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HARMONIC MEAN CORDIAL LABELING OF SOME WELL KNOWN
GRAPHS

J. PAREJIYA', P. T. LALCHANDANTI?, D. B. JANI3, S. MUNDADIYA*, §

ABSTRACT. All the graphs considered in this article are simple and undirected. Let
G = (V(G), E(G)) be a simple undirected Graph. A function f : V(G) — {1,2} is
called Harmonic Mean Cordial if the induced function f* : E(G) — {1,2} defined by
fr(uwv) = L%J satisfies the condition |vs (i) —vs ()| < 1 and |ef(i) —er(5)] < 1 for
any 4,5 € {1,2}, where v¢(z) and es(z) denotes the number of vertices and number of
edges with label z respectively and |x] denotes the greatest integer less than or equals
to x. A Graph G is called Harmonic Mean Cordial graph if it admits Harmonic Mean
Cordial labeling. In this article, we have discussed Harmonic Mean Cordial labeling of
splitting graphs graph of some well known graphs.

Keywords:Harmonic Mean Cordial, Splitting graph, Corona Product, Path graph, Star
Graph, Bistar Graph.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). For
basic terminology and notation not defined here we have followed Balakrishnan and Rang-
nathan [1]. In [5] J. Gowri and J. Jayapriya defined Harmonic Mean Cordial labeling of
graph G. Let G = (V(G), E(G)) be a simple undirected Graph. A function f : V(G) —
{1,2} is called Harmonic Mean Cordial if the induced function f* : E(G) — {1, 2} defined

by f*(uv) = | H5I5) | satisfies the condition [vy(i) — vy (j)] < 1 and |ef(i) — ef(j)] < 1
for any 4,7 € {1,2}, where vs(x) and ef(x) denotes the number of vertices and number
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of edges with label z respectively and |z] is the floor function. A Graph G is called
Harmonic Mean Cordial graph if it admits Harmonic Mean Cordial labeling. For the sake
of convenience of the reader we use HMC for harmonic mean cordial labeling. Motivated
by the interesting results proved on HMC labeling in [5, 6, 8, 9] and on interesting results
proved on Root Cube Mean Cordial labeling by [10], in this article we have discussed
HMC labeling of Splitting graph of Path graph, Star graph, Bistar graph, Comb graph,
P, ® K,, also we have proved that if a connected graph G is HMC then G ® K; is HMC.
We have also shown a graph G which is not HMC but G ® K; is HMC. Here, we have
mentioned basic definitions to make this article self-contained.

Definition 1.1. [11] The splitting graph S’ (G) of a graph G is obtained by adding to each
vertez v a new vertex v’ such that v’ is adjacent to every vertex that is adjacent to v in G.

Definition 1.2. [1] A walk in a graph G is a finite alternating sequence of vertices and
edges. A walk is called a trail if all the edges are distinct.

Definition 1.3. [1] A trail is called a Path if all the vertices are distinct. It is denoted by
P, where n > 1.

Definition 1.4. [1] A simple graph G is said to be complete if every pair of distinct
vertices of G are adjacent in G. It is denoted by K,,, where n > 2.

Definition 1.5. [1] Let G and Gy be two vertex-disjoint graphs. Then the join of two
graphs G1 and G denoted as G1 V Ga is a supergraph of G1 + G in which every vertex
of G1 s adjacent to each vertex of Gs.

Definition 1.6. [1] A graph is bipartite if its vertex set can be partitioned into two non
empty subsets V1 and Vs such that each edge of G has one end in Vi and other in Va. The
pair (V1,Va) is called bipartition of a bipartite graph. It is denoted by G(V1,Va). A simple
bipartite graph G(V1,Va) is complete if each vertex of V1 is adjacent to all the vertices of
Vo. If G(V1, Va) is complete with |Vi| = m and |Va| = n then G(Vi, Va) is denoted by K, p,.
Definition 1.7. [1] A complete bipartite graph of the form K, is called a star, where
n > 1.

Definition 1.8. [4] Bistar is the graph obtained by joining the apex vertices of two copies
of star graph Ky ,, where n > 1.

Definition 1.9. [7] Let G = (V1, E1) and Ga = (Va, E3) be two graphs. Then the Corona
of G1 and Gy is denoted as G1 ® Go is a graph obtained by taking one copy of G1 (which
has py vertices) and py copies of Gy and then joining the it vertex of Gy to every vertex
in the it" copy of G .

Definition 1.10. [1] Let P, be a path with n vertices. The Comb graph is defined P, ® K.
It has 2n vertices and 2n — 1 edges, where n > 2.

2. MAIN RESULTS

Theorem 2.1. S'(P,) is HMC if n is even.

