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SOME TOPOLOGICAL PROPERTIES OF A GENERALIZED
S-METRIC SPACE TOGETHER WITH SOME FIXED POINT
RESULTS AND THEIR APPLICATIONS

K. ROY'™, §

ABSTRACT. In this paper, the concept of Slgp’Q)-metric space is introduced as a gener-
alization of S-metric space, S,-metric space, (p,q)-metric space and QM (n,b)-metric
space. A topology is formed with the help of Sép’Q)-metric and some topological prop-
erties are studied to establish Cantor’s intersection theorem. Sehgal-Guseman, Reich
and Akram type fixed point theorems are proved over such spaces. Several examples are
given in support of our results. Moreover, the proven fixed point theorems are applied
to well-posedness and Ulam-Hyers stability of fixed point problems.
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1. INTRODUCTION AND PRELIMINARIES

In the year 2012, Sedghi et al. [17] introduced the concept of S-metric spaces. A good
number of research works have been done over such spaces for establishing various types
of fixed point theorems (see [7]). Generalization of S-metric structure is an interesting
work in the field of fixed point theory. Several new structures have been introduced with
the help of such concept (see [19, 1, 20, 5, 4, 13, 3, 16]).

In 2016, N. Souayah and N. Mlaiki [19] initiated the notion of Sp-metric spaces combin-
ing the concept of b-metric space and the concept of S-metric space. The class of Sp-metric
spaces is much bigger than the class of S-metric spaces. However there are several differ-
ences between the properties of an S-metric space and an Sy-metric space, one of which
is that an S-metric is always symmetric but an Sp-metric may not so. Here we recall the
definitions of S-metric space and Sp-metric space.

Definition 1.1. (S-metric space)[17] Let X be a non-empty set. An S-metric on X is
a function S : X3 — [0,00) that satisfies the following conditions, for each x,y,z,a € X,
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(S1) S(x,y,2z) =0, if and only if x =y = z,
(52) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, 2, a).
The pair (X, S) is called an S-metric space.

Example 1.1. [17, 7] (a) Let R be the real line. Then S : R3 — [0,00) defined by
S(x,y,2) = |z —y|+|y — 2| + |z — 2| for all z,y,z € R is an S-metric on R.

(b) Let R be the real line. Then S : R? — [0, 00) defined by S(z,y, 2) = |22—y—2z|+|y—2|
for all x,y,z € R is an S-metric on R.

Definition 1.2. (S,-metric space)[19] Let X be a nonempty set and let s > 1 be a
given number. A function Sy : X3 — [0,00) is said to be Sy—metric if and only if for all
x,y,z,t € X, the following conditions holds:

(Sp1) Sp(z,y,2) =0 if and only if x =y = z,

(Sp2) Sp(x,y,z) < s[Sp(x,x,t) + Sp(y,y,t) + Sp(z, 2, t)].
The pair (X, Sp) is called an Sy—metric space.

Example 1.2. Let us consider X = R and let S* : X® — [0, 00) be defined by S*(z,y,2) =
(|22 —y — 2|+ |y — 2|)? for all z,y,z € X. Then X is an Sy-metric space for s = 4 but not
an S-metric space.

In 2015, Abbas et al. [1] have introduced an interesting concept of n—tuple (n > 2)
metric space known as A—metric space as a generalization of metric spaces and S—metric
spaces [17].

Definition 1.3. (A-metric space)[l] Let X be a nonempty set, n > 2 and A : X" —
[0,00) be a mapping. Then function A is said to be an A—metric if it satisfies the following
conditions:

(A1) A(xy1, 22, ..., zn) = 0 if and only if x1 = 29 = ... = Ty,

(A2) A(z1, 22, ... xpn) < Doy Az, iy ..oy (®i)n—1,a) for all x1,x2, ..., xn,a € X.

Example 1.3. [1] Let X = R. Define A: X" — [0,00) by

n n
Alwy, @z, tn) = | Y@= (n= Dz +| Y ai — (n—2)za] + ..
=2 =3
n
+| Z T; = 2Tn—2| + |Tn — Tp—1] (1)
i=n—1

for all x1,xo,...;x, € X. Then (X, A) is an A—metric space.

In the year 2017, motivated from the definition of A—metric space Ughade et al. [20]
established the concept of Ap—metric space with the help of b—triangle inequality.

Recently Dey et al. [5] have introduced the concept of QM (n,b)-metric space which
generalizes several known metric type structures including S-metric, Sp-metric and A-
metric spaces. This metric structure is an extension of the quasi metric space.

Definition 1.4. (QM (n,b)-metric space)[5] Let X be a nonempty set, n > 2, b > 1
and u : X™ — [0,00) be a mapping. Then function u is said to be an QM (n,b)-metric if
it satisfies the following conditions:

(ul) u(xy, o, ...,zy) = 0 if and only if x1 = x9 = ... = Ty,

(u2) u(z1, 2, ..., xn) <DL u(@i, @iy .o, (Ti)n—1,a) for all z1,29,...,2n,a € X.

