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SKEW-CYCLIC LINEAR CODES OVER THE FINITE RING
Rp = Fplvi,va,--- 0]/ <fuz2 = 1,vv; — vjfui>: AN IN-DEPTH EXPLORATION

K. CHATOUH', §

ABSTRACT. This article introduces novel advancements in the realm of linear codes
over the ring of integers modulo a prime, denoted as R, = Fplv1,ve,--- ,vT]/<vi2 =
1, viv; — vjv¢>, with 7 > 1, p = ¢° and ¢ is an odd prime. Specifically, we present a new
Gray map and Gray images tailored for linear codes over R,, facilitating efficient rep-
resentation and manipulation of these codes. Building upon this foundation, the study
delves into the characterization and properties of skew cyclic codes over R, a class of
linear codes with intriguing mathematical structures. The investigation of skew cyclic
linear code properties reveals new insights into their algebraic properties. This work not
only contributes to the theoretical understanding of linear and skew cyclic codes over R,
but also suggests practical implications for coding theory.

Keywords: Linear codes, Skew cyclic codes, Gray map, Lee weight, Skew cyclic LCD
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1. INTRODUCTION

In the realm of coding theory, error detection and correction have emerged as crucial
techniques for ensuring reliable data transmission in various communication and storage
systems. Linear codes, in particular, have been extensively studied for their capacity to
detect and correct errors by exploiting algebraic structures, see Refs [1, 2, 5, 7, 13, 17, 18].
Among these, skew cyclic linear codes have garnered significant attention due to their
intriguing properties and applications. In this article, we delve into the fascinating world
of skew cyclic linear codes, focusing specifically on their construction and properties over
the finite ring R,. Skew cyclic codes extend the concept of cyclic codes, which are known
for their efficient encoding and decoding algorithms. The ”skew” aspect arises from con-
sidering non-commutative ring structures, enabling a broader array of code constructions
and applications. These codes have demonstrated their utility in various areas, such as
data storage devices, secure communication channels, and fault-tolerant systems. How-
ever, their study over non-standard algebraic structures like finite rings introduces novel
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challenges and opportunities. The finite ring R, serves as a captivating setting for explor-
ing skew cyclic linear codes. Unlike fields, rings may not possess multiplicative inverses for
all elements, making the study of codes over rings a more intricate endeavor. Nonetheless,
this complexity leads to codes that are better suited to specific scenarios, such as noisy
environments where traditional codes may falter.

This article aims to provide a comprehensive overview of skew cyclic linear codes over
Rp, encompassing both theoretical foundations and practical implications. We will inves-
tigate the construction methods employed to generate these codes, shedding light on the
algebraic structures that underpin their formation.

The article is structured into several key sections that delve into various aspects of lin-
ear and skew cyclic codes over the ring R,. In Section 2, the focus is on introducing the
concept of Gray map and gray images within the context of linear codes over the ring R,,.
This section aims to provide readers with a fundamental understanding of these concepts
and their significance in the realm of coding theory. Section 3 builds upon this foundation
and delves into a comprehensive exploration of linear codes over R, offering insights into
their properties, characteristics, and potential applications. Transitioning to Section 4,
the discussion shifts towards skew cyclic codes over R,, presenting readers with an in-
depth analysis of these specialized codes. This section not only covers the definition and
construction of skew cyclic codes but also delves into certain noteworthy properties that
these codes exhibit when defined over the ring R,,. By offering a deeper understanding of
these properties, this section contributes to the broader comprehension of the versatility
and capabilities of skew cyclic codes. Section 5 marks a significant aspect of the article,
focusing specifically on skew cyclic LCD codes over R,,. This section explores the inter-
section of skew cyclic codes and the LCD property.

In essence, this article seeks to unravel the intricacies of skew cyclic linear codes over
the finite ring R, offering readers a comprehensive understanding of their construction,
properties, and applications. By bridging the gap between abstract algebra and real-world
coding scenarios, we hope to illuminate the path toward more efficient and robust error-
detection and error-correction strategies in diverse communication and storage systems.

2. BACKGROUND INFORMATION

In this section, we delve into the essential background information that forms the foun-
dation for our subsequent discussions. We begin by introducing the concept of a commu-
tative ring denoted as R, a fundamental algebraic structure where addition and multipli-
cation operations adhere to the commutative property. Building upon this, we explore the
notion of an inner product defined over the commutative ring R,, which provides a means
to measure the geometric relationship between elements within this algebraic framework.
Furthermore, we investigate a crucial construct known as a linear code over R,. This
specialized code utilizes the algebraic properties of the commutative ring to efficiently
represent and transmit information. By comprehending these interrelated concepts of the
commutative ring R,, the inner product over it, and the linear code built upon it, we
establish the necessary groundwork to delve deeper into the subsequent discussions on
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advanced applications and analyses. According to [4], we can express R, by