Proof. Note that G = (V, E) = S'(P,) be the graph with |V (G)| = 2n and |E(G)| = 3n—3.
Let V(P,) = {vi]1 <i < n} and E(P,) = {e;]1 <i < n—1}. Let v; be the corresponding
vertex of v; in S (P,) for 1 <i < n and e, be the a corresonding edge of ¢; in S'(P,) for
1<1<n—1.
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Figure1: S (P,)

In this graph we have (n — 2) vertices with degree 4, n vertices with degree 2 and 2
vertices with degree 1. Suppose that S/(Pn) is HMC. Suppose that n is even. Since the
graph S'(P,) is HMC, we have v;(1) = n = v;(2). Now, if we define a labeling function
f:V(G) — {1,2} as follows,

2 5 1<i<2 41

N — ) )
f(”’)—{1 L Lpl<i<n
flo) =1
and

/ 2 5 2<4<2

_ ) )
f(vz)_{l : g<z§n

n—2

Note that eyq) = 252 and e (2) = 314 So, |ef(1) —ef(2)] = 1.
Therefore, S (P,) is HMC when n is even.
Hence, S’ (P,) is HMC if n is even. O

Example 2.1. HMC labeling of S’ (Py).

1 2 1 1

2 2 2 1
Figure?2: S (Py)
Theorem 2.2. S'(P,) is not HMC if n is odd.

Proof. Note that G = (V, E) = S'(P,) be the graph with |V (G)| = 2n and | E(G)| = 3n—3.
Let V(P,) = {vi]1 <i<n} and E(P,) = {e;]1 <i <n—1}. Let v; be the corresponding
vertex of v; in S (P,) for 1 <i < n and € be the a corresonding edge of e; in S'(P,) for
1 <i<n—1 asshown in Figure 1. In this graph we have (n — 2) vertices with degree 4,
n vertices with degree 2 and 2 vertices with degree 1. Suppose that S (P,) is HMC.
Suppose that n is odd. Since a graph S’ (P,) is HMC, v(1) =n = vs(2). Note that if we
give vetrex label as shown in pattern 1 or pattern 2, then it generates maximum no. of
edges with label 2 and it is % and minimum no. of edges with label 1 and it is 3”2_ L. So,
labeling functions shown in pattern 1 and pattern 2 is the best possible labeling function
for |ef(1) — ef(2)| to be minimum.

pattern 1:

We have defined a labeling function f: V(G) — {1, 2} as follows,

2 5 1<i<ndd
N — ) St
f(“l)_{1 ; mHl <y <n
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fl) =1
and .
, 9 ;. 2<j< il
f (Uz) = { . ntl _ 2
2
pattern 2:
We have defined a labeling function f: V(G) — {1, 2} as follows,

2 1<i<ndd
o0 = $is

—_
S
A

N

N

S

1 ”TH <i<n
and .
) = ’ _ - 2
f(w) {1 ; ml<i<n
But in this case also we have |ef(1) —ef(2)| = 2 > 1. So, S'(P,) is not HMC, when n is
odd. Hence, S'(P,) is not HMC if n is odd. O

Corollary 2.1. S/(Pn) is HMC' if and only if n is even.

Proof. Proof follows from Theorem 2.1 and Theorem 2.2. O
Theorem 2.3. S (K, ,,) is HMC.

Proof. Note that G = (V,E) = S'(Ki,) be the graph with |V(G)| = 2n + 2 and
|E(G)| = 3n. Let V(K1) = {vi|]l <i<n+1} and E(K;,) = {e|l < i < n}. Let

U; be the corresponding vertex of v; in S’ (Kip) for 1 <i<n+1and e; be the a cor-
resonding edge of ¢; in S’ (Kip) for1 <i<n.

'
Vg

'
V3

,
vy /
Uy

()
1
1
1)
1
1
L)
1 '
Us

[}
]
" [ J
9 ’
Up,

Figure3: S (K1)

In this graph we have one vertex with degree 2n, one vertex with degree n, n no. of
vertices with degree 2 and n no. of vertices with degree 1. Suppose that S,(Kl,n) is HMC.
Case 1: n is even
Since S (K1) is HMC, we have vf(1) = n 4+ 1 = vs(2). Now, if we define a labeling
function f: V(G) — {1, 2} as follows,
2 5 1<i<2 42
f(vi)_{ 1 %+2<%§n+1
and 2 1<i<2—1
1 3 STsSs 5 —
f(”i)_{ 1 %—1<%§n+1
Note that ef(1) = %L and ef(2) = %L So, |6f(1) — 6f(2)| = 0.
Case 2: n is odd
Since S (K1) is HMC, we have vf(1) = n 4+ 1 = vs(2). Now, if we define a labeling
function f: V(G) — {1, 2} as follows,
flu))=21<i<n
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f(U7L+1) =1

f(v,l) =2

flv))=12<i<n

Note that ef(1) = 3n2;1 and 6f(2) = % So, \ef(l) — 6f(2)‘ = 1.
Hence, S'(K1,,) is HMC.

