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FUZZY ASTERISK SUBALGEBRAS AND FUZZY ASTERISK IDEALS
OF GK-ALGEBRA

M. HIMAYA JALEELA BEGUM*', M. THASNEEM FAJEELA'*, §

ABSTRACT. In this paper, the notation of fuzzy asterisk subalgebras and fuzzy aster-
isk ideals of GK-algebra are introduced and investigated some of their properties. The
homomorphic inverse image of fuzzy asterisk subalgebras and fuzzy asterisk ideals are
studied. Also introduced the notation of fuzzy relations on the family of fuzzy aster-
isk subalgebras and fuzzy asterisk ideals of GK-algebra and investigated some related
properties.
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1. INTRODUCTION

The notations of BCK/BCI - algebras [1]were initiated by Imai and Iseki in 1966 as a
generalization of the concept of set-theoretic difference and propositional calculus. Boru-
mand Saeid[2] introduced fuzzy dot BCK/BCl-algebras. Neggers and Kim[3] introduced a
new notation, called a B-algebras which is related to several classes of algebras of interest
such as BCK/BCl-algebras. Kim and Kim[6] introduced the notation of BG-algebras,
which is a generalization of B-algebras. J. Kavitha and R. Gowri[7] introduced the nota-
tion of GK-algebra in 2018 and investigate its properties.

For the general development of GK-algebras, the subalgebras and ideal theory play
important role. Fuzzy asterisk subalgebras are very interesting algebraic structure and
follow many interesting results. Also, fuzzy ideals are reach topics in any algebraic struc-
ture. Fuzzy asterisk ideals are also useful mathematical structure. To the best of our
knowledge, no works are available on fuzzy asterisk subalgebras and fuzzy asterisk ideals
of GK-algebras.

In this paper, fuzzy asterisk subalgebras of GK-algebras are defined and lot of properties
are investigated. The notation of p—relations on the family of fuzzy asterisk subalgebras
of GK-algebras are introduced with some related properties investigated. = The remain-
der of this article is structured as follows: Section 2 proceeds with a recapitulation of
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all required definitions and properties. In Section 3, the concepts and operation of fuzzy
asterisk subalgebras are introduced with their properties discussed in detail. In Section 4,
notation of fuzzy asterisk ideals of GK-algebra are considered and p-product relations are
given on fuzzy asterisk ideals. Finally in Section 5, conclusion is given.

2. PRELIMINARIES

In this section some elementary aspects that are necessary for this paper are included.
A GK-algebra is defined as follows.

Definition 2.1. [7] A non-empty set X with fixed constant 1 and a binary operation ®
is called a GK-algebra if it satisfies the following axioms

(1)i®i=1

(2)i®l=1

(3) i®j=1and j®i=11implies i = j

4) (@)@ (1ej)=i Vijk eX

Example 2.1. [8] Consider the set X={ 1,[,m,n }. The binary operation ® is defined as
follows:

33| ~=|®
S|3|~|~|~

~|l=[3|3|3

l

l
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n
m

Hence (X,®,1) is a GK-algebra.

Definition 2.2. [7] Let (X,®,1) be a GK-algebra. A non-empty subset Y of X is called
a sub algebra of X ift®j €Y forany¢,j €Y. A mapping f: X — Y of GK-algebra is
called a homomorphism if f(zx ® y) = f(z) ® f(y) for all x,y € X.
We now review some fuzzy concepts as follows: Let X be a non empty set. A function
map p: X — [0,1] is called a fuzzy set on X. For any x € X, the number u(z) is called
the membership grade of x. The complement of u, denoted by [, is the fuzzy set in X
given by i(z) =1 — p(z) Vo € X.For any two fuzzy sets A = { < z,pua(x) >z € X }
and B={ <z,up(r) >z € X } in X, the following operations are defined,

AC B <= pua(x) <up(z)Va € X, AN B=min{ pa(z),up(z)Vz € X.}
Let f be a mapping from the set X into the set Y. Let B be a fuzzy set in Y.Then the
inverse image of B, denoted by f ~!(B) in X is given by f ~!(up(z)) = pus(f(z)).

Definition 2.3. [8] A fuzzy set A in X is called a fuzzy subalgebra if it satisfies the
inequality pa(z ® y) 2 min{ pa(z), paly) } Va,y € X,

Example 2.2. [8] Consider the set X={ 1,2,3,4 } is a GK-algebra
218

NSIE SN RSN RS
QS| =B o
~| 2o Lolb|dw

| Cof v ~|®
B Lo Do |~

Define a mapping pa : X — [0,1] by

pa(z) =

09 ifzr=1,2
0.5 if otherwise
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Then pa is a fuzzy GK-subalgebra of X.