T T—1 T T
Rp:]Fp+<Zvi> Fp—i- Z?)i Z Vj Fp—l—...—i- (H’Uk> Fp, (1)
=1 k=1

i=1  j=i+1

with p = ¢® and ¢ is an odd prime. The collection R, constitutes a commutative ring that
encompasses a total of g2 elements, exhibiting a characteristic of g. An Rp-module of
R}, defines a linear code C' with a length of n over this ring. Consider x = (21,22, ...,Zn)
and y = (y1,¥2, - - -, Yn), where z and y are arbitrary elements of Rj}. In this context, the

inner product over R, is defined as follows, (z,y)z, = Y. x;y;. The dual code C* of C
i=1

is defined by C*+ = {z € Rp|(z,y)r, = 0 for all y € C}. If C C C*, we say the code
is self-orthogonal, and if C = C* then, the code C is self-dual. Our proposal involves
defining an asymmetric skew cyclic code based on the automorphism 6 acting on the ring
Rp. This automorphism extends the one discussed in several articles [6, 11, 16].

0 : Ry — Ry )

c = 0(c),
where,
T T—1 T T
c=cy+ Zvil o + th Z Vip | 5 4+ Hvk cor_1,
i1=1 i1=1 io=11+1 k=1
and

T T—1 T T
0(c) = (co)?" + (Z v) (i)™ + (Z v, Y v) ()" 4. 4 (H vk> (cor—1)4",

i1=1 k=1
so that
T T—1 T T
9(6) = 9(00) + (Z Uh) 9(0111) + (Z Vi, Z ’UZ‘2> 6(022112) +...+ (H Uk> 9(027_1).
i1=1 i1=1 i9=t1+1 k=1

s
The order of this automorphism is given by [()| = —. With respect to the automorphism
m

0 acting on R, the set
n .
Rplz,0] = {f(z) =Y _ai',a; € Ry, for 0 <i <n, (3)
i=0
form a ring under the usual addition of polynomials and the multiplication, where
(az) (b)) = ab(b)xt. (4)

Definition 2.1. A linear code C of length n over R, is said to be a skew cyclic code with
respect to the automorphism 0 if and only if for any codeword

c=(co,c1,€2,...,¢n—1) € C = 0(c) = (0(cn-1),0(c0),6(c1),...,0(cn—2)) € C, (5)

where o is a skew cyclic shift of C.
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3. NEW GRAY MAP AND GRAY IMAGES OF LINEAR CODES OVER R,

In this section, we delve into a novel avenue of exploration within the realm of linear
codes over Rp. Specifically, we introduce and discuss the concept of the ” Gray map” and its
associated ” Gray images.” These concepts present intriguing possibilities for enhancing the
efficiency and versatility of linear codes, offering fresh perspectives on their representation
and utilization. We establish the Gray map and Gray images for linear codes over R,,
employing the Lee weight through a defined process

o + R, — IE“?) (6)
x = ¢($) = H2T - X,

where
T T—1 T T
T =x9+ (Z Ui1> xill + (Z Uiy Z vi2> xé”é +...+ (H ’l)k> xror_1, (7)
i1=1 i1=1  dp=i1+1 k=1
with x = (o, x?,x’;”, ..., xor_1). Furthermore, Ho- is a Hadamard matrix that is char-
acterized by the equation
Hyr = Hy ® Hyr—1, (8)

where Hs represents one of these matrices.
1 1 1 -1 -1 1 1 1
1 -1’1 1 |’ 1 1,|"| -1 1}’
-1 -1 -1 1 -1 -1 1 -1
-1 1 |’} -1 —-1{’}| 1 —-11{’| -1 —-1/]°
This application can be extended to R, yielding
. n 2™n
o Ry - Iy )
x=(x1,22,...,2,) +— P(x),

with

T . T—1 T . T
xy = (o)t + (Z vh) (x)e + (Z Vi, Y. vi2> (x5 ) + ... + (H vk> (xor—1)t,
i1=1 ii=1  ig=i1+1 k=1
for0<t<n.
When considering any two elements x and y belonging to R, the Lee distance between
them is defined as dree(z,y) = wree(x — y). Given the definition of the Gray map, it

becomes evident that we can discern the following outcomes.

Theorem 3.1. The Gray map is an isometry from ('R, Lee distance) to ([F%T", Hamming
distance).

Proof. Upon examining the definition of the Gray map, it becomes evident that ® operates
as a linear map. Simultaneously, it also functions as a map that preserves distances. [

Lemma 3.1. If C is a linear code of length n over R, with minimum Lee distance dp.ce,
then @ (C) is [27n; k; dHam],-linear codes over Fy,.

Theorem 3.2. If C is self orthogonal, then ® (C) is self orthogonal.

Proof. Consider two elements, denoted as x and y, belonging to a self-orthogonal code C.
Under this assumption, it follows that = - y = 0, where

T T—1 T T
T =x9+ (Z Uh) $le + (Z Uiy Z Ui2> x%m +...+ (H Uk> Tor_1,

i1=1 11=1 10=i1+1 k=1
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and
T . T—1 T o T
Y =1 + (Z Uil> yil + (Z Vi Z 1)7;2) yéllz + ...+ (H Uk:) Yo7 —1,
i1=1 11=1 19=11+1 k=1

we have

0 = xoyo+ xillyil + :Ué”éy;”é + . xor 1Yo 1,

0 = (moyll'l + :Ulfyo) +... .+ (:CZQITZEEZQT’QyQT,l + mgfflyglffé'“ﬁ”) ,

0 = ($0y27—1 + $27—1y0) N <xli1y;17zi.2..12772 + 1'121:3512772:%1) .

