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A NEW VARIANT OF KIKKAWA-SUZUKI TYPE FIXED POINT
THEOREM FOR MULTI-VALUED MAPPINGS WITH STABILITY
ANALYSIS AND APPLICATION TO VOLTERRA INTEGRAL
INCLUSION

MD. S. ZAMAN' N. GOSWAMI', §

ABSTRACT. This paper aims to present a new variant of Kikkawa-Suzuki type common
fixed point theorem for multi-valued mappings in the framework of partial metric space.
This result is followed by the establishment of a Reich type common fixed point theorem
applicable to multi-valued mappings. Some illustrative examples are provided to demon-
strate our findings. Moreover, we analyse the data dependence and stability of fixed
point sets for such mappings. To show the practical significance of the derived results,
an application is shown to a system of Volterra integral inclusions.
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1. INTRODUCTION

Fixed point theory deals with fundamental results in nonlinear analysis that establish
the existence of points that remain unchanged under certain mappings or functions. Over
the years, the most well-known Banach’s fixed point theorem[6] has been extended and
generalized by many researchers, leading to a wide range of powerful fixed point results
applicable to various settings. Fixed point theory for multi-valued mappings generalize the
concept of fixed point from single valued to set-valued mappings. Multi-valued mappings
are used to model situations where a single input can lead to multiple feasible solution
with potential outcomes. In 1969, S.B. Nadler [17] initially proved some fixed point theo-
rems for multi-valued contraction mapping on complete metric space. Thereafter, several
researchers have done a rigorous study in this area (refer to [7], [11]).

Partial metric spaces are generalization of metric spaces in the sense of defining a
non-zero self distance between points of a metric space. The concept of partial metric
was introduced by S.G. Matthews in 1994 [15]. In [3],[14], Altun et al. and Masiha
et al. developed fixed point theory in partial metric space considering contractive type
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mappings and weakly contractive type mappings respectively. Different interesting fixed
point results in partial metric spaces can be found in [1],[5],[9],[10],[12].

In [13], Kikkawa and Suzuki derived a fixed point theorem for generalized contractions
with constants in a complete metric space. Their findings represented a broader extension
of a fixed point theorem previously demonstrated by Suzuki [18] ,which itself was a new
generalization of the Banach contraction principle, offering insights into the characteriza-
tion of metric completeness. Motivated by these works, here we derive a new variant of
Kikkawa-Suzuki type common fixed point theorem considering multi-valued mapping in
partial metric space along with a Reich type common fixed point theorem. As applica-
tion, we provide an analysis of data dependence and stability of fixed point sets for such
mappings. Another application is given for showing the existence of solution to a system
of Volterra integral inclusions.

2. PRELIMINARIES AND DEFINITIONS

Before going to the main findings, we present some basic definitions and related results.

Definition 2.1. [15] Consider a non-empty set X, and let p : X x X — [0,00) be a
mapping that satisfies the following axioms for all x,y,z € X:
Py: 0< pla,z) < plz,y)
Pr: op(z,z) =pz,y) = py,y) if and only if x =y
Py: op(z,y) = ply,z)
Py p(z,2) < plz,y) +p(y, 2) — p(y,y).
Then p is called the partial metric and the pair (X, p) forms a partial metric space.

For example, on the set of non-negative real numbers, pi(x,y) = max{x,y}, p2(z,y) =
1+ |x — y| are some partial metrics. Some other examples are as follows.
(7) If X = {[a,b] : a,b € R,a < b} and p([a,b],[c,d]) = max{b,d} — min{a, c} then (X,p)
is a partial metric space (refer to [15]).
(i1) Let X = {0,2,4} and p(z,y) = 1|e® — e¥| + & max{e®, €Y} for all z,y € X. Then p is
a partial metric on X.

Definition 2.2. [15] Let (X,p) be a partial metric space.
(i) A sequence {x,} in (X,p) is said to be Cauchy if and only if lim p(x,,zm)

,M—00
exists and is finite.

(ii) A sequence {xn} in (X,p) converges to y in X if and only if  lim p(xn,y) =
n—oo
lim p(zy,xn) = p(y,y).
n—oo

Definition 2.3. [15] A partial metric space (X,p) is said to be complete if and only if
every Cauchy sequence {x,} in (X,p) converges to a point y in X, that is, p(y,y) =
lim  p(xn, Tm).
n,Mm—00
For a partial metric space (X, p), the function p® : X x X — R, defined by
p*(z,y) = 2p(x,y) — p(x,x) — p(y,y) for all z,y € X is a metric on X and it is known as
induced metric (refer to [8]).

Lemma 2.1. [8] In a partial metric space (X,p),

(i) A sequence {x,} is a Cauchy sequence in (X,p) if and only if it is a Cauchy
sequence in the metric space (X, p®).
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(ii) A partial metric space (X,p) is complete if and only if the metric space (X, p*) is
complete. Moreover, lim p®(x,,z) =0 if and only if
n oo

p(z,2) = nh_{gop(xnv z) = m}%rgoop(mnvxm)

Remark 2.1. In a partial metric space (X, p), the uniqueness of the limit of a sequence
is not guaranteed. Furthermore, even if two sequences {x,} and {y,} in (X,p) converge
to x and y respectively, there is no assurance that p(zy,yy) will converge to p(x,y), i.e.,
p need not be continuous.

