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HYBRID RIGHT AND LEFT BI-QUASI IDEALS OF SEMIRINGS

S. MEENAKSHI', G. MUHIUDDIN?, K. PORSELVI?, B. ELAVARASAN?* §

ABSTRACT. The fuzzy set is an excellent tool for dealing with indeterminacy that can be
clearly and effectively analysed from the decision-maker’s viewpoint, and it is extremely
helpful for showing people’s hesitations in their everyday interactions. In order to deal
with practical problems, soft set theory has recently been created. By combining the
fuzzy and soft sets, Jun et al. created hybrid structures. Hybrid structures are soft-set
and fuzzy-set speculations. The concepts of hybrid bi-quasi ideal, hybrid right bi-quasi
ideal, and hybrid left bi-quasi ideal of semirings are addressed in this paper. We also
explore the equivalent conditions for a subset of a semiring to be a right bi-quasi ideal
and for the semiring to be regular. Hybrid right (left) bi-quasi ideals in semirings are
used to characterise the regular semiring.

Keywords: Semiring, ideal, right (left) bi-quasi ideal, hybrid structure, hybrid ideal,
hybrid right (left) bi-quasi ideal.

AMS Subject Classification: 16Y60, 08A72

1. INTRODUCTION

In 1934, Vandiver [26] developed the concept of a semiring, which is now widely recog-
nised as a common algebra and one of the fundamental structures of mathematics. Semir-
ings are used to study determinants, matrices, coding theory, automata, graph theory,
functional analysis, optimisation theory, and many other areas. Applications of semiring
theory include information sciences, theoretical computer science, idempotent analysis,
etc. Semirings were already addressed in the initial work on the basics of ring ideals.
Semirings diverge from ring ideals, even though they are generalisations of rings. Ideals
have a big impact on progressed research and the utilisation of algebraic structures. Many
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mathematical researchers have shown significant outcomes and analyses of algebraic struc-
tures through the idea of ideals.

In [9], Henriksen focused on a restricted class of semiring ideals termed k-ideals and
obtained their various properties. Iseki [10] established the concept of quasi-ideals in
semirings. Lajos and Szasz [14] pioneered the idea of bi-ideals in rings. In [20], the
concept of the left bi-quasi ideal of semiring was established by Murali Krishna Rao.

In 1965, Fuzzy Set was initially presented by Zadeh [27] and might be effectively uti-
lized in a variety of fields, involving engineering, robotics, image processing, industrial
automation, and control systems. Graph theory, statistics, ring theory, decision-making,
topological spaces, group theory, and other engineering applications are just a few of the
many areas in which fuzzy set theory is used. Many issues, such as pattern recognition,
intelligent data analysis, and information processing, are being tackled by the utilisation
of fuzzy sets. Fuzzy semirings were briefly discussed by Ahsan [1]. In semirings, Rao
[25] established the idea of fuzzy right (left) bi-quasi ideals and also addressed the regular
semirings using fuzzy right and left bi-quasi ideals.

In 1999, Soft sets were first developed by Molodtsov [17], who also created the funda-
mental findings of the novel notions. He effectively utilized the soft sets in many areas,
including Riemann integration, operation research, smoothness of function, game theory,
the theory of probability, etc. Maji et al. [15] pinpointed a soft set parameter reduction
and focused on a soft set application in decision-making issues.

In a gathering of attributes over a base universe set, Jun et al. [11] developed and
looked into the concept of hybrid structure, which comprises the theories of soft sets and
fuzzy sets. Using this theory, they claimed some of the notions of a hybrid linear space
and a hybrid subalgebra. Anis et al. looked into the definitions of hybrid ideals and hybrid
subsemigroups in semigroups [2]. They also looked at how these ideas have been linked to
the idea of hybrid products.

Elavarasan et al. [3] discussed the notion of generalization of hybrid bi-ideals in semi-
groups. Elavarasan and Jun [4, 5, 6] examined the ideas of hybrid ideals in semirings and
put forth certain circumstances that are equivalent for a semigroup to be intra-regular
and regular. They also obtained some results related to hybrid ideals as well as hybrid
bi-ideals in semigroups. Elavarasan et al. [7, 8] looked into the idea of hybrid products
and hybrid intersections of hybrid left ideals in near rings that are zero-symmetric. They
also looked into hybrid k-ideals in semirings.