Example 1.4. [5] Let (X, A) be an n-variable A-metric space and let uw : X™ — [0,00) be
defined by u(xy,x2,...,xn) = A(x1, 22, ...y x)P, p > 1. Then u is a QM (n,b)-metric space
for b= nP~L.
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Example 1.5.

Bendahmane et al. [4] recently developed the concept of (p,q)-metric space as a gen-
eralization of metric space and S-metric space. This space also extends the concept of
A-metric space.

Definition 1.5. ((p, q)-metric space)[4] Let X be a nonempty set and p, q be two positive
integers. Let S®P9) . Xr+a [0,00) be a mapping which satisfies the following conditions:

(i) SPD (x1, 29, ... xp1q) = 0 if and only if x1 = T3 = ... = Tpyq;
(ii) for all (z1,x2,...,Tp1q) € XPT1 and (ay,az, ...,aq) € X1
a4 ptq
S(p’q)(xl»@a coes Tpg) < Z Z S(p’q)([l‘j]pa [ailq),
i=1 j=1

where [x;], = (xj, x4, ...,x5)p and [a;]q = (as, @, ..., a5)q for allj=1top+q andi=1 to
q. Then S®9 is called a (p,q)-metric and the pair (X,SP9) a (p,q)-metric space.

Example 1.6. [4] (a) Let X be any nonempty set and n > 2 be a positive integer. Define
S . X 5 [0,00) as

0, ifl‘l =T = ... = Tp,

SPD (21, 2, .., 70) = { (2)

1, otherwise.

Then S®P9) s q (p, q)-metric for any p,q > 1 satisfying p+ q¢ = n.
(b) Let (X, D) be a metric space. Then the mapping SP9 : X* — [0,00) is defined by
SP9(t,u,v,w) = D(t,u) + D(t,v) + D(v,w) for all t,u,v,w € X is a (2,2)-metric on X.

Several authors have generalized the fixed point theorem due to Banach using different
types of contraction type mappings (see [11]). The following fixed point theorems are some
of them.

In 1969, Sehgal [18] proved the following interesting fixed point theorem.

Theorem 1.1. [18] Let (X, d) be a complete metric space, | € [0,1) and T : X — X be a
continuous mapping. If for each x € X there exists a positive integer k = k(x) such that

d(Tk(:‘)ac,Tk(w)y) <ld(x,y) for ally € X, (3)
then T has a unique fixed point v in X. Moreover, for any © € X, limy,_,o T"x = v.

Later in 1970, Guseman [8] extended the result of Sehgal in a unique way, where he
exclude the continuity condition of T" from the above theorem.
In 1971, Reich [12] proved the following theorem.

Theorem 1.2. [12] In a complete metric space (X,d), a map T : X — X satisfying
d(Tx, Ty) < ad(x,y) + bd(z, Tx) + cd(y, Ty), (4)

where a,b, c are all non-negative reals with a +b+ ¢ < 1 then T has a unique fized point
mn X.

A Banach contraction mapping is always continuous on the underlying space but a
mapping T satisfying the contractive condition of the above fixed point theorem need not
be continuous.

Akram et al.(see [2]) proved a fixed point theorem for a class of generalized contraction
type mappings, which is given below.

Let A be a class of all functions « : ]R§r — R satisfying
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(A1) : v is continuous on the set R?. of all triplets of nonnegative reals(with respect to
the Euclidean metric on R?).

(A2) : a < kb for some k € [0,1) whenever a < a(a,b,b) or a < a(b,a,b) or a <
a(b,b,a), for all a,b.

Theorem 1.3. [2]| If a self mapping T on a metric space (X,d) satisfies the condition
d(Tz,Ty) < a(d(z,y),d(z,Tz),d(y,Ty)) (5)
for all x,y € X and for some o in A, then T has a unique fized point in X.

Motivated on the survey of literature of the above generalized metric spaces and several
generalized contraction type mappings, we introduce a new extension of S-metric space
and investigate fixed points of various generalized contraction type mappings on such
spaces.

2. INTRODUCTION TO Sép “9)_\METRIC SPACE

We now start this section with a new type of metric structure. The definition is given
as follows.

Definition 2.1. Let X be a nonempty set and p,q > 1 be two positive integers. A mapping
p: XPTe4 — [0,00) is said to be an Sép’q)—metm'c space if there exists b > 1 such that

(1) p(x1, 22, ..., Tp1q) = 0 if and only if x1 = x2 = ... = Tpyq;

(ii) for all (z1,x2,...,Tp1q) € XPT1 and (ay,az, ...,aq) € X1

q ptq

p(T1, %2, ..., Tptq) < bz ZP([%’]IM [ailq),

i=1 j=1
where [x]p, = (5,25, ...,x5)p and [ailq = (@i, i, ...,a;)q forallj=1top+qandi=1 to
q.