For a partial metric space (X,p), let P(X) denote the set of all subsets of X and
CBP(X) denote the set containing all non-empty closed and bounded subsets of X with
respect to the partial metric p. For any A, B € CBP(X), the partial Hausdorff metric H,
is defined by

HP(A7 B) = max{5p(A, B)7 5P(Bv A)},
where p(a, A) = inf{p(a,z) : . € A}, §,(A, B) =sup{p(a,B) : a € A},
and d,(B, A) = sup{p(b, A) : b € B} (refer to [5]).

Lemma 2.2. [5] Consider (X,p) a partial metric space and let h > 1. For any a € A,
there ezists b =b(a) € B, where A, B € CBP(X) such that p(a,b) < hH,(A, B).

Definition 2.4. Let (X, p) be a partial metric space. A point x € X is called a fixed point
of a multi-valued mapping T : X — P(X) if v € Tx.

In [13], Kikkawa and Suzuki proved the following multi-valued fixed point theorem.

Theorem 2.1. [13] Let (X,d) be a complete metric space and let T' be a mapping from X
into CB(X). Define a strictly decreasing function 1 from [0,1) onto (5,1] by n(r) =
Assume that there exists r € [0,1) such that

n(r)d(x,Tz) < d(x,y) implies H(Tx,Ty) < rd(z,y) for all x,y € X.
Then there exists z € X such that z € T'z.

1
1+7r-

3. MAIN RESULTS

Considering partial metric space, we prove the following new variant of Kikkawa-Suzuki
type common fixed point theorem. Here C'F(S,T) denotes the set of all common fixed
points of S and T

Theorem 3.1. Let (X,p) be a complete partial metric space and S,T : X — CBP(x) be
multi-valued mappings. Let 6 be a strictly decreasing function from [0, 1) onto (%, 1] given

by 0(r) = ﬁ Assume that there exist r1 and ro in [0, %) with ro < ;"12 satisfying
6(r1) min{p(z, Sx), p(z,S2)} + 6(r2) min{p(y, Ty),p(z, T2)} < p(x, z) + p(y, 2)
= max{H,(Sz,Tz), H,(Sz,Ty)} < rip(z,z) + rop(y, 2) for all z,y,z € X. (1)
Then there exists a unique u € X such that w € CF(S,T).
Proof. Let g € X be arbitrary. For x1 € Sxg, we have,
0(r1) min{p(zo, Szo), p(z1, Sz1} < 0(r1)p(x0, ST0) < P(0, S20) < P(T0, 21).
Let h € (1, 5=). By Lemma 2.2, there exists x5 € Tir1 such that

2y
p(x1,22) < hHy(Sxo, Txy). (2)
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Now, 6(r1) min{p(zo, Sxo), p(z1, Sx1}+60(r2) min{p(xs, Tx2), p(x1, Tx1)}
< p(zo, 21) + p(x1, 72).

By (1), max{Hp(Sxo,Tx1), Hy(Sz1,Tx2)} < rip(zo, x1) + rop(z1, z2).
So, Hy(Szo, Tz1) < ri{p(zo,z1) + p(z1,22)} (since ry < 11),

and by (2), p(z1,22) < hHp(Szo, Tx1) < hri{p(wo,z1) + p(z1,72)},

h’l"l
1-— hrl
Again, for o € T'x1, there exists x3 € Sxo such that

p(x2,23) < hHy(Tx1, Sxa),

ie., p(z1,22) < p(xo, 1).

and  0(r1) min{p(xa, Sx2), p(x3, S3)}+0(r2) min{p(z1, Tw1), p(x2, Tx2}
< p(x3,22) + p(x2, 71).

Applying (1), max{H,(Sxz3,Tx2), H,(Sz2,Tx1)} < rip(xs, x2) + rap(xe, 1),
i.e., Hp(ng,T:vl) < Tl{p(xg,.%‘g) +p(1:2,a:1)}.
Using (5) in (4), we get,

hry hry 2
p(w2,23) < hri{p(as, 22) + pla2, 21)} = 7— hnp(th) < (3= e

Continuing in this way, we generate a sequence {z,} in X with

Tont1 € Sl’gn, Tont2 € Tx2n+1, Tont3 € Sx2n+2 such that

hry 2t
P(2n+1, T2n42) < (7 th) p(zo, 1),
hry 202
and p(T2nt2, T2n43) < (1 — hrl) p(xo,z1) for all n € N.
Thus, for each n € N,
n hry
P(xn, Tpy1) < k"p(x0,21), where k = <1.
1— hr
Now, we show that {z,} is a Cauchy sequence in (X, p). For all n,m € N,
p<1'n7 xn—‘rm) < p(xn, xn-i—l) + p(-%'n-i,-l, xn-‘r?) o + p(mn-f—m—lv xn-ﬁ-m)
< (K" kM + kM ) p(wo, 1)
kn
=1 kp($07$1) —0 asn—o0 (since0<k<1).

Now, ps(xnaxn—l—m) < 2p($n7$n+m) — 0 as n — oo.

) p(x0, 1)

489

Thus {z,} is a Cauchy sequence in (X, p*). Using Lemma (2.1), (X, p®) is complete, since

(X, p) is complete. So, there exists some u € X such that h_)m p°(zp,u) = 0.
n—oo

By Lemma 2.1,

plu,w) = lim p(an,u) = lm p(zn, 2m) = 0.