In [12], Keerthika et al. discussed the notion of hybrid ordered ideals in ordered semir-
ings and also characterised the regularity of ordered semirings in terms of hybrid struc-
tures. In [13], Keerthika et al. explored the idea of hybrid congruence and hybrid strong
h-ideals in hemirings. The hybrid hemiring homomorphisms and quotient rings through
the hybrid strong h-ideals were also discussed. In [16], Meenakshi et al. examined the
concepts of hybrid ideals in near-subtraction semigroups, and their associated outcomes
were discussed. They also established the notion of homomorphism of a hybrid structure
in a near-subtraction semigroups.

The ideas of hybrid structures applied to modules over semirings [18] and hybrid ideals
as well as k-hybrid ideals in ternary semirings [19] were discussed. Porselvi and Elavarasan
[21] established the idea of hybrid interior ideals in semigroups and demonstrated how these
ideals coincide for both intra-regular and regular semigroups. Hybrid structures have been
utilised to solve a number of algebraic systems with varying results [22, 23, 24].

In this work, the ideas of hybrid left bi-quasi ideal, hybrid right bi-quasi ideal, and
hybrid bi-quasi ideal of semirings are examined. Using hybrid right (left) bi-quasi ideals in
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semirings, we characterise the regular semiring. We also examine the equivalent conditions
for a subset of a semiring to be a right bi-quasi ideal and for the semiring to be regular.

2. PRELIMINARIES

The primary ideas and definitions required for this paper will be briefly reviewed in this
section. Hereafter, ® represents a semiring and the power set of a set L can be represented
by P(L).

Definition 2.1. A semiring ® with two binary operations “+7 and “ -7 that fulfils the
below axioms:

(i) (D,4) is a semigroup.

(i1) (D,-) is a semigroup.

(iti) (x+ f)-a=z-a+f-aandzx- (f+a)=x-f+z-aVuz faeD.

(iv)30€® : w1 +0=w1 =04+w; and w;-0=0-w; =0, for all w; € D.

Definition 2.2. A subset 3(# 0) of © is known as

(1) a subsemiring of © if (J,4) is a subsemigroup of (D, +).

(i) a left (right) bi-quasi ideal of ® if (J,4) is a subsemigroup of (D,+) and DI N
JDICT (IDNIDICT).

(iii) a bi-quasi ideal of ® if it is both a left and right bi-quasi ideal of ©.

Definition 2.3. A subsemiring J(# () of © is known as
(i) an interior ideal of ® if DID C J
(ii) a bi-ideal of © if IDT C 7.
(iii) a left (right) ideal of ® if DI C T (IJD C 7).
(iv) a k—ideal if 3D C T and ©T C T, and if jo € D, jo + so € I, s0 € T, then jo € J.
(v) an ideal if 3D C T and DT C 7.
(vi) a quasi ideal of ® if IDNDICTJ

Definition 2.4. An element b of a semiring © is called a reqular element if there exists
an element k of © such that b = bkb. If every element of © is a regular element, then ©
18 called a regular semiring.

Definition 2.5. [11] A universal set can be represented by Q and a hybrid structure in
D over Q is a mapping de = (d,w) : © — P(Q) x [0,1], u — (d(u),w(u)), where
d:D—=PR) and w:D — [0, 1] are mappings.

Define a relation < on the family of all hybrid structures, represented by (D), in D
over £ as below:

(va,gw e %(@)) (Jw <o = dC jows w)

where d C § means that d(u) C §(u) and @ = w means that w(u) > w(u) Yu € D. Then
the set (£ (D), <) is partially ordered.