Conversely, ®(x) - ®(y) = (Har -x, Hor -y). With reference to the earlier derived equations,
it becomes evident that ®(z) - ®(y) = 0, indicating that the code ®(C) exhibits self-
orthogonality. O

4. LINEAR CODES OVER R,

In this section, we embark on an in-depth journey into the intricacies of linear codes
over Rp. By elucidating the theoretical foundations and practical implications of linear
codes over R,, we aim to provide a comprehensive understanding of this crucial coding
paradigm. Through this exploration, we shed light on the advantages, challenges, and
novel applications associated with linear codes over R,,. Referring to [12], when considering
an element denoted as ¢ belonging to R, it becomes possible to represent it in the following
format

c= (@, 9)R,, (10)
where
() €o
w1 Cﬁl
w = . and ¥ = Hor - . ,
wor 1 Cor 1
we obtain . N
Cc = W()(C() + C?ll + '012”2 +...+ CQ-r_l)
+wo(eg+ =+ —carg
e ) )
+woor_1(co + c’f — cé”é — .. —Cor1),
with
1
o | o
1

T
wor—1 < H Uk)
k=1

Example 4.1. In the case of T being equal to 4, we select

1 1
-1 1]
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The orthogonal non-zero idempotents of a commutative ring R, = F, + v1F, + volF), +
U3Fp + U4Fp + U1’U2Fp + ’U1U3Fp + U1U4]Fp + U2’U3Fp + 'U2’U4IFp + ’U3U4Fp + U1U2’L)3Fp + ’U1’U2U4Fp +
010304 + vav3v4F, + vivavzvalF, are

w0 ri 1 1 1 1 1 1 1 1 1 1 1 1 1 1 e 1 _
w1 1 -1 1 —1 1 —1 1 -1 1 -1 1 —1 1 -1 1 -1 v
wo 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 !
w3 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 vz
wy 11 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 23
ws 1 -1 1 -1 -1 1 —1 1 1 —1 1 -1 -1 1 —1 1 v i
w6 11 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 1 1 Ulv"’
wy 141 -1 -1 1 -1 1 1 -1 1 -1 -1 1 -1 1 1 -1 Les
ws = Gl 1 o1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 v1va J
@y i -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1 2223
@10 11 -1 -1 1 1 -1 -1 -1 -1 1 1 -1 -1 1 1 ot
w11 1 -1 -1 1 1 -1 -1 1 -1 1 1 -1 -1 1 1 -1 U1U2US
w12 101 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 10204
w13 i -1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1 V1U34
w14 11 -1 -1 -1 -1 1 1 -1 -1 1 1 1 1 -1 -1 U”i”f}“é
w15 l1 -1 -1 1 -1 1 1 -1 -1 1 1 -1 1 =1 -1 1 | & "1v2tsba 2
we obtain
1
wo = E(1+v1+v2+vs+v4+vlvz+7j1v3+v1714+v21)3+v21)4+1)3v4+”1U2U3+”1U2U4+”1”3U4+“2”3”4+“1U2v3v4)’
1
w1 — 175 (1 — vy +v2 —v3 + v4 — V1V2 + V1V3 — V1V4 + V2V3 — VaV4 + V3V4 — V1VU2V3 + V1V204 — V1VU3V4 + V2VU3V4 — V1V2V3V4) ,
T (141 —v2 — v3 +v4 + v1v2 — V1V3 — V1V4 + V2U3 + V2V4 — V3V4 — V1V2V3 + V1V2V4 + V1V3V4 — V2V3V4 — V1V2V3V4) ,
1
ws = (1 — vy —v2 + v3 +v4 —V1V2 — V1VU3 + V1V4 + VaU3 — U2U4 — V3V4 + V1V2V3 + V1V2V4 — V1VU3V4 — V2VU3V4 + V1V2V3V4) ,
T (141 +v2 +v3 — va — V1V2 — V1V3 — V1V4 + V2U3 + V2V4 + V3V4 + V1V2V3 — V1V2V4 — VIV3V4 — V2V3V4 — V1V2V3V4) ,
1
@ = 1 (1 —v1 +v2 —v3 — w4 +v1v2 — V1V3 + V1V + V2V3 — V24 + V3V — V1V2V3 — V1V2V4 + V1V3V4 — V2V3V4 + V1V203V4) ,
we = 16 (1+wv1 —v2 —v3 — vy —v1V2 + V1V3 + V1V4 + V2U3 + VaV4 — V3V4 — V1V2V3 — V1V2V4 — V1V3V4 + U2U3V4 + V1V2V3V4) ,
1
wr = (1 —v1 —vg 4+ v3 — vg + V1V + V1V3 — VIV4 + VU3 — Va4 — V3V4 + V1VaV3 — V1 V2V + V1V3V4 + V2U3V4 — V1V2V3V4) ,
wy = 16 (1+v1 +v2 4+ v3 + vg + V102 + V13 + V1V4 — V2V3 — VU4 — V3Vg — V1V2V3 — V1VU2V4 — V1VU3V4 — U2V3VU4 — V1U2V3V4) ,
1
ws = Tﬁ(l_vl + V2 — V3 + V4 — VIV2 + V1V3 — V1V4 — V203 + VaU4 — V3V4 + V1V203 — V1V2V4 + V1V3V4 — V20U3V4 + V1V2V3V4) ,
1
wo = 1 (14 v1 —v2 — v3 + V4 + VIV2 — VIV3 — V1V4 — VU3 — Va4 + V3V4 + V1V2V3 — V1V2V4 — V1V3V4 + V2U3V4 + V1V2V3V4) ,
1
@ = I (1 —v1 —wv2 4+ v3 +vg —v1v2 — V1V3 + V1V4 — V203 + Vav4 + V3V4 — V1V2V3 — V1V2V4 + V1V3V4 + VaV3V4 — V1V2V3V4) ,
1
wiz = o (14 v1 +v2 4+ v3 — Vg — VIV2 — VIV3 — VIV4 — VaV3 — Va4 — V3V4 — V1U2V3 + V1V2V4 4+ V1V3V4 + V2v3V4 + V1V2V3V4) ,
1
w1z = 16 (1 —v1 +v2 —v3 — w4 +v1v2 — V1V3 + V1V4 — V23 + V2V — V3V4 + V1V203 + V1V2V4 — V1V3V4 + V2V3V4 — V1V2V3V4) ,
W = (1 +v1 — vz — v3 — V4 — V1V2 + V13 + V1V4 — V2U3 — Va4 + V3V4 + V1V2V3 + V1V20V4 + V1V3V4 — VaV3V4 — V1V2V3V4) ,
1
wis = — (1 —v1 — w2+ w3 —vs+viva + V103 — V1V4 — V2U3 + V24 + V3V — V1V2V3 + V1V2V4 — V1V3V4 — V2V3V4 + V1V203V4) -