Definition 2.2. An Slgp’q)—metric space (X, p) is called symmetric if p([x]p, [ylq) =
p([Ylp, []q) for all z,y € X.

Remark 2.1. (i) Any metric space is an Slgp’Q)—metric space forp=1,q=1and b=1;

Sl()p,q)

(i) Any b-metric space is an -metric space forp=1 and ¢ =1;

(iii) Any S-metric space is an Slgp’q)—metm'c space forp=2,q=1and b=1;
(iv) Any Sy-metric space is an Sép’q)—metric space forp =2 and g = 1;
(v) Any A-metric space is an Sép’q)—metm‘c space forq=1 and b=1;
(vi) Any Ap-metric space is an Sép’q)-metric space for q =1;
(vii) Any QM (n,b)-metric space is a(n S)'ép’q)—metric space for q =1;
2

(viii) Any (p, q)-metric space is an Sy " -metric space for b= 1.
Example 2.1. (i) Let X =R and p : X* — [0,00) be defined by
p(z,y, z,w0) = v —y> + |y — 212 + |z — w|? for all z,y,z,w € X. (6)
Then (X, p) is a symmetric Sf’l)—metric space.
(i) Let X =R and p: X* — [0,00) be defined by
p(z,y,z,w) = v —y* + |z — 2|* + |z — w|? for all z,y, z,w € X. (7)

)

Then (X, p) is a symmetric 552’2 -metric space.
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(iii) Let X =R and p: X* — [0,00) be defined by
p(w,y,Z,UJ):O’ Zf.f:y:Z:w;
10(0707171) = 10,

(1,1,0,0) = 3;

, otherwise.

—

Then (X, p) is an 552’2)—metric space which is not symmetric.

Definition 2.3. Let (X, p) be an S’Igp’q)—metric space and {z,} be a sequence in X. Then
(1) {zn} is said to converge to x if p([x]p, [Tn]q) = 0 as n — oo;
(11) {zn} is said to be Cauchy if p([xn]p, [Xm]q) = 0 as n,m — oo;
(iii) X is called complete if any Cauchy sequence in X is convergent.

Now we give some propositions which will be used in our main results.

Proposition 2.1. In an Sép’Q)-metm'c space (X, p) we have

(a) (ba*) ' p([ylp, [2]g) < p[alp, [ylg) < (ba®)p([Ylp, [2]g) for all z,y € X,
(b) p([2]p: [Wla) < bpap([2]p. [alg) + ba>p([Y]p: [alg) for all z,y and a € X.

Proof. (a) Using the inequality (ii) of Definition 2.1 for any x,y € X if we choose 1 =
Tg=..=Tp=10T, Tpyl = Tpy2 = ... = Tpyq = Yy and a1 = az = ... = a4y = T then we get

p([z]p, [Wlg) < ba(pp([xlp, []q) + ap([ylp, [2]q))
= bpq.0 + ba*p([ylp, [2]g)
= bq”p([ylp- [2]q)- 9

Interchanging @ and y in (9) we get p([yly. [2],) < ba®p((alp, bly) L. (ba®) " p(lyl al,)
p([z]p, [ylg).- Combining these two we get the required result.

(b) For any x,y,a € X if we take 1 = x9 = ... = Tp =T, Tppl = Tpg2 = oo = Tppq = Y
and a1 = as = ... = a4 = a then we get

p([x]p, [Ylg) < ba(pp([x]p, [alg) + ap([ylp. [alq))

= bpap([a]p, [aly) + ba’ o[yl [2]q). (10)
U

~—

IN

Remark 2.2. From (a) of Proposition 2.1 it follows that a sequence {x,} is convergent
to some x € X if p([zp]p, [2]g) = 0 as n — oo.

(p,q)

Proposition 2.2. In an S, -metric space (X, p) if a sequence {x, } converges tox,y € X
then x = y.
Proof. From Proposition 2.1, we have

p([xlp: [ylg) < bpap([z]p, [Tn]q) + bQZP([y]pv [2n]q) for all n > 1. (11)
Letting n — oo we get p([z]p, [y]q) = 0 and thus z = y. O

Proposition 2.3. In an -metric space (X,p) a convergent sequence {x,} is also

Cauchy.

Proof. Let {x,} be a sequence in X which converges to some x € X. Then from Proposition
2.1, we get

p([Tnlp, [Tmlq) < bpap([walp, [7]q) + qup([afm]p? []¢) for all n,m > 1. (12)
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Taking n,m — oo, from (12) we conclude that p([zy]p, [zm]q) — 0 and therefore {x,,} is
Cauchy in X. O

Proposition 2.4. Let (X,p) be an Sép’q)—metm'c space and {x,} be a sequence in X
converges to some x € X. Then for all y € X we have

(0*¢") ™" plalp. [ylo) < mint p(lwnlp, [ylg) < Hmsup p(zalys [yle) < (6% )p((w]ps [y]a):

(13)
Proof. From Proposition 2.1, we have
p([2nlp, W) < bpap([anlp, [2]) + ba p([ylp [2]q)
< bpap(aalys [2]) + Pa (] o)) for all n > Land y € X, (14)