Now, 6(r1) min{p(zan, Sz2n),0(T2n+1, STont1)} + 0(r2) min{p(xont2, TT2n+2),

P(@ont1, TTan41)} < p(@on, Tant1) + P(T2nt1, Tant2).

(7)
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So by (1),
max{H,(Szan, TTont1), Hp(Stont1, Txons+2)} < rip(zon, Tant1) + rop(@ant1, Tant2),
and hence, H,(Szan, Txon41) < ri{p(Ton, Tant1) + D(Tont1, Tant2) }-
Since p(u, Szo,) < p(u, Xont2) + Hy(Txon41, Stop)
< p(u, T2nt2) + r1i{p(T2n, Tani1) + P(T2nt1, T2ni2)},
taking n — oo and using (7), we get, nh_)rgop(u, Sxop,) = 0.

So, for given € > 0, there exists ng € N such that p(u, Sxe,) < € for all n > nyg.
Taking € = rip(u,z) with = # u, for k > ng, we get,

p(u, Szor) < rip(u,x). (8)

For each n € N, we choose v,, € Sxg; such that

plu,vn) < plu, S28) + -l w). )

1
Now, p(x,Szor) < p(x,v,) < p(z,u) + p(u, Sxor) + 5p(x,u) (using (9))

1
<(L+r+ )pla,w), foralln €N (using (8)).

In the limit as n — oo,
1
1+7r

So, O(r1) min{p(z, Sxar), p(u, Su)} < p(x,u) for all x # u.
Since k > ng is arbitrary, so,

p(x, Sxor) < p(z,u), ie., 0(r1)p(x, Sxox) < p(z,u).

0(r1) min{p(x, Sxa,),p(u, Su)} < p(x,u) for all n > ng and for all x # u.
In particular, for z = xoy,,

0(r1) min{p(xan, Szan), p(u, Su)} < p(xo,,u) for all n > ng. (10)

Again, p(u, Tzoni1) < p(u, xont1) + Hp(Sw2n, TTon41)
< p(u, Zant1) + r1i{p(2n, Tans1) + P(T2n 41, T2nt2)}-
Taking n — oo and using (9), we get, nlirgop(u,Txgn+1) =0.
In a similar manner as in the previous case, we can show that
O(re) min{p(xont1, Tron+1), p(u, Tu)} < p(ropt1,u) for all n > ny. (11)
Let ny = max{nog,n;} and adding (10) and (11), we get,
0(r1) min{p(xon, Sxan), p(u, Su)} + O(r2) min{p(xent1, Txont1), p(u, Tu)}
< p(xon, u) + p(rant1,u) for all n > no.
Using (1),
max{Hy,(Szon, Tu), Hy(Txon4+1,5u)} < rip(xon, u) + rop(xant1,u) for all n > ng. (12)

NOW7 p(u7 Tu) (U, x2n+1) + Hp(sx2n7 TU’)

<p
< p(u, on+1) + r1i{p(xon, u) + p(xoni1,u)} for all n > ny. (by (12))
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Asn — oo, p(u,Tu) =0, ie., u€ Tu.

Similarly, p(u, Su) = 0, and thus, u € CF(S,T).

To prove the uniqueness, let uy,us € CF(S,T) such that uy # us.

Now, 0(r1) min{p(u1, Su1), p(uz, Suz) }+0(r2) min{p(uz, Tuz), p(u1, Tu1)}
< p(ula UQ) + p(u27 ul)v

and so, max{Hp,(Su1, Tuz), Hy(Suz, Tur)} < rip(ur, ug) + rop(ur, uz) < 2rip(ur, ug).
Again, p(ui,u2) < hHy(Sui,Tuz) and p(ug,ui) < hHp(Suz, Tuy). So,

p(u1,u2) < hmax{H,(Su1,Tuz), Hy(Suz, Tu1)} < 2hrip(ur,ug), ie., p(ur,uz) =0.
Similarly, p(ui,u;) =0 = p(ug,uz2), and thus, u; = us. O

Corollary 3.1. Let (X,p) be a complete partial metric space and S : X — CBP(x) be a
multi-valued mapping. Let 6 be a strictly decreasing function from [0, %) onto (%7 1] given

by 0(r) = 11? Assume that there exist 1 and rq in [0, %) with ro < 1y satisfying

0(r1) min{p(z, Sz), p(z, 52)} + 0(rz) min{p(y, Sy), p(z, S2)} < p(z, 2) +p(y, 2)
= max{H,(Sz, Sz), Hy(Sz,Sy)} < rip(x,z) +rep(y,z) forall z,y,z € X. (13)

Then there ezists u € X such thatuw € F(S). (Here, F(S) denotes the set of all fixed points
of S.)

Remark 3.1. For S =T, v =y = z and taking r1 = ro = r € [0,1) and 0 from [0, 1)

onto (3,1], Corollary 3.1 reduces to Theorem 2 of [2].

Remark 3.2. It can be seen that Theorem 3.1 does not hold in general for an incomplete

partial metric space. For example, let X = (0,00) N Q with the partial metric p(x,y) =
max{z,y}, z,y € X, which is not complete. Consider S,T : X — CBP(X) defined by

S:c:Tx:{g} forallx € X.

Then S and T satisfy condition (1) of Theorem 3.1. But S and T do not have a common
fixed point.

The following example exhibits Theorem 3.1.