Definition 2.6. [11] Let i € H#(D). For any (0,v) € P(Q) x [0,1], we define D9 :=
{ze® : a(z) DO} and@? ={ze€e® : ((2) <y}
Definition 2.7. [11] For 0, € J(D), the set v,[I', 8] :={j1 € © : 9(j1) 2 T and o(j1) <

B} is known as [T, f]—hybrid cut of 0,, where I' € P(Q) and B € [0, 1]. Note that @gm@g =
0,[I, B].
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Definition 2.8. [11] For ¢, € (D) and L € P(D)\{0}, the characteristic hybrid struc-
ture in ® over Q is represented by xz(E,) and it is described as,

xc(8y) = (xc(©), xc(n) : D — P(Q) x [0,1],
hi = (x2(€)(h1), xc(n)(h1)),
where
o) Zf hi €L

) otherwise,

xc(@): D — P(Q),hy — {

0 if hhel
1 otherwise

xc(n) D = [0,1),hy {
for any hy € D.

Definition 2.9. [11] For {,, G € J(D),
(i) the hybrid product t, ® ¢ is described as t, ® G = (to G, 0 o @), where

) {is)N a1}y if w=sl
(fod)(w) = {wUsl

0 otherwise,
/\ {o(s) if w=sl
(00 @)(w) = § w=sl
1 otherwise

for s, l,weD.
(i3) the hybrid intersection t, M G is described as t, M §o = (tNq, 0 V @), where
tNg: D — P(Q),s — t(s) Ng(s),
oVw:D —[0,1],s— o(s) Vw(s) for s €D.
Definition 2.10. Let w, € (D). Then Wy is known as a hybrid subsemiring of © if it
fulfils the following criteria:
: ~ w(go + io) 2 w(go) Nw(io) )
Yg0,10 €D . .
(1) (90, o ) ( #(go0) V k(i)

r(go + o)
2 w(go) Nw(io) >
< )

.. . ﬁ](goio)
Vgo,t9 € D : .
) oo € ) ) 2 )0 R
Definition 2.11. Let n, € (D). Then 1, is termed as
(i) a hybrid right (left) ideal of © if it fulfils the below axioms:

(@) (g €2 (20000} 2 70 A7) )

2
<
w
K
)-

p(wo + bo) < p(wo) V p(bo)
n(wobo) 2 n(wo) n(wobg) 2 n(bg)
o o ) (G000 250 ) (i = ) )
(ii) a hybrid ideal of ® if it fulfils the below axioms:
n(wo + by) 2 n(wp) N7(by)
(a) (Vwo, bo € D) < p(wo + bo) < plwo) V plbo) )
n(wobo) 2 n(wo) Un(bg)
() (Fun by € ) (D00 ).
p(wobo) < p(wo) A p(bo)
(iii) a hybrid bi-ideal of © (z)f(;t fulfils ghe belo?u axioms:

i(wo + bo) 2 fu(wo) N (o)
(a) (Vwo, bo € D) ( pwg+b?)) Sp(wS)VP(bOO) )
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(b) (Vby € H(D)) (7 © x2(Dy) © Ty K 7).
(iv) a hybrid quasi ideal of ® if it fulfils the below axioms:

filuwo + bo) 2 7i(wo) N (o)
(0) (. by € ) (0t o) 280l D7) ).
() (%5, € H)) ((p © x0(5:)) A (xa(5) ® 1) < 7).

3. HYBRID RIGHT AND LEFT BI-QUASI IDEALS

As a generalisation of the hybrid bi-ideal of ©, we look into the concepts of hybrid left
(right) bi-quasi ideal and also obtain some associated properties in this portion.

Definition 3.1. Let b, € #(D). Then b, is termed as a hybrid left (right) bi-quasi ideal

if " -
. b(wo + ag) 2 b(wo) N b(ao)
(i) (Vwo,ap € D) < (w(o) 4 ag) < g(:wﬁ) \ C(Cl?)) )~ L -
(ii) (Y € H(D)) (x2 () ©b) M (b © X0 (By) ©b) < be (b @ x0 ()M (b O x () @
bc) < bC)'

If l;g is both a hybrid right and a hybrid left bi-quasi ideal of ©, then it is a hybrid
bi-quasi ideal of ®.

Below are the examples for the hybrid bi-quasi ideal of ®.