Definition 2.4. [8] A fuzzy set A in X is called a fuzzy ideal of X if it satisfies the
inequality (i) 1a(1) = pa(z) and (i) pa(z®z) = min{ pa(y®z), pa(y®z) } Vo,y,z € X.
Example 2.3. Consider the above example(2.2). This is an example of fuzzy GK-ideal.

3. FUzzy ASTERISK SUBALGEBRA OF GK-ALGEBRA

In this section, fuzzy asterisk subalgebra of GK-algebra are defined and some important
properties are presented.In what follows,let (X,®,1) or simply X denote a GK-algebra
unless otherwise specified.

Definition 3.1. For all z,y € X, Let A be a fuzzy set in a GK-algebra X. Then A is
called a fuzzy asterisk subalgebra of X if pa(x ® y) > pa(z) * pa(y), where x denotes
ordinary multiplication.

Example 3.1. Consider the set X={ 1,2,3,4,5 } with the following Cayley table:

®[1]2[31415
11115432
2211543
s1al2[1]5]4
114132115
5151413 2]1

Hence (X, ®,1) is a GK-algebra. Define a fuzzy set A in X by pa(1) = 0.65, ua(2) =
0.53,114(3) = 0.7, ua(4) = 0.57,14(5) = 0.8. Then A is a fuzzy asterisk subalgebra of X.
Note that every fuzzy subalgebra of X is a fuzzy asterisk subalgebra of X, but the converse
is not true.

Remark 3.1. The fuzzy asterisk subalgebra in above example is not a fuzzy subalgebra,
since pa(3®3) = pa(l) =0.65 < 0.7 = p4(3) = min{ pa(3),2a(3) }.

Theorem 3.1. FEvery fuzzy asterisk subalgebras A of X satisfies the inequality pa(1) >
(pa(x)?vae €X.

Proof. For all z € X, we have t @ = 1. Then pa(l) = pa(z ® x) > pa(x) * pa(z) =
(na(z))?. m
Theorem 3.2. Let A be a fuzzy asterisk subalgebra of X .If there exists a sequence { ,, }
in X such that nl_i)moo((uA(:L‘n))Q):Z, then pa(l) = 1.

Proof. By theorem (3.1), p1a(1) > (pa(w))? for all z € X. Therefore, (1) > (pa(zy,))?
for every positive integer n. Consider, 1 > pa(1) > ngmoo((uA(xn))Q)zl. Hence, pa(1) =
1. O

Theorem 3.3. Let A1 and Ag be two fuzzy asterisk subalgebras of X. Then Ay N As is a
fuzzy asterisk subalgebra of X.

Proof. Let x,y € A1 N Ay. Then z,y € A and As.
Now, 114,04, (2 ®y) = min{ pa, (z @ y), pa,(z ®y) }
> min{ pa, () * pea, (y), pa () * 4, (y) }
= (min{ pa, (%), pa, (@) }) * (minf pa, (y), pa,(y) )
= HA;NAy (T) * a4, (Y)
Therefore, f14,n4,( ®Y) > panas (T) * pa,na, (v).
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Hence, A1 N As is a fuzzy asterisk subalgebra of X.
The above can be generalised as follows. (|

Theorem 3.4. Let { A; | i =1,2,3,... } be a family of fuzzy asterisk subalgebras of X.
Then () A; is also a fuzzy asterisk subalgebra of X, where (| A; = min{ pa,(x) }.

Theorem 3.5. Let f : X — Y be a homomorphism of GK-algebra. If B = { <
z,up(x) > €Y }is a fuzzy asterisk subalgebra of Y, then the pre-image f ~'(B) =
{ <z, f Yup(x)) > 2 € X} of Bunder fis a fuzzy asterisk subalgebra of X.

Proof. Assume that B is a fuzzy asterisk subalgebra of Y and let x,y € X.Then

; 1((#3((:6%3/)) = up(fx®y)) = up(f(@)@ f(y) = pe(f(@)*ps(f(y) = f ~(up(z))*
There/éfrel{f '_1(B) ={<af Yup(®) >z € X } is a fuzzy asterisk subalgebra of
X. ]

Theorem 3.6. A fuzzy set A of a GK-algebra X is a fuzzy subalgebra of X if and only
if for every t € [0,1],the level subset U( pua(z) :t)={x € X | pa(z) >t} is either
empty or GK- subalgebra of X.