Example 3.1. Let X = {1,2,3} and define a complete partial metric p on X by
p(1,1) =0=p(2,2), p(3,3) =3,

p(1,2) =p(2,1) = 5, p(2,3) =p(3,2) = 13, p(1,3)=p(3,1) = &.
Let S, T: X — CBP(X) be defined by

1 ‘ 1,2
Sz ={1} forallz € X and Tz = {1}, Zfu’vé{_,}
{1,2}, otherwise

Obviously {1} and {1,2} are closed in X with respect to the partial metric p.

Let r = and 1y = g5, so that (r1) = 32 and 0(r2) = 33.

12 9
25> 20°

= p<2,T2), p(3753) = % = p(37T3)7

= H,(52,T1) = H,(S3,T1) = H,(S3,T2).

Now, p(1,51) =0=p(1,T1), p(2,52)=
H,(S1,T1) = 0 = H,(51,T2) = H,(52, T2

= W=

1
Hy(S1,T3) = 5 = Hy(52,T3) = Hy(53,T3).
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For convenience, we take

m(z,y, z) = 0(r1) min{p(z, S), p(z, S2)} + 6(r2) min{p(y, Ty), p(z, T'2)}
m(z,y, 2) = max{Hy(Sz,Tz), Hy(52,Ty)}, &i(x,y,2) = plx,2) + p(y, 2)
and &(z,y,2) = rip(x, z) + rop(y, 2).

The values of 1;,&; (i = 1,2) for different values of x,y and z are depicted in the following
table.

X|ylz| m &1 n2 [ x|yl|lz| m &1 M2 &2 x|ylz| m &1 12 &2

1 111 0 0 0 0 2111 0 0.33 0 0.16 31111 0 0.82 0 0.39
1 112 0 0.67 0 0.31 2|1 |2]0.22] 0.33 0 0.15 3(1]2]022] 1.15 0 0.54
1 113 0 1.63 | 0.33 | 0.76 2|1 |3]022] 164 | 0.33 | 0.76 311]3] 055|148 | 0.33 | 0.68
1121 0 0.33 0 0.15 212 |1 0 0.67 0 0.31 31211 0 1.15 0 0.54
1(121]2]|0.23] 0.33 0 0.16 212 |2]| 045 0 — - 3112|2045 | 0.82 0 0.39
112]3(023] 164 | 0.33 | 0.76 223|045 | 1.64 | 0.33 | 0.76 3123|078 1.49 | 0.33 | 0.69
1131 0 0.82 | 0.33 | 0.36 213 |1 0 1.15 | 0.33 | 0.52 3131 0 1.64 | 0.33 | 0.76
1132023 1.15 | 0.33 | 0.53 2113|2045 ] 082 0.33 | 0.37 3(13]2] 045|164 | 0.33 | 0.76
113]3]023] 1.48 | 0.33 | 0.69 2133|078 1.49 | 0.33 | 0.69 3133|111 | 1.33 | 0.33 | 0.62

From the table, it is clear that if n;(x,y, 2) < & (x,y, 2) then no(z,y, 2) < &o(x,y, 2) for
all z,y,z € X, that is, the hypothesis (1) of Theorem 3.1 is satisfied by the mappings S
and T. Hence S and T have a unique common fixed point, which is clearly 1 here.

Our next result is a Reich type common fixed point theorem.

Theorem 3.2. Let (X,p) be a complete partial metric space and S,T : X — CBP(z) be
multi-valued mappings. Let 6 be a strictly decreasing function from [0,1)3 onto (—oo, 1]
given by 0(z,y,2) = lﬁy_;z, x,y,z € [0,1). If for some non-negative real numbers ki, ko, k3
and hy, ha, hs with k3 < ko, hs < ha, k1 + ko 4+ ks = hy + ha + hs = u and 2k, + 3k +

k3, 2hi 4+ 3ha + hs € [0, %), S and T satisfy the following conditions:
(1) 9<k17 ka, k3) min{p(:c, Sx),p(z, SZ)} + 9(h17 ha, h3> min{p(y, Ty),p(z, TZ)}
< p(x, 2) +p(y, 2)

= maX{Hp(SxaTZ)7Hp(SZ7Ty)} < klp(xv Z) + k2p(x> S.I‘) + k3p(Z7T'Z) + hlp(ya Z)
—|—h2p(z,5z)+h3p(y,Ty) fOT’ all x, Y,z er (14)

(1) p(z, Sz) + p(y, Ty) < 2p(x,y) for all z,y € X,
then there exists w € X such that u € CF(S,T).
Proof. Let xg € X be arbitrarily chosen. For x; € Sz, we have,
0(k1, k2, k3) min{p(xo, Sxo), p(x1, Sz1} < 0(k1, ke, k3)p(xo, Szo) < p(x0,21).
Let A € (1 . By Lemma 2.2, there exists xo € T'x; such that

p(x1,22) < NHp(Swo, Txy). (15)

TR T
' R T2k

Now, 0(ky, k2, k3) min{p(xo, Sxo), p(x1,Sx1} + 0(h1, ha, hs)
min{p(za, Tx2),p(x1,Tr1)} < p(w0,71) + (77, X2).
By (14), we get,
max{H,(Szo, Tx1), Hy(Sx1,Tz2)} < kip(xo,x1) + kap(zo, Sxo) + kap(z1, Tx1)
+ hip(x1, 22) + hop(z1, Sx1) + hap(w2, Txa),
and so, Hp(Sxo,Tx1) < kip(zo, 1) + kap(xo, 1) + kap(x1, Tx1) + hip(x1, x2)
+ hop(z1, Sx1) + hap(xe, Txa). (16)
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From (15) and (16), we get,
p(x1,22) < AH,(Szo, Tx1)