16

Consider a linear code denoted as C', with a length n, defined over R,. Additionally,
let C; represent linear codes of length n over F,,, for 0 <7 <27 — 1.

T T—1 T
Then, Co = {co+ (D )+ (> > ")+ ... 4+ cor—1,3eco, ¢} 5™, .. corq €
11=1 i1=114i9=11+1
F,, Ve e C},
LT ooT=1 T . L
Ci = {co+(=1) (> )+(=1)=2(>> > ey")+...—cor—1,3co, ¢} 5™, .. corq €
i1=1 i1=11i9=101+1

F,, Ve e C},



K. CHATOUH: SKEW-CYCLIC LINEAR CODES OVER THE RING Rp AN IN-DEPTH... 517

T 71 T . L
CQT—l = {CO—’_('Zl czll)_(zl ] Z+1 022112)+' L0271, ElCOa CZ11701217/27 sy Cor—1 € IFp,VC €
1= 11=1142=11
.

Definition 4.1. Linear codes C of length n over R,, can be uniquely expressed as
271

C =P =i (13)
=0

This description of C' outlines a number of outcomes, among them the subsequent ones.

Theorem 4.1. Let C be a linear code of length n over R,, then
271

o(C) = Q) Ci and |C| = |Cy||C1] ... |Car_]. (14)
=0

Proof. Applying the definition provided in Equation 4.1 along with the insights from
Theorem 3.1. g

Corollary 4.1. Let C be a linear code of length n over R,, then ®(Ct) = [®(C)]*.
Further, C is a self-dual code if and only if ®(C) is a self-dual code.

Proof. Considering an element ¢ from C and ¢ from C1, it follows that ¢-¢ = 0. This
conclusion is based on the insights provided by Theorem 3.2. Consequently, we arrive at
the outcome that ®(¢) - ®(c') = 0. This leads us to the relation

o(Ch) C [B(O)], (15)
With reference to Theorem 3.1, we deduce the following relationship

[D(CH)] = [[@(O)]) ], (16)

By combining Equations (15) and (16), we arrive at the conclusion ®(CL) = [®(C)]*.

The demonstration for the second aspect is evidently straightforward. O
271

Theorem 4.2. Let C = @ w;C; be a linear code of length n over R,, then Cct =
i=0

271
&b wiCiL. Further, C is self-dual if and only if C;, for 0 < ¢ <27 — 1 are self-duals.
=0

Proof. Let C* be a linear code over Ry If,
T

— X —1 T . L
Co={co+ (> )+ (> > ") +...+cor—1,3co, e}, 5™, ... corq €Fp, Ve €

11=1 i1=112=11+1
C+y,
_ ) T 11 T o ) .
Cl = {Co—i_(_l)ll( Z C’L11)+(_1)12( Z Z CZ21z2)+"'_627—17300761111012”27"-7627'—1 S
i1=1 i1=11i9=11+1
Fp, Ve € Ct},