Letting n — oo we get limsup,,_, . p([Znlp, [v]q) < b2¢*p([x]p, [v]4). Interchanging the roles
of z and x, in (14) we get

p((alp, [Wlg) < bpap([2lp: [znlg) + 620" p([znlp, [yg) for all n > Land y € X, (15)
Therefore by taking n — oo we see that (b%q*)"p([z],, [y],) < Hminf,—ee p([Tnlp, [¥]g)-

Hence combining these two
(b2q4)_1p([$]p, [ylg) < hnfgicgf p([znlp, lYl) < hTTlIl_}Solip p([znlp: [Ylg) < (b2q4)p([x]p, [W]q)-
(16)
O

3. A STUDY ON TOPOLOGICAL PROPERTIES OF Slgp,q)_ METRIC SPACE

Let (X, p) be an SéP’Q)—metric space and x € X, r > 0. Then we define open ball and
closed ball with center at x € X and radius r > 0 respectively as below:

BP(z,r) ={y € X : p([ylp, [x]q) < T},
B (z,7) = {y € X : p([ylp, [z]g) <7} (17)

Example 3.1. Let us cobsider the 552’2)

BP(0,1) = {y € X : p([y]2,[0]2) < 1} = {0},
B?(0,1) = {y € X : p([yl2, [0]2) < 1} = R\ {1}. (18)

Remark 3.1. The collection 7, = {0} U{U,(# 0) C X : there exists ¢, > 0 for every x €
U, such that B*(x,e;) C U,} forms a topology on X.

-metric space (X, p) given in Example 2.1. Then

Definition 3.1. Let (X, p) be an Sép’q)—metm'c space and F' C X. Then F is said to be
closed if there exists an open set U, C X such that F' = Up.

Proposition 3.1. Let (X, p) be an Sép’q)-metric space and F C X be closed. Let {z,} C F
be such that x, — z as n — oo, then z € F.

Proof. If possible let z ¢ F. Then z € F° = U,, where U, is open due to the Definition 3.1.
So there exists r > 0 such that B?(z,r) C U,. Now limy, o p([Zn]p, [2]q) = 0 so for r > 0
there exists N € N such that p([z,],, [2]4) < whenever n > N. Thus z,, € B”(z,r) C U,
for all n > N, a contradiction. Hence, z € F. O

Definition 3.2. Let (X,p) be an Slgp’q)—metric space and B C X. Then diam(B) =
sup{p([z]p; [vlg) : x,y € B}.
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Definition 3.3. In an Sép’q)—metric space (X, p), a sequence {F,} of subsets of X is said
to be nested sequence if F1 D Fo D F3D ... .

Theorem 3.1. (Analogue of Cantor’s intersection theorem) Let (X,p) be a complete
S}Sp,q)

-metric space and {F,} be a nested sequence of non-empty closed subsets of X such
that diam(F,) — 0 as n — oco. Then the intersection N;2, F}, contains exactly one point.

Proof. Let x,, € F, be arbitrary for all n € N. Since {F,} is decreasing, we have
{zn, Tny1,...} C F, for all n € N.

Now for any n,m € N with n,m > k we have p([zy]p, [Tm]q) < diam(F}), k > 1. Let
€ > 0 be given. Then there exists some [ € N such that diam(F;) < e since diam(F,,) — 0
as n — 0o. From this it follows that p([zy]p, [Tm]q) < € whenever n,m > [. Therefore {z,}
is Cauchy in X. By the completeness of X there exists z € X such that {x,} converges
to z. Since {zp, Tnt1,...} C F, and F,, is closed for each n € N, using Proposition 3.1 we
have z € N2 F),.

Next we prove the uniqueness of z. Let y € N7, F;, be another point, then p([z]p, [y]q) >
0. As diam(F},) — 0, there exists Ny € N such that

diam(F,) < pl(z]p. [o]g) < diam(F,)

for all n > Ny, a contradiction. Hence N7, F, = {z} and this completes the proof of our
theorem. O]

4. SOME FIXED POINT THEOREMS

Lemma 4.1. Let (X,p) be an Slgp’q)—metm'c space and {x,} be a sequence in X. If {x,}
satisfies

ol [i1ly) < EA for alli > 1 (19)

and for 0 < c < ﬁ, 0 < A < oo then {x,} is a Cauchy sequence in X.
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Proof. If ¢ = 0 then {x,} is clearly Cauchy in X. So let us assume that ¢ > 0. Then for
1 <n < m we have,

p([znlp, [Tmlq) < bpap([znlp, [2nt1]q) + b2q4p([xn+l]pa [2m]q)[Using Proposition 2.1]
< bpgp([nlp, [Tn+1l) + b2 ¢ {bpap([nsilp, [2nt2lq) + b¢" p([zns2lp, [2m]e) }
= bpa{p([znlp: [Tn41]q) + 02¢" p([2n1]p, [Tnrolg) 1+
(b*¢") {bpap([wnralp: [wn+3le) + 0%a" p([wntalp: [Tm]e)}
= bpg{p([znlp, [Tnt1]q) + b2q4p([$n+1]p’ [Tnt2lq) + -+