Example 3.1. Let M be the set of all rational numbers. Then, with respect to usual

matriz addition and usual matriz multiplication, © = {<%0 CO) | vo0,c0,70 € M}

0
it is not a bi-ideal of ® (See [25]).

a semiring. Let T = { <yo CO> | Y0,0 #co € ./\/l} Then T is a right bi-quasi ideal, but
0

Q Zf f1 GI,

0  otherwise

and s(f1) =

Construct l} € (D) such that l~(f1) — { {0 if f1e€Z,

1 otherwise
Then l~g 18 a hybrid right bi-quasi ideal of ©.
Example 3.2. Let M be the set of all rational numbers. Then, with respect to usual

matriz addition and usual matriz multiplication, © = {(ZO CO) | Yo, co,uo,T0 € M}
0

is a semiring. Let T = {(yo CO> | 0 # 90,0 # co € M} Then T is a bi-quasi ideal, but

0
it is not a left ideal of ®.
Q if i el
d —
0 otherwise and <(1)

Then . is a hybrid bi-quasi ideal of ®, but it is not a hybrid left ideal of © as I(ab) ? 1(b)

1 2 3 4
and s(ab) £ <(b), where a = <3 4> and b = <0 0).

Example 3.3. Let © be the set of all non-negative integers. Then, with respect to usual
addition and multiplication, © is a semiring. Construct lc € (D) such that

i) = Q if fiis even, andc(fl):{

0 of frel,

Construct I. € (D) such that I[(f1) = { 1 otherwise”
otherwise

0 it .
if firiseven, o, I is a hybrid bi-quasi

0  otherwise 1 otherwise

ideal of ®.
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Notation 3.1. Let ® be a semiring. Then we use the following notations.
(i) #(D) is the collection of all hybrid left ideals of ©.
(ii) Hx(D) is the set of all hybrid right ideals of ©.
(iii) F5(D) is the set of all hybrid ideals of ©.
(iv) B (D) is the gathering of all hybrid left bi-quasi ideals of ©.
(v) By (D) is the family of all hybrid right bi-quasi ideals of ©.

Theorem 3.1. If Z; € x(D), then z; € A By(D).

Proof. Let zZ; € #x(®) and p, € A (D). Then, Ve; € D,

Zoxa (@) ()= |J {2(n1)Nxo () (1)}

= U s U z2mw)=2z(),
(roxo (M) (er) = N {r(n1) Vxo(7)(v1)}
= A )= A\ 1) =7(c).
And |

(2o xo(p) o 2)(c1) =

U {Eeoxa®(ha) nzy)}

- U {2(j1a1) N z(y1)} C U Z(jrayn) =z (1),
(roxo(er)e) = N {(ToxoM(ia) vV r(y)}
c1=j1a1y1
> A\ {rGa)vr)r = A\ rlian) =7(@).
c1=jia1y1 c1=j1a1y1
So,

((Zoxa(P)) N (2o xa(p) 0 2))(c1) = (Zoxa(p))(c1) N (20 xo(P) © 2)(c1)

C zZ(e1),
(Toxa(¥) V(Toxo(y)oT))(e1) = (Toxo(7))(e1) V(T o xo(v) o7)(c1) = 7(c1)
Hence, z, € ZBx(D). O
Theorem 3.2. If Z, € A3 (D), then zZ, € HB(D).
Proof. For p, € (D) and Vc; € D, we have
(o (@ o2)(e)= |J {xo®) (m)nz(w)}
= U @nzr= J z)c |J z2mw)=z(),
(xo(Meor) ()= N {xo@) () Vvr(v)}
= /\ {0V ()} = /\ T(v1) > /\ T (nvy) = 7(e1).

c1=n1v1
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And
Goxo@o(a)= J {2(1)N (o) o 2)(ay)}
c1=j1a1y1
c U {260 nzay)} = ),
c1=j1a1y1
(roxo(Mom)(er)= N {r(1) V (xo(y) o 7)(a1y1)}
c1=j1a1y1
> N {76 Vr(am)} = 7(a).
c1=j1a1y1
So,

(ko (B) 0 2) N (Zoxo(p) © 2))(c1) = (xo (P) © 2)(c1) N (2o xo(p) © 2
((xo () o7) V(T oxo(y) o7))(er) = (xo (v) o T)(e1) V (T © xo(7)
Hence, z, € 7B¢(D). O

Theorem 3.3. If n, € H#(D), then n, € HBx(D).