< )\[(lﬁ + k‘g)p(xo, 1‘1) + (kg + h1)p(x1, 1‘2) + hQ{p(xl, S$1) —l—p(xg, T.Z‘g)}]
(since hg > hg)

< M (k1 + k2)p(xo, 1) + (k3 + hi)p(z1, 2) + 2hop(x1, 22) }

Aky + ko)
17
S T A 1 2k 5 )P0 7Y (17)
Ak1 + ko)
< h = . 18
< aplao, ;) where o = 3G =0 TS (18)
Again, for zo € Tz, there exists x3 € Sz, such that p(xe, z3) < AH,(Tx1, Sxa).
Similar to the previous case, we get,
A(h1 + h3)
To,x3) < bp(x1,T2), where b= ,
p(x2,23) < bp(a, 22) 1— (k1 + 2o + o)
and by (18), p(w2,x3) < abp(zo,1).
Again, for z3 € Sxg, there exists x4 € T'x3, such that p(xs, z4) < AHp(Sx2, Tx3),
and as above, p(x3,14) < a?bp(xg, T1).
Continuing in this way, we generate a sequence {z,} in X with z9,+1 € Sz,
Top42 € Txon41 such that
P(Tont1, Tant2) < a"T10"p(z0, 1), (19)
and p(T2n42, Tongs) < a7 p(zg, z1) for all n € N. (20)

For all n,m € N, we have,

P(T2n41; T2n+m) < P(T2n+1, Tant2) + P(T2n42, T2n+3) + oo + D(T2n4m—1, T2n4m)
< p(T2n+1, Ton+2) + P(T2n+2, Tant3) + - + P(X2n4m—1, T2n+m) + - - -
= a"b"(a + ab+ a®b + a®b* + PV + 3P+ ..+ .. )p(xo, 1)
=a"b"{(a+a’b+a3b? +...) + (ab+ a®b* + a®b® + .. ) }p(z0, 1)

nan, @ ab
=ah (1—ab+1—ab)

p(zo,x1) — 0 asn — oo (since 0 < a,b < 1).

Similarly, we have, p(x2nt2,Zontm) — 0 asn — oo.

Therefore, p(zy, Tpim) — 0 as n — oo. Since  p*(n, Tnim) < 2p(Tp, Tnim) for all
n,m € N, so, {z,,} is a Cauchy sequence in (X,p®). Also, (X,p®) is complete, so, there
exists u € X such that nan;Ops(zn, u) = 0.

Again by Lemma 2.1,

p(u,u) = lim p(zp,u) = lm p(a,,z,) =0. (21)

n—00 n,M—>00
Now,

0(k1, ko, k3) min{p(z2n, Ston),p(T2n+1, STant1)} + 0(h1, ha, ha) min{p(zont2, Txont2),
P(@ont1, TTan41)} < p(@on, Tant1) + P(T2nt1, Tant2).
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By (14),

max{H,(Sza,, Txont1), Hp(Swont1, TTont2)} < k1p(Ton, Tont1) + kap(@2n, Ston)

+ k3p(T2n41,Twonsy) + P1D(T2n41, Tant2) + hop(Tong1, STany1) + hap(@onto, Tr2n42)
and so, H,(Sxon, Trony1) < k1p(w2n, Tang1) + k2p(T2n, T2ns1) + k3p(T2ni1, T2ng2)
+ h1p(T2n41, Tant2) + ho{p(Tant2, ST2n+1) + P(@2n12, T2n12)}

ie., Hp(Sxon, Txont1) < (k1 + k2)p(Ton, ont1) + (k3 + hi + 2ho)p(x2n11, Tont2)-

Since p(u,Sz2p) < p(u, xont2) + Hp(TTont1, San)
< p(u, zant2) + (k1 + k2)p(z2n, Tan41) + (k3 + h1 + 2h2)p(T2n+1, Tont2),

taking n — oo, we get, li_)m p(u, Sxa,) = 0.

n oo
So, for given € > 0, there exists nyg € N, such that p(u,Sza,) < € for all n > ng.
Taking € = (k1 + ’g—f)p(u,x), where = # u and 61 = 0(k1, ko, k3), for k > ng, we get,

p(u, Sxor) < (k1 + ];j)p(u,ac) (22)

For all n € N, we choose v,, € Szoi such that

p(u,vn) < p(u, Sway) + %p(m, w). (23)

Therefore, p(x,Sxon,) < p(x,v,) < p(z,u) + p(u,v,) — p(u,u)

< p(x,u) + p(u, STan,) + %p(w, u) (using (23))

ky

1 .
) + ;)P(U,UU) + ksp(x, Szan,). (using (22))

<14k +

k
Asn — o0, (1—ks)p(z,Sxan,) < (1+ki+ f)p(x,u),
1

(14 k1 + 52)
(1—ks)
This giVGS 9(k17 kQa k3)p($7 SIZTLQ) < p(‘,rv U),
and so, 0(k1, ke, k3) min{p(z, Szan,),p(u, Su)} < p(x,u) for all x # u.