(b2 4)m_n_20([$m—2]p> [Tm—1]g)} + (b2q4)m_n_1p([xm—1]p7 [Zm]q)

[
[

< bpq Z b2 4 - 1/0([5671-1-1 1]pa[xn+z] )
=1

S bpq (b2q4)iflcn+iflA

1

A
<bpg Y (b*g'e)"T A
1

1=

< bpgA(b?¢*c) ”Z (b qiec Z_
=1

bpgA
e (20)
Therefore by letting n — oo we see that {x,} is a Cauchy sequence in X. ([l

Theorem 4.1. (Analogue to Sehgal-Guseman fized point theorem) Let (X, p) be a complete

Slgp’q)—metm'c space and T : X — X be a mapping such that for each y € X there exists
n(y) € N such that

p([T" W]y, [T"Wyly) < Ap([z]p, [y]g) for all x € X, (21)

where 0 < A < ﬁ. Then T has a unique fized point in X.
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Proof. Let y € X be chosen arbitrarily. Then there exists ng = n(y) € N such that (21)
satisfied for all z € X. Let n > ng then n = ngs+t, where s > 1 and 0 < ¢t < ng. Therefore

p([Ylps [T"yl) < bpap([ylp, [T™ylq) + ba*p([T™ylp, [T™°y]4)[Using Proposition 2.1]
< bpap([ylp, [T7ylg) + ba® Xo([T"y]p, [yly)
< bpap([ylp, [T"Y)q) + 0°a* Ao([ylp, [T"™°y)q)[Using Proposition 2.1]
< bpap([ylp, [T"ylq)+
> ¢* Mbpap([ylp, [T"ylg) + ¢ o ([ylp, [T >"yle)}
= bpq(1 + 6¢*X) p([Ylp: [T™ylg) + (B* ¢ N p([ylp, [T *"0y]y)
<bpg[1+ 67" A+ (P N)? + .. + (02" V) p([ylp, [Tl +
*q* ) p([Wlp, [T*]y)
< bpg[1 + V2N + (0PN + ..+ (PN + (0P N)*]R(y)

b

< T B < oo (22)
where R(y) = {p([ylp, [T"yly) : 1 < i < no}. Thus sup,sq p([ylp: [T"y]g) < —fars R(Y)-

Let zp € X be taken as arbitrary. Then there exists mg = n(xg) € N such that (21)
satisfied for all x € X.. Let us take z1 = T"0xj. Then we can get m; = n(z1) € N such
that (21) satisfied for all x € X. Let us put 9 = T"'x. Proceeding in a similar way we
get a sequence {z;}, where x; = T 1x;_1, mj—1 = n(x;—1) for all ¢ > 1. Now for any
i € N by Proposition 2.1 we get,

p([ilp: [i41]g) < b p([zis1]p, [2ily)
= bq2P([Tmi93i]p’ [ilq)
= bg®p([T™ (T 1)), [T™ i-1]g)
< b Ap([T™ w1, [Ti-1]g)

< bg® X p([T™ o], [20])
< B¢ N p([wolp, [T™ o))

; b3pq5

SN Fw0) = Xr(ao), where r(wo) =

WR(UCO)- (23)

Therefore by Lemma 4.1 it follows that {z;} is Cauchy sequence in X and due to the
completeness of X there exists z € X such that x; — z as ¢ — 0o. Since z € X then from
the contractive condition (21) we get N = n(z) > 1 such that

p([TNx]p, [TNz]q) < Ap([x]p, [2]q) for all z € X. (24)

Thus, p([TNxilp, [TV 2),) < Ap([2ilp, [2]g) — 0 as i — oo ie. TNz, — TNz as i — oo.
Now,

p([2]p, [TNZ]q) < bpgp([z]ps [Tin]q) + 52q4p([TN$i]p7 [TNZ]q)

< bpg{p([2lp; [wi]q) + 52(14/)([371']1» [Tin]q)} + 62q4p([TNaci]p, [TNZ]q)(-25)
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Also,

p([xilp, [TV 2i)q) < b p([TN 2]y, [4]q)
= b p([T™ (TN ;1) ], [T i)
< b Ap([TN 231 ], [wi1]g)

< b\ p([TN 0], [10]4) — 0 as i — oo. (26)

Therefore from (25) it follows that p([2]p, [TV 2];) = 0 and therefore TVz = 2. If w is
another fixed point of TV then

p([wlp, [2]q) = P([TNw]p’ [TNZ]q)
< Ap([wlp, [2]g)- (27)

Hence w = z and T has a unique fixed point in X. So it is clear that T has a fixed point
in X and it is also unique. ]

Corollary 4.1. Let (X, p) be a complete Slgp’q)—metric space and T : X — X be a mapping.
If T satisfies

p([T'xlp, [Tylg) < up([z]p, [ylg) for all z,y € X, (28)

for0<pu< ﬁ then T' has a unique fixed point in X.