T

o ) 71 T . L
Cor—1={co+( X )= (> > ") +...—cor—1,3co, e}, 5", ... corq € Fp, Ve €

i1=1 i1=1iz=i1+1
C+1,
271 __
Considering the definition of ¢ in Equation (11), it follows that C+ = @ @;C;. It is
i=0

evident that C; C Cf, for 0 < ¢ < 27 — 1. Furthermore, if we select an element ¢ from
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Cit, for 0 <4 < 27 — 1, this implies that ¢ -y = 0 holds for all y in C;. For an element T
belonging to C, the following holds

() (S 5 ) (1)) oo

i1=1 i1=1 io=11+1 k=1

1 T T—1 T T
27<1+<ZW1)+<Z% > vi |+t | ITve) Je=0.
i1=1 i1=1 to=11+1 k=1

However, the uniqueness of the code C* becomes apparent. As a result, it follows that
ce (Cy, for 0 <i <27 — 1. Ultimately, we deduce that C; = Cf- holds for 0 <+¢ <27 — 1,
and we arrive at the expression

S0,

27—-1
=0

Exploiting the self-duality property of the code C' and taking into account Theorem 4.1,
we derive the following equivalences

cCt=0 & P (CH)=a(C)
27—1 27—1

< ® Cl=Q G
=0 =0

1=
& Cht=0;, for0<i<2m —1.

Consequently, we can ascertain that C;, for 0 < ¢ < 27 — 1, are inherently self-dual
codes. O

Theorem 4.3. If G;, for 0 <1i <27 — 1 are generator matrices of C;, for 0 <i<2™ —1
then the generator matriz of C is

1 Go T
U1
1 , Gy
G = > [Hor] - : : : (17)
(H Uk) Gar—1
L \k=1 J

Through the application of the Gray map @, the subsequent outcome can be readily
derived.

Theorem 4.4. If C is a linear code of length n over R, with generator matriz G, then

Go Go Go Go
wo | T T (15)
Goroy —Garoy —Garoy ... —Gars
Proof. The result can be acquired using the matrix provided below
® (woGo)

s - | T

P (war—1Gar 1)
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Example 4.2. In the context of R4 = Fq + v1F4 + volFy + vivolFy, given the generator

matrices G; = [ i} Qf ] for C;, where 0 < i < 3, the resulting code ®(C') generated by

1 w 1 w 1 w 1 w
w 1 w 1 w 1 w 1
1 w w2+w w2+1 1 w w2+w w2+1

SC) — w 1 w2+1 w4w w 1 w2+l wtw

(@) = 1 w 1 w w? +w w2 +1 w? +w w2 +1
w 1 w 1 w? +1 w? + w w? 4+ 1 w? +w
1 w wi4+w w41 w4+ w w41 1 w
w1 w241 w4w w?+1 w4 w w 1

5. SKEwW CycLic CODES OVER R,

The following section delves into the realm of skew cyclic codes over R,. This investi-
gation revolves around the intricate study of codes with distinctive properties, specifically
within the algebraic structure of the ring R,. Skew cyclic codes, an essential subset of
linear codes, possess remarkable characteristics that stem from their cyclic nature. In
this section, we explore the fundamental concepts, properties, and encoding techniques
associated with skew cyclic codes over the ring R,. By delving into the intricacies of this
coding theory, we aim to illuminate the potential applications and significance of skew
cyclic codes within the context of R,,.

271
Theorem 5.1. Let C = @ w;C; be a linear code over R, of length n where C;, for
i=
0<4<2" —1 are linear codoes of length n over F,. Then C is a skew cyclic code over
Ry if and only if C;, for 0 < i <27 — 1 are skew cyclic codes over Iy, with respect to the
automorphism 6.

Proof. Considering an element ¢ = (%, c!,...,c" ') within the set C, it follows that c*
can be expressed as 221 wicf, where 0 < k < n — 1. This relationship elucidates the
manner in which =
co = (cg,c(l),...,cg_l) € Cy,
a = (... ey,
Cor_1 = (Cnglv 0%771, - ,CSLT__ll) S 027_1.

Given that C;, where 0 < i < 27 — 1, represents a collection of skew cyclic codes, it follows
that o(c;) belongs to C; for each value of i within the specified range. Furthermore,
assuming the equation

271
0(ct) = Z wif(ck), for 0 <k <n—1,
=0

we can then proceed to derive the expression

ole) = (0(c"1),0(c%),0(c),...,0c"2))

T T—1 T
= o(co) + < Uz‘l) U(le) + (Z Z Ui1v¢2> U(céliQ)
1

= i1=112=11+1

+...+ (H vk> o(cor_1) € C,
k=1



520 TWMS J. APP. ENG. MATH. V.15, N.3, 2025

This implication leads us to conclude that o(c) € C, thereby establishing that the code C
is skew cyclic over R,. Similar reasoning applies for the converse implication. ]

Corollary 5.1. The dual code C* is a skew cyclic code over Ry, if C is a skew cyclic
code over Rp.
271
Proof. In the event that C' is formed as the direct sum @ w;C;, establishing it as a skew
i=0
cyclic code over R,, Theorem 5.1 comes into play. According to this theorem, it can be
deduced that Cj, for 0 <7 < 27 — 1, stands as skew cyclic codes over F,. Furthermore,
drawing insights from [3], it follows that C;-, considering the same range for i, also hold
the status of skew cyclic codes over F,,. By leveraging the theorems outlined in 4.2 and
5.1, it becomes apparent that a compelling deduction can be made: C emerges as a skew

cyclic code over R,,. O

This culminates in a clear corollary which, in turn, leads to the realization of the
following set of outcomes.