Remark 3.2. If A is a fuzzy asterisk subalgebra of X then U( p4 : ¢ ) need not be a
subalgebra of X.In example (3.1),A is fuzzy asterisk subalgebra of X but U( pua : 0.65) =
{z € X | pa(x) >0.65}={1,3,5} is not a subalgebra of X since 1®3=4¢ U( pa :
0.65).

Theorem 3.7. Let A be a fuzzy asterisk subalgebra of X. Then U( pug : 1) = { z €
X | pa(x) =1} is either empty or is a subalgebra of X.

Proof. Assume that U( pa:1) # 0. Obviously 1 € U( pa:1). fx,y € U( pa: 1), then
pA(x®y) > pa(z)*pa(y) = 1.Hence pa(z®y) = 1, which implies that x®@y € U( pa : 1).
Consequently,U( u4 : 1) is a subalgebra of X. O

Definition 3.2. Let A = { < z,pa(z) >z € X }and B={ <az,up(zr) >z € X }
be two fuzzy sets in X.The Cartesian product A x B : X x X — [0,1] is defined by
(na X pp)(z,y) = pa(z) * pp(y) for all z,y € X.

Theorem 3.8. Let A and B be two fuzzy asterisk subalgebras of X, then A X B is a fuzzy
asterisk subalgebra of X x X.

Proof. Let (xz1,y1) and (z2,y2) € X x X.

Then, (ua x pp)((z1,1) @ (72,y2)) = (pa X pB)((T1 @ T2,y1 ® Y2))

pa(rr ® x2) * up(y1 ® y2)

(ra(@1) = (pa(z2)) * (kY1) * (1B (Y2))
(

(
= ((pa(z1) * (uB(y1)) * ((a(z2) * (1B(y2))
= (pa x pB)((@1,91) * (pa x pB)(z2,y2)
Therefore, (na X pp)((x1,41) @ (22,42)) = (pa X pB) (21, 41) * (pa X pB)((22, Y2)-
Hence, A x B is a fuzzy asterisk subalgebra of X x X. O

4. Fuzzy ASTERISK IDEAL OF GK-ALGEBRA.

In this section, fuzzy asterisk ideals of GK-algebra are defined and studied some of its
result.
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Definition 4.1. A fuzzy set A in X is called a fuzzy asterisk ideal of X if it satisfies the
inequality (i) pa(1l) = pa(z) and (i) pa(z ® 2) > pa(y @ 2) * paly @) Vv 2,y,2 € X.

Example 4.1. Consider the set X={1,2,3,4} be a set with the following Cayley table:

®|1]2]3
3
4
1
2

Hence (X,®,1) is a GK-algebra.Define a fuzzy set A in X by pa(1) = 0.6, 14(2) =
0.4, 14(3) = 0.5, u4(4) = 0.52.Then A is a fuzzy asterisk ideal of X. Note that every fuzzy
ideal of X is a fuzzy asterisk ideal of X, but the converse is not true.

~ || Lol

Co
Co
Co|d~| ~| 2

Remark 4.1. The fuzzy asterisk ideal in above example is not a fuzzy ideal, since p4(2®
1) =pa(2) =04 <0.5=min{ xa(3),1a(4) } =min{ pa(4®2),pa(4®1) }.

Theorem 4.1. Let pa be fuzzy asterisk ideal of X.if x < y holds in X.Then pa(x) >
(na(y))®

Proof. Let ua be fuzzy asterisk ideal of X.Let z,y € X and x <y thenz ®y=yRx =
1.We know that z ® 1 = x.

Now, pa((z) = pa(z ® 1))
> pa(y®1) xpaly @ z)
> (pa(y) * pa(l)
> (pa(y) * pa(y)
= (1a(y))?
Hence, pa(z) > (pa(y))?.

O

Theorem 4.2. Let pua be fuzzy asterisk ideal of X .If the inequality y @ x < z holds in X.
Then pa(x) > pa(y) * (pa(2))* Vv 2,y,2 € X.