Proof. If we choose n(y) = 1 for all y € X in Theorem 4.1 then we get our required
result. 0

Theorem 4.2. (Analogue to Reich fized point theorem) Let (X, p) be a complete Sép’q)—
metric space and T : X — X be a mapping. If T satisfies

p([Telp, [Tylg) < ap([z]p; [ylg) + Bo([2]p, [Tx]q) + ve([ylp: [TYlg) for all z,y € X, (29)

forOo<a+ B4+ <1with0<a,vy< ﬁ and 0 < B < bq% then T has a unique fized
point in X.

Proof. Let zg € X be chosen arbitrarily and let us construct the Picard iterating sequence
{zp} by @y, = Ty = T™x( for all n € N. Then

p([Znlps [Tnt1lg) < ap([Tn-1lp, [Tnlq) + Bp([Tn-1]p, [Tnlg) + vo([Tn]p, [Tnt1lq)

‘jf f o([@ntlp, [2n]) for all n > 1. (30)

= p([xn]pa [wn+1]q) S
Now,

p([znlp, [2mlq) < ap([zn-1]p, [Tm-1lg) + Bp([Tn-1]p, [Tnlq) + vo([Tm-1]p, [Tm]q)
< a{bpgp([zn-1lp, [Tnlq) + bq2p([xm_1]p, [2n]g)} + Bo([Tn—1]p, [Tn]g)+
VPo([Zm—1]p; [Tm]q)
< abpgp([xn—1lp, [Tnlq) + abqZ{bpqp([acm_l]p, [Zmlq) + qup([a?n]p, [2m]q)}
+ Bo([#n—1lp: [Tn]q) + vo([2m—1lp, [Tm]q) for all n,m = 1. (31)
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Therefore from (31) we have

abpg + B ab?*pg® + v

p([znlp, [2m]q) < mﬂ([wn—l]pv [2n]q) + 1— b2qta p([2m—1]p, [Tm]q)
ab a n ab2 3 a m
< [$El (522) + TR (SE2) ot el @2

for all n,m € N. Taking n,m — oo we see that {z,} is Cauchy in X and due to the
completeness of X there exists v € X such that z, — v as n — oco. Now from the
contractive condition (29) we get

+ Bp([ulp, [Tulg) +vp([2n-1]p; [£n]q)
+ B{bpap([ulp, [n]q) + ba® p([Tulp, [2n]q) }+

p([Tulp, [xn]q) < ap([ulp, [tn-1q
< ap([U]p, [l'nfl]q

~— ~—

0[] e]g) for all n > 1. (33)
Which implies that
b
p([Telys [onle) < 7= g llulps lanilo) + f,fgﬁpwp, [wnl)+
ﬁp([:pn,ﬂp, [@nlg) — 0 as 1 — cc. (34)

Thus from (34) it follows that 7w = u. If v be a fixed point of 7" in X then

p[ulp; [vlg) = p([Tu]p, [Tv]y)
< ap([ulp, [v]g) + Bo([ulp, [Tulg) +vp([v]p, [T0]4)

— ap([ulp: [v]g)- (35)
Hence © = v and T has a unique fixed point in X. ]
Corollary 4.2. Let (X, p) be a complete Sl(,p’q)—metric space and T : X — X be a mapping.

If T satisfies
p([Txlp, [Tylg) < vlp([2]p, [Tlg) + p([Ylp, [Tylg)] for all z,y € X, (36)

forO<v< ﬁ then T has a unique fized point in X.
Proof. The corollary follows if we take a = 0 and = v = v in Theorem 4.2. U

Let A be the set of all functions ( : Ri — R, satisfying

(A 1) ¢ is continuous on the set R} of all triplets of nonnegative reals (with respect to
the Euclidean metric on R3).

(A 2) u < v for some § € (0, ﬁ) whenever u < bg*((u,v,v) or u < bg*¢(v,u,v) or
u < bg?C(v,v,u), for all u,v € Ry.

Definition 4.1. A mapping T : X — X is said to be an Akram contraction (shortly
A-contraction) in an S,gp’Q)-metm'c space (X, p) if it satisfies the condition

p([Tz]p, [Tylq) < ¢ (o2, [Wle), p([2]p, [Tlq), p([ylp: [Tlg)) for allz,y € X, (37)
for some ¢ € A.