This is satisfied for all k > ng.
So, 0O(k1, ke, k3) min{p(z, Szan),p(u, Su)} < p(x,u) for all n > ng.
In particular, for x = x9y,,

0(ky, ko, k3) min{p(xan, Szan), p(u, Su)} < p(xo,,u) for all n > ng. (24)

e, p(x, Sxan,) < p(z,u).

Proceeding as above, it can be shown that
0(h1, ha, hs) min{p(zon+1, Tron+1), p(u, Tu)} < p(xont1,u) for all n > n;. (25)
Let ny = max{ng,n;} and adding (24) and (25), we get,

0(k1, k2, k3) min{p(wan, Sxan).p(u, Su)} + 0(h1, ho, hs) min{p(zant1, Tr2n41),
p(u, Tu)} < p(xan,u) + p(xoni1,u) for all n > na.
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By (14),

max{H,(Szo,, Tu), Hy(Su, Tx2,41)} < kip(xon, w) + ka{p(xan, Ston) + p(u, Tu)}
+ hap(u, Tons1) + ha{p(u, Su) + p(@2n i1, Tr2n41)}
< kip(zap, u) + 2kop(xon, u) + hip(u, xopt1) + 2hop(u, Top4+1)  for all n > ng.

NOW, p(u,Tu) < p(u, $2n+l) + Hp(SCCQna TU)
< p(u, van+1) + (k1 + 2k2)p(x2n, u) + (b1 + 2h2)p(u, van+1)  for all n > na.

Asn — oo, p(u,Tu) =0=u € Tu.
Similarly, u € Su, and thus, u is a common fixed point of S and T'. O

Example 3.2. Let X= {0 2,4} and deﬁne a complete partial metric p on X by
(0 0) =0, p(2, 2) 5 (4 4) il
Let S, T: X — CBP(X) be deﬁned by

2 ifr=4
Sz = {0} for allz € X and Tz = {2}, ifa .
{0}, otherwise

Obviously {0} and {2} are closed in X with respect to the partial metric p.
Let k1 = 30, ko = 15, ks = 0 and hy = %, ho = %, hy = 75
SO H(kl,kg,kig) 37 and e(hl,hQ,hg) = %

p(2,T2), p(d,54) = 3o = p(4,T4)

H,(52,T0) = H,(54,T0) = H,(54,T2),

Now, p(0,50) = 0 = p(0,70), p(2,52) =

H,(S0,T0) = 0 = H,(S0,T2) = Hy(52

H,(S0,T4) = é — H,(52,T4) = H,(54,T4). We take,

m(x,y,z) = 0(k1, ke, k3) min{p(z, Sx), p(z, Sz)} + 0(h1, ha, hg) min{p(y, Ty), p(z,Tz)}
(2, y, 2) = max{Hy(Sz, Tz), Hp(S2, Ty)} &i(2,y,2) = p(x, 2) + p(y, 2),
fg(.’L‘, Y Z) = kip(z, Z) + ka(xv S.%') + k‘gp(z, Tz) + hlp(y7 ) + hgp(z, SZ) + hgp(y, Ty)'

A table illustrating the values of 7;,&; (i = 1,2) corresponding to various combinations of
x,y and z is presented below.

1
5
T2) =

Xx|ylz| m &1 n2 [ x|ylz| m &1 n2 [ x|ylz| m &1 n2 [
0l0]o0 0 0 0 0 21010 0 0.2 0 o007 [[4]0]0 0 082 0 | 0.30
0|l0]2 0 0.4 0 |013|2]|0|2]|012]| 04 0 |016||4]|0|2] 02 |1.02| 0 | 0.38
0014 0 1.64 | 020551 2|0]4|012|102|02|0571|4]|0]|4]051]1.65]0.2]|0.66
0210 0 0.2 0 |006|[2|2]0 0 0.4 0 0134 |2]0 0 1.02 | 0 | 0.36
0l2]2]012]| 04 0 |016 || 2|2]|2]024] 04 0 0184 |2|2|024|1.02| 0 | 041
0[2]4]012|165|02|057 | 2|2|4]|024]1.65]|02]066]| 4|2|4]|063]|1.65]|0.2]0.68
o410 0 082020241 2|40 0 1.02 102047 (|4 |40 0 1.65 | 0.2 | 0.55
042|012 |165|02]|041 || 2|4|2|024| 07 [02]037|[4|4]|2]|024]|165]|02] 0.6
044|049 |165]02]066 | 2|4|4|062|165]|02]|077]|/4|4|4]082]165]0.2]0.77

From the tabulated data, it is evident that whenever n;(x,y, z) < & (x,y, z) the corre-
sponding na(z,y, 2) < &(x,y, z) for all x,y, z € X. This observation validates condition (%)
of Theorem 3.2 for the mappings S and T'. Condition (i7) is also clearly satisfied. Conse-
quently, S and 7" have a common fixed point, which is clearly 0 here.

4. DATA DEPENDENCE AND STABILITY

The study of data dependence of fixed point sets estimates the distance between the
fixed point set of a mapping with that of another mapping. In the following, we obtain
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a data dependence result concerning our defined type of mapping in a complete partial
metric space.

