v 0 0 1+ 2u

Moreover we have Leeq1 (x,y) = ‘—é'Leec (x+y,z—y).

4. CONCLUSION

In this paper, weight enumerators for the linear codes over the ring S = Z4 +uZ4+ vZy4,

where u? = v?2 = wv = vu = 0 are studied. MacWilliams identities for the complete,

symmetrized and Lee weight enumerators are proved.

Acknowledgement. We thank the referees for useful suggestions to improve the presen-
tation of this paper.
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TABLE 1. Lee weights of the elements of S

gi 1 <4 <64 | The Gray image of g; | Lee weight of g; | The corresponding variable
0 000 0 g1
v 001 1 g2
3v 003 1 gs
u 010 1 g4
3u 030 1 gs
14+3u+3v 100 1 ge
34+u+v 300 1 g7
2v 002 2 gs
u+v 011 2 go
u+3v 013 2 gio
2u 020 2 gi1
3u+v 031 2 g12
3u+3v 033 2 913
1+3v 110 2 g14
14+2u+3v 130 2 g1s
1+3u 101 2 g6
1+3u+2v 103 2 g17
2+42u+2v 200 2 gi8
3+4v 330 2 g19
34+u 303 2 g20
3+2u+v 310 2 g21
34ut2v 301 2 go2
u+2v 012 3 g23
2u+tv 021 3 g24
2u+3v 023 3 g25
3u+2v 032 3 926
1 111 3 ga7
1+2v 113 3 ga2s
14+u+3v 120 3 g29
14+3u+v 102 3 g30
14+2u+2v 133 3 931
24u+2v 230 3 g32
24-2u+v 203 3 g33
2+2u+3v 201 3 g3a
24-3u+2v 210 3 935
3 333 3 g3e6
3+2v 331 3 g37
3+u+3v 302 3 g3s
342u 313 3 g39
34+2u+2v 311 3 ga0
3+3u+v 320 3 ga1
1+2u 131 3 942
1+v 112 4 ga3
2u+2v 022 4 gaa
14+u 121 4 gas
1+u+2v 123 4 Jas
14+2u+v 132 4 gat
24-2v 220 4 gas
24+u+v 233 4 gag
24u+3v 231 4 gs50
24+2u 202 4 gs1
24-3u+v 213 4 gs52
2+3u+3v 211 4 gs3
3+4+3v 332 4 gsa
3+2u+3v 312 4 gss
34+3u 323 4 gs6
3+3u+2v 321 4 gs7
14+u+v 122 5 gs8
24v 223 5 gs59
243v 221 5 960
24+u 232 5 g61
2+4-3u 212 5 g62
3+3u+3v 322 5 g63
2 222 6 ge4