Theorem 4.3. (Analogue to Akram fized point theorem) Let (X, p) be a complete Slgp’q)—

metric space and T : X — X be an A-contraction mapping. Then T has a unique fized
point in X.
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Proof. Let us consider the Picard iterating sequence {x,} defined by =, = Tx,,—1 = T"xg
for all n > 1. Then

p[znlp, [Tnt1le) < C(p([En—1lp, [Tnlq), p([Tn—1lp: [Tn]q), p([#n]p, [Tnt1]q)) for all n € N,
(38)

implies that p([zn]p, [Tn41lg) < 0p([Tn-1lp, [wn]q) < ... < 6"p([zolp, [71]4) for all n > 1.
Therefore by Lemma 4.1 it follows that {x,} is Cauchy sequence in X and due to the
completeness of X there exists z € X such that z, — z as n — oo. Now,

p([2]p: [T'2]q) < bpap([2]p, [zn41]q) + bQZP([TZ]pv [Tn+1]q)
= bpgp([lp, [2nt1)g) + ba*p([T2)p, [Tn]y)
< bpap([z]p, [Tn41]q)+
ba*¢(p([2lp, [wnlg), p([2]ps [T2]g), p([2nlps [£n41]q)) for all n > 1. (39)
Taking n — oo in (39) we get,

p([2lp, [T2q) < ba*¢(0, p([2]p, [T2]4). 0) (40)
implying that p([z]p, [Tz]q) < 0.0 i.e. Tz = z. Let w be a fixed point of T" then

p([z]p, [wlg) = p([Tz]p, [Twlq) < ((p([2lp, [wlg), p([2]p: [T2]q), p([w]p, [Twlg))
= ((p([z]p: [w]q), 0, 0) (41)
that is p([z]p, [w]g) < 9.0 and therefore z = w. Hence T" has a unique fixed point in X. [

Example 4.1. (i) Let X =RY and p: X* — [0,00) is defined by
p(z,y, z,w) = v +y — 22> + |z +y — 2w* + |x — y|* for all x,y,z,w € X. (42)

)

Then (X, p) is a complete symmetric Sé?”l -metric space. Let T : X — X be given by

0, ife=0o0rxz>2;
Tr=<sz+1, ifze(0,1]; (43)
2z, if z € (1,2].

Then T satisfies the contractive condition (21) for n(y) = 3 for all y € X but does not
satisfy the contractive condition (28). Therefore all the conditions of Theorem 4.1 are
satisfied and 0 is the unique fixed point of T in X.

(ii) Let X = RY and p : X* — [0,00) be taken as in (7). Then (X, p) is a complete

) metric space. Let T : X — X be given by

To = {5 A (44)

symmetric 552’2

Then T satisfies the contractive condition (29) for a = flf), 8= % andy = %5 Therefore

all the conditions of Theorem 4.2 are satisfied and 0 is the unique fixed point of T in X.
(iii) Let X ={0,1,2,3} and p : X3 — [0,00) is defined by

pl,y.2) = lo =yl + |z — 2| for all 2y, > € X. (45)

)

Then (X, p) is a complete symmetric S§2’1 -metric space. Let T : X — X be given by

a9
To — 0, =z % (46)
1, otherwise.
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Then T' satisfies the contractive condition (37) for the function ((u,v,w) = max{u+v,v+
w,w +u} for all (u,v,w) € R3. Therefore all the conditions of Theorem 4.3 are satisfied
and 1 is the unique fized point of T in X.

Corollary 4.3. If we consider b =1 = p = q then we get the metric versions of Theorem
4.1, Theorem 4.2 and Theorem 4.3 (See [8], [18], [10], [12] and [2]).

5. WELL-POSEDNESS AND ULAM-HYERS STABILITY OF FIXED POINT PROBLEMS

In algebra, the stability of functional equation for a homomorphism has great impor-
tance. In 1940, Ulam have raised an open problem concerning the stability of homo-
morphisms. Hyers was the first Mathematician who gave an answer for the stability of
functional equations in the setting of Banach spaces (See [9]). The result of Hyers is given
below.

Theorem 5.1. Let h : By — Bs be a function between two Banach spaces By and Bo such

that
|h(z +y) — h(z) = h(y)|| <0 (47)
for some 6 > 0 and for all x,y € By. Then the limit
H(z) = 1i_>m 27"h(2"x) (48)

exists for each x € By, and H : By — By is the unique additive function such that
||h(x) — H(x)|| < 6 for every x € By. Also, if h(tx) is continuous function of t for each
fixed x € By, then the function H is linear.

The additive Cauchy equation h(x + y) = h(z) + h(y) is said to be Ulam-Hyers stable
on (B, Be) if for every function h : By — Bs satisfying the inequality (47) for some 6 > 0
and for all z,y € Bj, there exists an additive function H : By — Bs such that h — H is
bounded on Bj.