Corollary 5.2. The code C' is a self-dual skew cyclic code over Ry, if and only if C;, for
0 <i <27 —1 are self-dual skew cyclic codes over IF),.

Proof. To establish the validity of this proposition, it is adequate to utilize Theorems 4.2

and 5.1. U
271
Theorem 5.2. Let C = @ w;C; be a skew cyclic code of length n over R,. Assume that
i=0
27 -1

. ‘ ) 2"n— 3 (deg gi(z))
gi(x), is a generator polynomial of C;, for 0 < i <27 — 1, then |C| =p i=0

and C = (wogo(z), @191(), - .., war—1927—1())-
Proof. According to Theorem 4.1 the equality below is satisfied

27 -1

Cl = CollChl...|Cora| = &
Let C; = (gi(z)), for 0 <i<2" —1and C = 2%9; w;C; this assumption allows us to write
C in the form C = {c¢(z) = 22)1 w; fi(z)gi(x), Vfi(x) € Fplz, 0], for 0 <i <27 —1}, s0
Cc <?;090(x),w191(33)a o w1927 -1(2)).
271

On the other hand, we have »_ w;hi(z)gi(z) € (wogo(z),w191(x),...,wer_1g27—1(x)),

=0
but hi(z) € Rplz,0]/(2" — 1), for 0 <4 < 27 —1, thus there exists f;(z) € Fp[x, 6], such as
wihi(z) = w; fi(z), for 0 < i < 27—1, so that (wogo(r), @191(x), ..., war—1927—1(z)) C C,
we find C = (wogo(z), w191(2), ..., war_1g27—1(x)). O

Theorem 5.3. If C;, for 0 < i < 27 — 1 be skew cyclic codes over F, and g;(x), for
0 < ¢ < 27—1 be the generator polynomials of these codes, then there is a unique polynomial
g(x) € Rpylx,0] such that C = (g(z)) and g(x) is a right divisor of ™ — 1, where g(x) =
271

> wigi(w).

1=0

Proof. Utilizing Theorem 4.6 from [16], one can make analogous arguments. O
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Corollary 5.3. Let C;, for 0 < i < 27 — 1 be skew cyclic codes over F, and g;(x), for
0 < i <27 — 1 their generator polynomials, such that ™ — 1 = h;(x)g;(x) in Fylx,0]. If

271 _ _
C is a skew cyclic code over R,, then C+ = 3 w;h;(x), where hi(x) are the reciprocal
1=0
polynomials of hi(x) and hi(z) = z%9@@) g (x=1), for 0 < i < 27 — 1. Furthermore,
27 —1
oL = p EO (deg gi(x)).
Proof. The proof closely parallels the one provided for Theorem 5.2. u

Example 5.1. Let ¢ = 2, 7 = 3, s = 6 and Fgq = Fa[a], where o = o + 1 assume

that 0(a) = o® and n = 9, then 2° — 1 = (z + 1)(2% + 2° + 1)(2® + z + 1). Note that
C; = Ct = (fi(x) = fi(z) =2+ 23+ 1), for 0 < i <7 are self-dual skew cyclic codes
over Fgs. Then, C = C*+ = (wo(a + 23 + 1), w1 (2% + 23 + 1), (28 + 22 + 1), w3(25 +
23 4+1)(2), wa (28 + 23 + 1), w5 (28 + 23 4+ 1), g (28 + 23+ 1), w7 (28 + 23 +1)) is a self-dual
skew cyclic code over Ry.

5.1. Certain Properties of Skew Cyclic Codes over R,. In the preceding section,
our investigation revolved around analyzing the structural characteristics of skew cyclic
codes over the ring R,. We achieved this by delving into a decomposition theorem. In
the current section, we are furthering our exploration by demonstrating their idempotent
generators.

The basis for our current approach is grounded in a result presented in [9]. This result
asserts that, under the conditions where ged(n, ) =1 and ged(n, p) = 1 hold, if we have
a monic right divisor, denoted as f(z), of 2 — 1 within the algebraic structure F,[z, 6],
then it is guaranteed that f(z) also belongs to Fp[z].

Theorem 5.4. [9] Let f(x) € [z, 0] be a monic right divisor of (™ —1) and C = (f(x)).
If ged(n, %) =1 and gcd(n,p) = 1 then, there exists an idempotent polynomial e(x) €
Rplz, 0] such that C = (e(x)).

271
Corollary 5.4. Let ged(n, i) =1 and ged(n,p) =1, if C = @ w;C; is a skew cyclic
m i=0
code of length n over Ry,. Then, C has an idempotent generator e(x) in Rp[z,6].