1) o

Proof. Let p, € (D). Then, Ve; € D, we get, (xg (P) on)(c1) € 7a(cr) and (x» () o
7)(c1) > 7(¢1). And

(ioxo@ on)(er) = |J {a(i) N (xo)o i) (ary)}

c U {a6)ni(ay)} = ile),
c1=j1a1y1
(roxo(Mom)(er)= N {r(1) V (xo(y) o) (a1y1)}
c1=j1a1y1

> AN A vrlam)) = T(e).

c1=j1a1y1
So,
(7o xa(p)) N (Ao xo(p)on))(c1) = (noxo(P))(c1) N (7o xo(p)on)(c) S nfcr)
(Toxo()) V(Toxa(y)or))(e1) = (Toxa(7))(c1) V(T oxa(y)o7)(c1) 2
Hence n; € A BR(D). O

Theorem 3.4. Let i, € Hx(D). Then ny € B¢ (D).
Proof. Let p, € (D). Then, Ve; € ®, we get, (n o xo(p))(c1) C 7(cr) and (7 o
xo(7))(e1) = 7(e1). And

(Roxa@ on)(er) = |J {(Roxo()(j1a1) N7i(y1)}

c1=j1a1y1

c U {alha)niy)} = ale),

c1=j1a1y1

(roxa(mor)e)= N\ {(Toxa(m)(rar) v r(y1)}

c1=j1a1y1

> A\ i) V) = ().

c1=j1a1y1
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So,

(xo(p) o 1) N (2o xo(p) o12))(c1) = (xo(P) o )(c1) N (7o Xxo(p) o n)(c1) © :
(xo() or)V(Toxa(y)er))(er) = (xa(y) o T)(er) V(T oxo(v) o7)(c1) = 7(ca).

Hence n, € #Be(D). O
The following corollary follows from Theorem 3.3 and Theorem 3.4.
Corollary 3.1. Let n, € (D). Then ny of © is a hybrid bi-quasi ideal.

Theorem 3.5. Let v, € (D). If v, € HBe(D), then the hybrid cut 0,[L, B] is a left
bi-quasi ideal of ©, VI' € P(Q), B € [0,1].

Proof. ForI' € P(Q), f € [0,1]. Let e1, w1 € 9,[I', B]. Then v(e1+w1) 2 v(er)Nv(wy) 2 T
and p(e; +wi) < o(e1) V o(wr) < B. So er +wy € 5,[I', B

Let z € ®. If 3 f,l € ® and w,y,w € 0,[I', 5] such that z = fu = ylw. Then
(X2 (P) 2 0)(2) 2 T3 (xp (v) 0 0)(2) < B and (0o xp (p) 0 0)(2) 2T; (0o xo (7) 0 0)(2) <
and 0(z) 2 ((xp (5)o8)N(Boxo (5)o0)) () 2 T (=) < ((xo (v)00) V(goxs (v)00))(2) < B.
Thus z € 0,[I, 5] and hence 9,[T', 5] is a left bi-quasi-ideal of D. O

Theorem 3.6. Let v, € J€(D). If 0, € ' By(D), then the hybrid cut v,[T, ] is a right
bi-quasi-ideal of ©,VI' € P(Q), S € [0,1].

Proof. 1t is similar to the proof of Theorem 3.5. O

Theorem 3.7. Let v, € (D) and & € P(D)\{0}. Then £ of © is a right bi-quasi
ideal if and only if x.x(0,) € HBxr(D).