In this section, we first discuss Ulam-Hyers stability of fixed point problem. One can

find such applications in the paper [14, 15]. Let (X,p) be an Sép’q)—metric space and
T :X — X be a given mapping. Let us consider the fixed point equation

Tx ==z (49)

and for some € > 0
p([v]p, [T]g) <. (50)
Any point v € X which satisfies the above equation (50) is called an e—solution of the

mapping 7. We say that the fixed point problem (49) is Ulam-Hyers stable in an Sép )
metric space if there exists a constant ¢ > 0 such that for each ¢ > 0 and an e—solution
v € X, there exists a solution u of the fixed point equation (49) such that

p([v]p: [ulg) < ce. (51)

Theorem 5.2. Let (X, p) be a complete Sép’q)—metric space and T : X — X be a mapping.
If T satisfies

p([Tlp, [Tylg) < ap([]p, [Ylg) + Bp([2]p, [Tx]q) + vo([ylp, [TYly) for all z,y € X, (52)

forO<a+B+vy<1with0<a,v< ﬁ and 0 < B < bq% then the fized point equation
(49) of T is Ulam-Hyers stable.
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Proof. From Theorem 4.2 we see that T has a unique fixed point in X, that is the fixed
point equation (49) of T has a unique solution say u. Let € > 0 be arbitrary and v be an
e—solution that is p([v]p, [Tv]4) < €

Since T satisfies the contractive condition (52) therefore

p([vlp; [ulg) < bpap([v]p, [T]g) + bg® p([ulp, [T],)
= bpgp([v]p, [Tv]g) + bg* p([Tulp, [T'0],)
< bpqﬂ([vl [T0]y) + ba*{ap([ulp, [v]g)+
Bo([ulp, [Tulq) +vp([v]p, [Tv]g)}
< bpap([vlp, [Tvlg) + ¢ ap([v]p, [uly) + bg*vp([v]p, [T0]y). (53)

From (53) we get p([v]p, [ulq) < bf’fb@l;‘ﬂ; p([v]p, [Tv]q) < bf’f;gl;({fge and hence the fixed point
problem of T is Ulam-Hyers stable. O

Well-posedness of fixed point problem is an interesting portion of the study in metric
fixed point theory. The definition of well posedness of fixed point problem over metric
spaces is given as follows:

Definition 5.1. [6] Let (X, d) be a metric space and F : (X,d) — (X, d) be a mapping.
The fized point problem of F' is said to be well-posed if (i) F' has a unique fixed point z € X,

(ii) for any sequence {xp} in X with d(xy,, F(x,)) — 0 as n — oo we have d(z,z,) — 0
as n — oo.

Now we give the definition of well-posedness of fixed point problem in the setting of
S}Sp,q)

-metric spaces which runs as follows:

Definition 5.2. Let (X, p) be an Sép’q)—metric space and T : (X, p) = (X, p) be a mapping.
The fixzed point problem of T is said to be well posed if

(i) T has a unique fized point u € X;

(i1) for any sequence {yn} in X with p([ynlp, [TYnlq) = 0 as n — oo we have
P([Ynlp, [ulq) = 0 as n — oco.

Theorem 5.3. Let (X, p) be a complete Sép’Q)—metm‘c space and T : X — X be a mapping.
If T satisfies

p([Tzlp, [Tylg) < ap([zlp, [ylg) + Bp([2]p, [T]q) +vo([Ylp: [T]g) for all z,y € X, (54)

forO<a+pB+v<1with0<a,vy< ﬁ and 0 < B < bq% then the fized point problem
of T is well-posed.

Proof. Theorem 4.2 shows that T has a unique fixed point in X, that is the fixed point prob-
lem of T" has a unique solution u (say). Let {y,} be a sequence in X with p([yn]p, [Tynlq) —
0 as n — oo, then we have

p([Ynlp: [Wlg) < bpap([ynlp, [Tynlq) + ba*p([ulp, [Tynlg)
= bpap([Ynlp, [Tynlg) + ba®p([Tulp, [Tynly)
< bpqp([yn]pa [Tynlq) + ba*{ap([ulp, [yn]q)+
Bo([ulp, [Tulg) +vp([Ynlp: [Tynle)}
< bpap([Ynlp, [Tynlq
< bpatbe’y

)
From (55) it follows that p([yn]p, [ulq) < i 12aTa P([Ynlp, [Tynlq) — 0 as n — oo and hence
the fixed point problem of 1" is well-posed. O

+ V¢ ap([ynlp, [ulg) + 0o ([Ynlp: [Tynlg)-  (55)
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6. CONCLUSION AND FUTURE WORKS

If we increase the number of variables in a distance function then some metrical as well as
topological properties may differ. One of such is the lack of continuity of distance function
with respect to all of it’s variables. There are several three variables and n-variables
metric structures which have different interesting properties. Due to the complicated
nature of multi-variable distance function it is quite difficult to discuss topology and to
establish fixed point theorems on such spaces. We take this challenge and introduce a new
generalized metric structure which is multi-variable in nature. We have given a topology
on such space and discussed several related properties. With the help of build metric-like
structure and the induced topology some fixed point results have been proved. Finally our
results have been successfully applied to well-posedness and Ulam-Hyers stability of fixed
point problems. In future by considering our metric-like space one can prove different
fixed point theorems and apply them to several areas of mathematics. Moreover one can
generalize our metric structure by weakening either condition (i) or (ii). It is our belief
that our proposed metric-type structure gives a advanced direction of research in the area
of fixed point theory.
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