Proof. Assume y ® x < z holds in X.Then by theorem (4.1) pa(y ® x) > (ua(2))?. By
the definition of fuzzy asterisk ideal of GK-algebra,us(z ® 2) > pua(y ® z) * pa(y @ x).Put
z=1 then pa(z ®1) > pa(y @ 1) * pa(y @ x) implies pa(x) > pa(y) * (na(2))* O
Theorem 4.3. If A is fuzzy asterisk ideal of X and pa (x) = 7+ pa(z) Vo € X and
7 €1[0,1], then pa_(x) is fuzzy asterisk ideal of X .

pa(z) Vo € XNow pa (1) = 7% pa(l) > 7 x pa(x) = pa, () Vo € X and By
the definition of fuzzy asterisk ideal of GK-algebra, pa(z ® 2) > pa(y ® z) * pa(y ® x).

Proof. Let pua be fuzzy asterisk ideal of GK-algebra and 7 € [0,1]hence pa(l) >

Now, pa (z®2) =7 pa(x ® 2)
> 7 [paly ® 2) * paly @ x))
= [rrpaly ®2)] « [1* paly @ z)]
= pa, (Y ®2) * pa, (y © o)
Therefore, s (r®2) > pa, (YR 2) * pa, (y @ x).
Hence pg4_ (z) is fuzzy asterisk ideal of X. O
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Theorem 4.4. If A and A€ are both fuzzy asterisk ideal of X .Then A is constant function.

Proof. Let A and A° are both fuzzy asterisk ideal of X. Then pis(1) > pa(z) and pge(1) >
prac(z) = 1 —pa(l) > 1 —pa(x) = pa(l) = pa(z) for all z € X. Therefore, pa(l) =
pa(z).Hence, A is a constant function. O

Theorem 4.5. If A1 and Ay be two fuzzy asterisk ideals of X, then A1 N As is also a
fuzzy asterisk ideal of X.

Proof. Let A; and Ag be two fuzzy asterisk ideals of X. Then for any x € X, 4, (1)

fray (%), pray (1) > pas (z). Now prayna, (1) =min{ pa, (1), pa, (1) } > ming pa, (), pa, (2)
= lA;nA, (7). Again for any z,y € X ,we have

pA A A (T ® 2) = min{ pa, (7@ 2), ay (2 ® 2) }
>min{ pa, (Y@ ) * pa, (Y @ 2), wa,(y @) * pa,(y @ 2) }
= (min{ pa, (y @ ), pa,(y @ x) })*
(min{ g4, (Y ® 2), pa,(y ® 2) })
= 114104, (Y ® T) * f14;04, (Y ® 2)
Therefore, 14,04, (T @ 2) > payna, (Y @ T) * fra;04, (Y ® 2).

Hence, A; N As is a fuzzy asterisk ideal of X.
The above can be generalised as follows. U

Theorem 4.6. Let { A; | i=1,2,3,... } be a family of fuzzy asterisk ideals of X. Then
(N A; is also a fuzzy asterisk ideal of X, where (1 A; = min{ua,(x)}.

Theorem 4.7. Let A and B be two fuzzy asterisk ideals of X, then A x B is a fuzzy
asterisk ideal of X x X.

Proof. Let (x1,y1) , (x2,y2) and (x3,y3) € X x X.Then
(1a x pp)(z1 ® 3,1 ® Y3)) = pa(z1 @ 23) * pp(Y1 @ Y3)

> (pa(ze ® x3) * pa(ze @ 1))*
(1B (Y2 ® y3) * pB(y2 @ Y1)

= (na(r2 ® 23) * pp(Y2 ® Y3))*
(na(z2 ®21) * (Y2 @ Y1))

= ((na X pB) (72 ® 3, y2 @ Y3))*
((a X pp)(r2 ® 21,92 @ Y1))

Therefore,(pa x pp)((z1 ® 23,91 ® ¥3)) > (a X pB) (T2 @ 23,y2 @ Y3) *
(1 X puB)((r2 @ x1,y2 @ y1). Hence, A x B is a fuzzy asterisk ideal of X x X O

Theorem 4.8. A fuzzy set A of a GK-algebra X is a fuzzy ideal of X if and only if for
every t € [0,1], a non empty level subset U( pa :t ) ={x € X : pa(x) >t} is an ideal
of X.

>
}

Proof. For any t € [0, 1],assume that U( py4 : ¢ ) is non-empty.Let z,y,z2 € U( g : t
Now, let (y®x),(y®z) € U( pa:t) Hence, pa(x®@2z) > min{ pa(y®@z), paly®2) }
min{ ¢t,t } =¢. Also pa(1) > pa(x) >t. Hence 1 € U( py :t ). Therefore U( pa : 1)
an ideal of X.