Proof. Assume £ of © is a right bi-quasi ideal and for any p,, € J(D), we have x » (0,) of
9 is a hybrid subsemiring and £ D NF D% C J&. Thus (x.x (0p) ©x2(Dy)) M (X (Tp) ©®

X2 (By) © X (V) = X(Vg) M X (Vo) = Xwonwow(Vg) < X (Do) Therefore
X;{{(ﬁg) S %’Bm(@)
Conversely, let X (0,) € H#Bx(D). Then & of D is a subsemiring. As (x.¢ (0,) ©

X0 (Pr))M(xx (T0) O X2 (By) Oxx (D)) K X (Do), We get Xro (To) X p0r (To) < X (Tp)
and X zonzox (Vs) <K X (0,). Thus XDNHDH C # . So & of D is a right bi-quasi
ideal. O

Theorem 3.8. Let dy,w, € #B¢(D). Then dy MW, € #Be(D).

Proof. For ag,ny € ® and p, € J(D), we get

(dNw)(ap +np) = (ao + ng) Nw(ag + nop)

D (d(ao) N d(no)) N ((ag) N b(no))

= (d(ao) N(ag)) N (d(ne) Nb(ng)) = (dN@)(ao) N (dN®)(no),
(9 Ne)(ap + no) = Y(ao + no) V t(ag + no)

< (¥(ao) V 9(no)) V (¢(ao) V t(no))

= (¥(ao) V t(ao)) V (9(no) V t(ng)) = (I V ¢)(ag) V (I V ¢)(no).

and
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(xo (B) © (dN@)) (ag) = U {xo (8) (ro0) N (dN @) (e0)}

— U {xo (P N (d(eo) Ni(eo))}
= U {(xo ( N d(eo (p) (ro) Nw(eo))}
:{ U {xo (9) (r0) N d(eo) } { U {x2 (9) (ro) ﬁw(eo)}}
= (xo (p) o d)(a0) N (xo (§) o @)(a
= ((xa (B) o d) N ( () ))( )
(Xp (7) 0 (9 V1))(a0) = /\ {xo (v V(9 Ve)(eo)}
= /\ {xo (7) (r0) V (V(eo) V t(e0))}
= /\ {(xo (7) (r0) VI(e0)) V (xo (7) (o) V t(e0))}
:{ /\ {xo (7) (ro) V ¥(eo) } { /\ {xo () (ro \/6(60)}}
= (xo (v) o ¥)(a0) V (xp (7) © +)(ao)
= ((xo (7) 0 ?) V (xo (7) 0 ¢))(a0).

Thus (xo (ﬁ'y) © (Jﬁ Mw,)) = ((X@(ﬁv) © dyg) M (X (ﬁ'y) ©w,)). Now,

(dN@) o xp (B) o (dN@))(ag) = U {(dN@)(ro) N (xo (P) o (d N @))(eomo)}

= U {@dnd)(ro)n((xo (B)od)N (xo (5) o ®))(eomo)}

apg=roeomo

= U {d(ro) Nis(ro) N (xo (B) o d)(eomo) N (xo (B) 0 ®)(eomo) }

ap=ropepmo

= U {d(ro) N (xo (B) © d)(eomo) N (re) N (xo (B) © W) (eamo) }

ag=roepmo

:{ U {CZ(To)ﬂ(Xb(ﬁ)Od)(eomo)}}m{ U {@(TO)Q(XQ(@O@)(%WO)}}

ap=roeomo ap=ropeomo
(ao) N (W o xo (p) o w)(ao)

= (doxo () o d)
= ((doxo (p) 0d) N (@0 xo () 0 @))(ao),
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(WV)oxa (o @V)a)= N {@V o)V (xa () o @V 0))(ecomo)}

apg=roeommo

= A {@VIr0) V((xo () 09) V (xa (7) 0 1)) (eomo)}

ap=roeomo

= A {9(ro) Vei(ro) V (xo (7) 0 9)(eomo) V (xo (7) o t)(eomo) }

ap=roepmo

= N\ {90r0) Vv (xo (v) 0 ¥)(eomo) V t(ro) V (xo (7) © £)(eomo) }

ag=roepmo

= { A {90V xo () o) (eomo)}} v { A {e(o)Vixo (7)00) (eomo)}}

— Woxn () od)(a)V (toxn () o) (@)

— (9o x0 () 0DV (10xn (v) 0 ) a0).
’
(

(a
Thus ((dﬁme)QX )@ (dyMad,)) = ((dgpx;g(pw) Ody)M (W0, © x2(Py) ©w,)). Hence
(x2(By) © (dy M@,)) M ((dy MD,) © xo(By ) © (dy M) = (X2 (Fy) @ dy) M (dy © X2 (By) ©
dy)) M ((xo(By) @ @) M (@, © Xo(By) © B,)) K (dg Md,). So dy M, € HBg(D). O

Theorem 3.9. If dg, W, € #Bx(D), then dy MW, € HBx(D).