Theorem 4.1. Let (X,p) be a complete partial metric space and S,T : X — CBP(X) be
two multi-valued mappings such that Hy(Sxz,Tx) < M for all x € X, where M > 0 is a
constant. For a strictly decreasing function 6 from [0, %) onto (%, 1] given by O(r) = ﬁ
and r1,7m9 € [0, %) with ro < r1, suppose T satisfies Corollary 3.1 and F(S) # (. Then

sup p(z, F(T)) < BM, where > 0.
zeF(S)

Proof. Since F(S) # 0, let yo € Syo. By Lemma 2.2, there exists y; € Tyo such that
p(Yo, y1) < hH,(Syo, Tyo) < hM.
Again by Lemma 2.2 | for y; € T'yg, there exists yo € Ty; such that

p(y1,y2) < hHy(Tyo, Ty1).

As T satisfies (13), similar to the proof of Theorem 3.1, we can construct a sequence {yy }
in X such that for all n € N,

h?“l
< 1.
1-— h’l“l

Yn+1 € Typ and p(Yn, Yn+1) < k"p(yo,y1), where k =

Then {y,} is a Cauchy sequence in X, and so, there exists u € X, such that y,, — u as
n — oo, and u is a fixed point of T, i.e., u € Tu.

n n
Now, p(yo,u) <Y p(i, yit1) + p(Unt1,u) < > Kp(yo, v1) + p(Yns1, ).
=0 =0
Taking limit as n — co, we have,

1—h7’1

p(yg,u) < ka(yo,?ﬂ) < mp(ymyl) < mhM-
=0

Therefore, for given yo € F(S), we have, u € F(T), such that p(yp,u) < 11__2’;;}1 hM holds.
Hence, p(yo, F(T)) < £=22LhM.

1—-2hry
Since yo € F(5) is arbitrary, we get,

1-— h’l“l 1-— h?"l
FT)<—hM =M h =—h>0.
ac:;l“%)s)p(x’ ( )) — 1-—2hr BM, where f 1—2hr; >

0

The following result gives the stability analysis of the fixed point sets for a sequence of
uniformly convergent continuous multi-valued mappings.

Theorem 4.2. Let (X,p) be a complete partial metric space with p continuous, and
{T,, : X - CBP(X) : n € N} be a sequence of continuous multi-valued mappings, which
uniformly converges toT : X — CBP(X). Suppose for a strictly decreasing function 0 from
[0,3) onto (3, 1] given by 6(r) = 1—}ﬂ, and {r1, },{rs,} C [0,1) withry, <ry, foralln €N,

and lim ry, =7y, lim 7o, =1y such thatr1,r2 € [0, 3), each T, (n € N) satisfies the con-
n—oo n—oo

dition (13). Then F(T,,) # 0 for each n € N and F(T) # 0, le H,(F(Ty),F(T)) =0,
i.e., the fized point sets of the sequence of mappings {T,} are stable.
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Proof. By Theorem 3.1, F(T},) # ) for every n € N.
Let z,y,z € X. Since each T,, satisfies the condition (13), so, for each n € N,
0(r1,) min{p(z, Thx), p(2, Tnz)} 4 0(r2, ) min{p(y, Tny), p(z, Tnz)} < p(z,z) + p(y, 2)
= maX{Hp(TnxaTnZ)a Hp(Tnszny)} S Tlnp(xa Z) + r2np(y7 Z)7 for all x,Y,z € X.
Taking limit as n — oo and using the continuity of p and T, (n € N),
0(r1) min{p(z, Tx), p(z, T2) } + 0(r2) min{p(y, Ty), p(z, T2)} < p(z,2) + p(y, 2)
= max{H,(Tz,Tz), Hy(Tz,Ty)} < rip(x,z) + rep(y, z) for all z,y,z € X.

Thus, T satisfies the condition (13), and by Theorem 3.1, F(T') # 0.

Now, let M,, = sup H,(T,z,Tx), n € N. Since T,, — T uniformly, so,
zeX

lim M, = lim sup Hy(Tyz,Tz) =0.

By Theorem 4.1, we get,
sup p(x,F(T,)) < M, and sup p(z, F(T)) < BM, for all n € N.

zeF(T) T€F(Tn)
Therefore, H,(F(T},), F(T)) < My, for all n € N.
Thus, ILm H,(F(T,),F(T)) < ILm BM, =0, ie., ILm H,(F(T,),F(T)) =0. O

5. APPLICATION TO VOLTERRA TYPE INTEGRAL INCLUSION

In this section, we apply our derived result to prove the existence of a common solution
for a system of integral inclusions of Volterra type. Let X = C([0,1),[1,00)) be the space
of all continuous functions from I = [0,1) into [1,00). We consider the following system
of Volterra type integral inclusions:

x(t) € f(t)+ /Ot Ki(t,s,z(s))ds, t €1, (26)

z(t) € f(t) + /Ot Ky(t,s,z(s))ds, t €1

where f € X and K1, Ky : I x I x R — CBP(R).
Define the partial metric p: X x X — [0,00) as

p(xz,y) = sup |z(t) — y(t)| for all z,y € X.
tel

Clearly (X,p) is a complete partial metric space.

Theorem 5.1. Suppose that the following conditions hold:

(i) For each x € X, the multi-valued mappings K1, Ko : I x I xR — CBP(R) are such
that Ky 4(t,s) == Ki(t,s,2(s)) and Ka4(t,s) == Ka(t,s,x(s)) are lower semicon-
tinuous in I x I.