Proof. By applying Theorem 5.4, we establish the existence of idempotent generators,
denoted as e;(x), for each C; within the algebraic structure Fy[z, §]. Additionally the code
C; is generated by e;(z), for 0 <7 <27 — 1.

Furthermore, as outlined in Theorem 5.3, it is affirmed that the idempotent generator
271

e(z) can be expressed as e(x) = > w;e;(x) for C, where w; is a coefficient. This theorem
i=0

offers a comprehensive understanding of how e(z) can be constructed as a combination of

the idempotent generators e;(x) for the entire code. O
s 271

Theorem 5.5. Let ged(n,—) = 1 and ged(n,p) = 1, if C = @ w;C; is a skew cyclic
m i=0

code of length n over R,, then C+ has an idempotent generator e(x) =1—e(xl) in

Rplz,6].

Proof. Suppose that we have idempotent generators e;(z) for the subgroups C; in Fy[z, 6],
for 0 < i <27 — 1. As detailed in [10], each corresponding dual code C’iL possesses an
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idempotent generator denoted as e;(x), which can be expressed as e;(z) = 1 —¢;(z "), for
0<: <27 — 1.

Now, drawing upon Theorem 5.3, we can deduce that the overall dual code C* is
equipped with an idempotent generator denoted as e'(:z:). This generator is given by the

271
expression € (z) =1 —e(z™!) = 3. wie;(z). O
i=0

Additionally, as per the information presented in [8], when the conditions ged(n, >) =1
are met, and C is a skew cyclic code with a length of n over the ring R, it follows that
C also qualifies as a cyclic code with the same length n over the same ring R,. This
realization leads us directly to the following result.

l
Theorem 5.6. Let 2" — 1 = [] f]l-j (x) and gcd(n,i) = 1 where, fj(x) € Fplz,0] is
=1 m

l
irreducible. Then, the number of skew cyclic codes of length n over R, is [] (I; + 1)8.
j=1
Proof. When the conditions ged(n, =) = 1 and f;(z) € F,[z] are satisfied, the count of
!
skew cyclic codes with a length of n over I, equals [] (; +1).
j=1

Moreover, we can extend this concept to skew cyclic codes with a length of n over R,
where the number of such codes is equivalent to the count of ideals in R[z,§] modulo
the factor (z™ — 1). By referencing Definition 4.1, it is established that the count of skew

l
cyclic codes of length n over R, is [] (I; + 1). O
j=1

5.2. Gray Images of Skew Cyclic Codes with Good Parameters. According to
the reference provided in [15], a linear code over a finite field is considered to have good
parameters if it satisfies certain bounds, such as those defined by Singleton, Griesmer,
or Gilbert-Varshamov. These bounds are articulated through the following expressions:

k—1 n
d<n—k+1,n> Zd—fjanqu(n,d)zd 1
i=0 ¢ —

Ci(qg— 1)
i=0

context, Aq(n,d) represents the maximum size of a g-ary code with a block length of n
and a minimum distance of d. Within the scope of our research, a primary objective is
to construct codes with good parameters over the finite field IF,,, originating from the rich
structure of skew cyclic codes over the ring R,. This goal is motivated by the practical
necessity of implementing error-correcting codes in finite field settings, frequently encoun-
tered in digital communication systems, cryptography, and other information processing
applications. Through a computer search conducted using Magma, Sage, and the database
(http://www.codetables.de), we have identified several codes exhibiting optimal or nearly
optimal parameters. Presented below is a selection of these codes for reference.

respectively. In the provided

Example 5.2. Consider Ry = F7 + v1F7 + voF7 + v1vaF7, the factorization of 20 — 1 =
(z+1D)(x+6) (2?2 +1)(z* + 23+ 2% + o+ 1) (2t + 323 + 42 + 4o + 1) (2* + 42 + 422 + 32 +
1)(x* + 623 + 22 + 62 + 1). Note that for 0 < i <7, C; denotes a skew cyclic code over Fr
defined by the generator polynomial (x*+ x>+ 22+ x+1), and C is a code characterized by
the parameters [20,16,4]. In accordance with Lemma 3.1, Theorems 4.4, and 5.3, it can
be concluded that ®(C)[80,64, 8] forms a skew cyclic code over F7 with good parameters.
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Example 5.3. Consider Rs, for T = 3 the factorization of 2'® — 1 = (z + 1)(z + 2)(z +
3)(z + 4) (22 + 2)(2? + 3)(z* + 2)(2* + 3). Note that for 0 < i < 7, C; denotes a skew
cyclic code over Fs defined by the generator polynomial (x® + 25 4 222 + 1), and C is a
code characterized by the parameters [16,8, 8], admitting a generator matriz G given by:

1000000010100020

0100000001010002

0010000030401010

0001000003040101 19)
0000100040204040 | °

0000010004020404

0000001010002010

0000000101000201

According to Lemma 3.1, Theorems 4.4, and 5.3, it can be concluded that ®(C')[128, 64, 32]

forms a skew cyclic code over Fs with good parameters.