Proof. The proof of this theorem is similar to the proof of Theorem 3.8. U

Theorem 3.10. Let dy € (D) and w, € (D). Then dg M, € #Be(D).

Proof. For ag,ng € D, we get

> (d(ao) N d(no)) N (@(ao) N @ (no))

— (d(a0) N 0(a0)) N (d(mo) N (o)) = (1 3)(a0) N (d 0D (ro),
(9 V ¢)(ag + ng) = Fao + no) V t(ap + nop)

< (9(ao) vV ¥(no)) V (t(ao) V 1(no))

= (¥(ao) V t(ap)) V (P (ng) V t(ng)) = (I V ¢)(ag) V (¥ V )(ng).

By the proof of Theorem 3.8, we have, (xo (f-) @ (dgMd,)) = ((xo (Fy) ©ds) M (X2 (5y) @
w,)) and ((dy M ﬁ)L) @~X©(13'y) (dﬁ mw,)) = ((dﬂ OXx» (p’y) © dﬁ) (0, © X@(p'y) © wb))

Hence (X’D (p'y) (dg Mw,)) M ((dﬁ Mw,) © X (p'y) ~(d19 mw,)) = ((X’D (p'y) © dﬁ) (dﬁ O]
X@(pﬂ@dg)) ((x2(Py)Ow,)M(W, Oxp (Py)OW,)) K (dyM,). So, dgMid, € B (D). O

Theorem 3.11. If dy € (D) and 0, € (D), then dy MW, € A Bx(D).

Proof. 1t is similar to the proof of Theorem 3.10. g

Theorem 3.12. [20] For any left ideal B and right ideal W of ©, WB = W N B if and
only if ® is a regular semiring.

Theorem 3.13. If Z. € J:(D) and my, € HR(D), then my, © Z = My, M Z if and only if
D is regular.



548 TWMS J. APP. ENG. MATH. V.15, N.3, 2025.

Proof. Let Z; € 7(®) and m, € Jx(D). Then m, © Z. K< my, M Z. If © is a regular,
then for ¢ € ®, 3 w € ® such that ¢ = qwqg. Now

(mo2)(q) = | J {m(b) Nz(u)} 2 m(qw) Nz(q) 2 m(q) NZ(q) = (MmN 2)(q),
q=bu

(o)) = /\ {ob) ve(u)} < wlqw) V(g) < plq) Vslg) = (¢ V)(g).
q=bu

Thus m, Mz, < My © Z; and hence my, © Z; = My, M Z.

Conversely, let W and B be a right and a left ideal of © respectively. Then xw (1)
and xp(m,) are hybrid right ideal and hybrid left ideal of © respectively. Moreover,
WB CWnNB. Let we WnNB. Then (xwm)(w) =Q = (xpm)(w) and (xwe)(w) =
0= (xp)(w). Thus (xw o x5)m(w) = (xw N xp)M(w) = xwm(w) N xpm(w) = Q and
(xwoxs)e(w) = (xwVxB)e(w) = xwe(w)Vxpe(w) = 0. So, xwri(w)xpri(wz) = Q
and xwe(wr) V xpe(wz) = 0 for some wy,ws € D satisfying w = wijwg ie., w € WB.
Hence W N B = WB and so, by Theorem 3.12,9 is regular. O

Theorem 3.14. [20] Let © be a semiring. Then, for every left bi-quasi ideal P of D,
P=®DPNPOP if and only if ® is a reqular.

Theorem 3.15. Let © be a semiring. Then, for jo € HBR(D), Jow = (Jo © X2 (Py)) M
(= © x2(Dy) © J) if and only if ® is a regular.