(ii) There exists a continuous function n : I x I — [0,1) such that for each ki, :
I x1 — R with k1 4(t,s) € K1 4(t,s), there exists a continuous function ko y(t,s) €
Ky (t,s) satisfying |k14(t,s) — koy(t,s)| < n(t, s)|z(s) —y(s)| forallt,s €1
and for all x,y € X with x # y.

1

(iii) There exists A € [0,1) such that sup/ n(t,s) <
tel JOo

Then the system of integral inclusions (26) has a solution in X.

A
2
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Proof. Consider the multi-valued mappings S, T : X — CBP(X) as follows:

St ={ue X :u(t) Ef(t)+/0tK1(t,s,x(s))ds, tel}

Ter={veX:v(t) e f(t)—l—/OtKg(t,s,a:(s))ds, tel}

for each x € X. It is obvious that common fixed point of S and T is a solution of the
system (26).

Now, we consider K 4, Ko, : I x I — CBP(R). By Michael’s selection theorem [16], for
x € X there exist continuous mappings ki z,koz @ I X I — RT such that ki1.(t,s) €
K 4(t,s) and ko4 (t,s) € Ko ,(t,s) for all t,s € I.

We take uy, ug € X, where

ui(t) = f(t) + /Ot ki1x(t,s)ds and wug(t) = f(t) + /Ot ko.(t,s)ds, tel.

Then u; € Sz and ug € Tz and so, Sz # (), Tx # (). Since f and K 5, K» , are continuous
on I and I x I respectively, so their ranges are bounded and thus, Sx and Tz are bounded.
Also, Sz and Tz are closed in (X, p).

For z,y,z € X let w € Sz and v € Sz.

Then u(t) € f(t) + [y K1a(t, s, 2(s)) ds, t € L.

This implies u(t) = f(t) + fot k1 x(t,s)ds, (t,s) € I x I, for some ki 4(t,s) € Kj 5(t,s).
From (ii), there exists g(t,s) € Ks ,(t,s) such that

|k12(t,s) — g(t, )| < n(t,s)|x(s) — z(s)| forall (t,s) € I xI.
Consider the multi-valued operator L defined by
L(t,s) = Kz .(t,s) N{w € R: |ky 4(t,5) —w| < n(t,s)|x(s) — z(s)|}, for all (t,s) € I x I.

Since by (i), L is lower semicontinuous, there exists a continuous function kg , : IxI — R*
with ko ,(t,s) € L(t,s) for t,s € I, such that

m(t) = f(t)—i—/o ko (t,s)ds € f(t)—i—/o Ks(t,s,z(s))ds, t € 1.

Now, [u(t) — m(t)] = | /0 bt 5) ds — /O koo (t, 5) ds|
< [t olets) = =) as
< / 1t ) supla(s) = 2(5) s

:p(a:,z)/o n(t,s)ds

t
< p(x,z)sup/ n(t,s)ds
tel JO

o | >

<rp(z,z), wherer; == (using (ii)).

Consequently, p(u, m) < rip(z, z).
Exchanging the roles of u and m, we have, H,(Sz,Tz) < rip(z,z)
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Now, for v € Sz, we have, v(t) € f(t)—i—fot Ki.(t,s,2(s))ds, t € I. So, for some ki ,(t,s) €
Ky .(t,s),
o(t) = f(t) + /t ki(t,s)ds, (t,s) el x1.
From (ii), there exists h(t,s) € K27y(t,05) such that
|k1.2(t,s) — h(t,s)| <n(t,s)|z(s) —y(s)| for all (¢,s) € I x I.
Similar to the previous case, we define a multi-valued operator M by
M(t,s) = Ko y(t,s) N{w € R: ki .(t, ) —w| < n(t,s)|z(s) —y(s)|}, forall (¢,s) € x 1,

and there exists a continuous function kg, with ko, (t,s) € M(t,s) for t,s € I, such that

n(t) = f(t)—i—/o koy(t,s)ds € f(t) —I—/O Ks(t,s,y(s))ds, t € l.

Now, [v(t) —n(t)| < sup |z(s) — y(S)I/ n(t, s)ds
te[o,1) 0

Do | >

< rop(z,z), where ro =

Therefore, H,(Sz,Ty) < rap(y, z), and thus,
Hy(Sz,Tz) + Hp(Sz,Ty) < rip(z, z) + r2p(y, 2).

Clearly, max{H,(Sz,Tz), Hy(Sz,Ty) < rip(z,z) + r2p(y, 2)}.

Thus, S and T satisfy the hypothesis of Theorem 3.1. Hence, S and T have a unique
common fixed point and so, the system of Volterra integral inclusions has a common
solution. O

6. CONCLUSION

We have derived some common fixed point results concerning multi-valued mappings
in partial metric spaces with analysis of data dependence and stability of fixed point
sets. It is worth mentioning that the completeness property is a necessary condition for
Theorem 3.1, since the result fails to hold in general for an incomplete partial metric space.
In this regard, the investigation of the existence of common fixed point for our derived
type of mappings considering incomplete partial metric space is a scope for further study.
In [4], Amiri et al. established the existence of solutions for the Reimann-Liouville and
Atangana-Baleanu fractional integral inclusion by using common fixed point results for «-
admissible multi-valued mappings in the framework of complex-valued double controlled
metric space. Similar study can be carried out for the mappings discussed in this paper
in case of double controlled partial metric space.
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