Example 5.4. Consider Ry, for T = 4 the factorization of %8 —1 = (z+1)(z +10) (2% +
1)(22432+10)(2? +82+10) (21 +322410) (2 + 822 +10) (z® + 321+ 10) (28 + 821 +10) (20 +
328 +10) (210 + 828 4+10) (232 4+ 3216 +10) (232 + 8216 +10) (2%* + 3232 +10) (%4 + 8232 +10).
Note that for 0 < i <7, C; denotes a skew cyclic code over F11 defined by the generator
polynomial {(x1® + 521 + 10212 + 3210 + 428 + 825 + 102* + 622 + 1), and C is a code
characterized by the parameters [48,32,8]. In accordance with Lemma 3.1, Theorems 4.4,
and 5.3, it can be concluded that ®(C)[768,512,64] forms a skew cyclic code over Fi1 with
good parameters.

Some optimal linear skew cyclic codes, obtained through the Gray map ®, are detailed
in the table below,

TABLE 1. Linear skew cyclic codes ®(C') with good parameters

7| p | Cn,k,d Ci = (gi(z)),0<i <7 CID(C')[ZTn,QT/@,d,] O
5| 3 [[40,30,8] [ (#'°+22" +a® + 22" + 2% + 2% + o + 1) | [1280,960,128] | yes
216+ 3215 2014 4 29 328 + 227
41 5 [28, 12, 12] 1302 4 dr 41
22 + 2210 1 4210 4 329 + 428 + 27
+4m6+4x5+x4+6x3+x2+2x+4>
o0+ 2% 27 28 4+ 2% 2t
43+ 22 +1
28+ 727 + 1025 + 92° + 422
+923 + 1122 + 62+ 8
217+ 12210 + 82™ + 1521 + 11213
+8212 + 1521 + 11210 + 92° + 1028
+227 + 625 + 92° + 2% + 623
+92% + 3z +1

[448, 192, 96] yes

6| 7 |[36,24,10] (2304, 1536,320] | yes

3011 |[18,8,4] [144, 64, 16] ves

3|13 [32,24,4] [256, 192, 16] yes

2| 17| [24,7,18] 96, 28, 36] ves

6. SKEw CycLic LCD CODES OVER R,

In this section of the article, we delve into the intriguing realm of skew cyclic Linear-
Complementary-Dual (LCD) codes over the ring R,. These codes represent a vital and
mathematically fascinating area of study in coding theory and information theory, offering
unique properties and applications that set them apart from traditional linear codes. Skew
cyclic LCD codes are particularly noteworthy due to their robust error correction capabil-
ities, efficient encoding and decoding procedures, and their relevance in various practical
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scenarios, such as data transmission, cryptography, and storage systems. Our exploration
in this section will shed light on the fundamental concepts, structural properties, and en-
coding techniques associated with skew cyclic LCD codes over the ring R,.

Drawing inspiration from the concepts presented in [14], we arrive at the subsequent
findings.

271
Theorem 6.1. Let C = @ w;C; be a skew cyclic LCD code over Ry, if and only if C;,

=0
for 0 <@ <27 —1 are skew cyclic LCD codes over IF,,.

Proof. By making use of Definition 4.1 in conjunction with Theorems 4.2 and 5.1, we
obtain the following

cnet={og,} & (251 wZCi> N <2;E:}§01 wsz> = {0g, }

i=0
= é w; (CZ N CZJ‘) = {ORp}
i=0
& CiNCH={0g,}, for 0<i<2™—1.
O
271
Theorem 6.2. If C = @ w;C; be a skew cyclic LCD code over Ry, then ct =
i=0
271
@ @:Cit is a skew cyclic LCD code.
i=0

Proof. Consider the skew cyclic LCD code C over R,, which can be expressed as C' =
271

P wiC;. According to Theorem 6.1, when we obtained Cj, for 0 < ¢ < 27 — 1, these
i=0

codes are skew cyclic LCD codes over F,,. Consequently, we can assert that

@ n () = (@) N6 = {os,).

T

This implies that the dual code C*, defined as C+ = @ wZ-C’iJ-, is also a skew cyclic LCD
i=0
code over R,,. O

271
Theorem 6.3. Let C = @ w;C; is a skew cyclic LCD code over Ry, then ®(C) is a

i=0
skew cyclic LCD code over Fy.
Proof. Applying Theorems 4.1 and 6.1, we derive the following result

271 271 271
B(C) N (B(0))* = (@ C¢> N <® 0}) -® (cmcf) = {0, }.
=0 i=0

1=0

7. CONCLUSION

Overall, this article contributes to the advancement of coding theory by investigating
the intricacies of linear codes, skew cyclic codes, and skew cyclic LCD codes over R,,. The
New Gray map serves as a valuable tool for visualizing code structures, aiding researchers
in better understanding the underlying principles. The insights into the properties and
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applications of these codes have the potential to impact various fields, ranging from com-
munication systems to error correction techniques, ultimately leading to improved data
reliability and transmission efficiency in practical settings.
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