Proof. For a right bi-quasi ideal P of ©, by Theorem 3.7, we have xp(Jz) € HBn(D).

Hence X p(Jz) = (X2 (D) ©XP(J=)) A (X p (=) O X2 (Dy) OXP(U=)) = XoP(J=) AX PP ()
and P =9P N POP. By Theorem 3.14, © is regular semiring.

Conversely, let § € HBx(D). Then (Yo © X2 (Dy)) M (Yo © X2 (Py) © Jw) K Yoo
Let go € ©. Then ¢y € D : gy = qocoqo. Now

Goxo ®)a)2 |J {ia0) N xo (B)(com)} = ii(q),

(@ o xo (7))(q0) < ’ ;O\COQO{W(qo) Vxo (7)(coq0)} = @(qo)-
And e
(5o xo () ©9)(q0) 2 Ucoqo{y q0) N (X (P) © ¥)(cogo) }
= QO_COJC 7(q0) ﬂc L_Jm {(xo (P) (mo) N (s0))}
> qo_Lj) 0(:7{017 (q0) N Qo(qqoo_)}0 ZD?) (q0) ,
(woxo (7) cw)(qo) < qo_;o\io {w(q0) V (xo () o @)(coqo)}
= "070\:"0 @(qo) V C {\ . {(xo (v) (mo) V @ (s0))}
qo_/<) Oij{ow (g0) v ;ioq_o)o} i @ (o) -
So, (J= © Xx2(Py)) M (J= © X;O(ﬁio;% ) = Y- O

Theorem 3.16. Let © be a semiring. Then © is a regular if and only if (Jm M fg) <
(f{ © gw) m (gw © f§ © gw); fOT‘ gw € %%S(g) and f{ € %(g)
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Proof. Suppose © is a regular and v; € ©, 3 by € D : v1b; = v1b1v1b1. Now,

@ofed)w)2 |J {@oHwrb)Nglvn)}

v1= vib1v1

) U {(G(v1) N f(b1)) N gi(vr)}

v1= v1b1v1

> U @) 0 fbrobn)} nglen) = Glon) N f o),

v1b1=v1b1v1b1

(@otow)(v) = /\ {(@o&)()Va(i)}

v1=j1j2
< A A@od)(vib) vV w(v)}
v1=v1b1v1
< N A=) VD) va(v)}
v1=v1b1v1
< /\ {(w(v1) VE&(b1v1b1))} V w(v1) = @ (v1) V& (v1) .

v1b1=v1b1v1b1

(fep) = J {fle)nglk)}

v1= e1kq

> U {Fe)ngn)} 2 flo) nglen) = (f 0 g)(e),

v1=v1b1v1

Eom)(o) = \ {&er)Va(k)}

vi=e1k1

< A\ b)) va(u)} < &v) Va(on) = (£ V@) (v).
v1=v1b1v1
Hence (= M f¢) < (= © fe © ). S0 (Jo M fe) < (fe © ) M (o © fe O F).
Conversely, if o € 7 B¢(D), then (JoMxo(Dy)) K (X0 (Dy) O Fw) M (Jo © X0 (Py) OFw)
and Yo < (X2 (Py) © Jo) M (I © X2 (Py) @ Jo). By Theorem 3.14, D is a regular. O

Corollary 3.2. Let ®© be a semiring. Then for § € ' Bx(D) and fg € #7(D), we have
(e 0 o) < (oo © J) @ (o © i © ) if and omly if D is a regular.

4. CONCLUSION

In this work, we established the idea of hybrid left (right) bi-quasi ideals of semirings
and obtained some results related to regular semirings using hybrid left (right) bi-quasi
ideals of semirings. We also obtained equivalent conditions for a subset of a semiring to
be a right bi-quasi ideal and for the semiring to be regular. Using the ideas and results
presented in this paper, it is intended to demonstrate the concept of a hybrid prime (resp.,
semi) bi-quasi ideal and its related properties for a hybrid left (right) bi-quasi ideal to be a
hybrid prime (resp., semi) left (right) bi-quasi ideal of semiring, as well as an intuitionistic
hybrid left (right) bi-quasi ideal of semiring.
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