Conversly, suppose U( 4 : t ) is a GK-ideal of X. Let x,y,z € X. Take t = min{ p4(y®
x),1A(y ® z) }. Then by assumption pa(z ® z) >t = min{ pa(y @ x), ua(y ® z) }. Also
take pa(x) = t,then pa(l) > ¢t = pa(x). Hence pa is fuzzy GK-ideal of X. O

;

1S
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Remark 4.2. If A is a fuzzy asterisk ideal of X ,then U( 4 : t ) need not be an ideal of
X .In example (3.1), we take the values pa(1) = pa(2) = pa(3) = pa(4) =0.6,u4(5) =04
then A is fuzzy asterisk ideal of X but U( pa : 0.5) = {2 € X | pa(x) > 0.5 } =
{1,2,3,4 } is not an ideal of X since (1®1),(2®1) € U( pa : 0.5) but (1®2) =5 ¢
U( pa:0.5).

Theorem 4.9. Let f: x — y be a homomorphism of GK-algebra. If B={ < z, ug(z) >
x €Y }is a fuzzy asterisk ideal of Y, then the pre-image f ~Y(B) = { <z, f “H(up(x)) >:
x € X } of B under fis a fuzzy asterisk ideal of X.

Proof. Assume that B is a fuzzy asterisk ideal of Y and let z,y € X.Then

f N up(x®2) = pp(flz ®2)) > pp(fly @ @) * pp(fly® 2)) = f ~(us(
F sy @ 2)). Also, Vo € X, f “Hup() = pp(f@) < up(l) = up
f M eB)Q) = f “Hus(@) < f ~Hus)(1).

Therefore,f ~1(B) ={ <z, f "Y(up(z)) >: 2 € X } is a fuzzy asterisk ideal of X. O

Theorem 4.10. Let f : x — y be a epimorphism of GK-algebra. If B = { < z, up(x) >
x €Y } is a fuzzy asterisk ideal of Y, then the pre-image f ~Y(B) = { <z, f “Hup(x)) >:
x € X } of Bunder fis a fuzzy asterisk ideal of X.

Proof. For any © € Y thereexists a € X such that f(a) = x. Hence up(z) = up(f(a)) =

f Hus(a) < f “Hus(1)) = up(f(1)) = pp(1).
Let z,y,z €Y, f(a) =z, f() y, f(c —zforsomea b, c GXMB( ®z)=pp(fla)®

)
> f up)b®a)« f " (up)(b®c) = up(f(be

f@)=ps(fla®c) =f (up)(a®
a)) x pup(f(b®c)) = up(f(b) ® f(a)) * up(f(b) ® f(c) = pp(y ® ) * pB(Yy @ 2).
Hence B is fuzzy asterisk ideal of Y. O

Definition 4.2. Let p be a fuzzy subset of X. A fuzzy relation g on X is called a fuzzy
p—product relation if u(x,y) > p(x) * p(y)

Theorem 4.11. Let p1, be the strongest fuzzy p—relation on X, where p is a subset of X.
Then p is a fuzzy ideal of X if and only if i, is a fuzzy asterisk ideal of X x X.

Proof. Suppose that p is a fuzzy asterisk ideal of X. For any =,y € X, we have y,(1,1) =
p(1) * p(1) = p(x) * p(y) = pp(z,y).
Let (z1,22),(y1,92),(21,22) € X x X. Then
pp(T1 ® 21,22 @ 22) = p(x1 @ 21) * p(x2 @ 22)
= p(yr @ x1) * p(y1 ® 21) * p(y2 @ 2) * p(y2 @ 22)
= fp(y1 @ 21,1 ® 21) * pp(y2 @ T2,y2 @ 22)
Hence , 1, is a fuzzy asterisk ideal of X x X. Conversly, assume that j, is a fuzzy asterisk
ideal of X x X, (p(1))? = p,(1,1) > pp(z,x) = (p(z))* V2 € X.Also,(p(z ® 2))? =

Hp(z®2,2@2) = pp((2,2) @ (2,2)) 2 1p((y,y) @ (2, ) * 1p((y,9) @ (2,2)) = pp(y @2,y @
2y (yR2,y®2) = (p(y@x))**(p(y©2))?, which implies that p(x®2) > p(y@z)*p(y®2)
for all x,y € X. Therefore , p is a fuzzy asterisk ideal of X. O

5. CONCLUSIONS

In the present paper,the notations of fuzzy asterisk subalgebras and fuzzy asterisk ideals
of GK-algebras are introduced with some of its important properties. The relationship are
discussed between fuzzy asterisk subalgebras and fuzzy asterisk ideals of GK-algebras.
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