Example 2.2. HMC labeling of S’ (K14) and S (K1 5).

1 1 1 1
1 A 1
1 2 1
2 1 2 1

Figure 4(a) : SI(K1,4) Figure 4(b) : S’ (K15)

Theorem 2.4. S (B,,,) is HMC.

Proof. Note that G = (V, E) = S’ (By,.n) be the graph with |V(G)| = 4n +4 and |E(G)| =
6n + 3. Let V(Bn,) = {vi|l <i<2n+2} and E(B,,,) = {ei]1 <i<2n+ 1}. Let v; be
the corresponding vertex of v; in S/(Bn,n) for 1 <4 <2n+42 and e;- be the a corresonding
edge of ¢; in S/(an) for 1 <¢<2n+1.

Figure5: S (Bnn)

In this graph we have 2 apex vertices with degree (2n + 2), 2 vertices corresponding to
apex vertices with degree (n + 1), 2n no. of vertices with degree 1 and 2n no. of vertices
with degree 2. Suppose that S'(B,,,,) is HMC. So, we have v;(1) = 2n 4 2 = v(2). Now,
if we define a labeling function f : V(G) — {1, 2} as follows,

(1 1<i<n+1
f(“i)—{z ot l<i<2n+2
and

N 1 ; 1§Z§n+1
f(”i)_{z Cont+l<i<2n+1
f(vl2n+2):1

Note that, ef(1) = 3n+2 and ef(2) = 3n+ 1. Then |ef(1) —ef(2)| =3n+2-3n—-1=1.
Hence, S'(B,.,) is HMC. O
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Figure 6(a) : S (Ba.s) Figure 6(b) : S (Bss)

)

Example 2.3. HMC labeling of S'(Bas2) and S'(Bs3).

Theorem 2.5. S (P, ® K1) is HMC.

Proof. Note that G = (V, E) = S'(P, ® K1) be the graph with |V (G)| = 4n and |E(G)| =
6n —3. Let V(P, ® K1) = {v;]1 <i<2n} and E(P, ® K1) = {e;|]1 <i <2n —1}. Let
{v;} be the corresponding vertex of {v;} in (P, ® K;) for 1 < i < 2n and e; be the a
corresonding edge of e; in S/(Pn O Kjp)forl1<i<2n-1.

2n Un+6 Un+5 Unt4 Un+3 Unt2 Un+1

Figure 7: 5 (P, ® k)

In this graph we have (n — 2) no. of vertices with degree 6, two vertices with degree 4,
(n + 2) no. of vertices with degree 2, (n — 2) vertices with degree 3 and n vertices with
degree 1. Suppose that S (P, ® K1) is HMC.

Case 1: n is even

As the graph S'(P, ® K1) is HMC, we have vf(1) = 2n = v;(2). Now, if we define a
labeling function f : V(G) — {1,2} as follows,

PR ERR IS

1 ; 37”<i§2n
and
’ 2 5 1<i<2
L) = ’ - -2
f (i) {1 ;T <i<2n

Note that, ef(1) = 3n — 1 and ef(2) = 3n — 2. Then |ef(1) —ef(2)| = 1.

Case 2: n is odd

As the graph S'(P, ® K;) is HMC, we have vs(1) = 2n = vf(2). Now, if we define a
labeling function f : V(G) — {1,2} as follows,

2 . 1<l
) — ) =t ="
f(vl) {1 7 3n2—1<2‘S2n
and o
_ ) =0t =79
f(“i)_{1 ; ml<i<on
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Note that, ef(1) = 3n — 1 and ef(2) = 3n — 2. Then |ef(1) —ef(2)| = 1.
Hence, S’ (P, ® K1) is HMC. O

Example 2.4. HMC labeling of S (Py ® k1) and S'(P3 ® ki).

Figure 8(a) : S (Py ® k) Figure 8(b) : S (Ps ® k1)

Theorem 2.6. S (P, ® K ) is HMC.

Proof. Note that G = (V, E) = §' (P, ® K,,) be the graph with |V (G)| = 2n(m + 1) and
|E(G)| =3(n+nm—1). Let V(P, ® Kp,) = {vi|1 <i<n(m+1)} and E(P, ® Kay,) =
{eill <i < mn+mn—1}. Let v; be the corresponding vertex of v; in (P, ® K,,) for
1 <i<3nand e; be the a corresonding edge of e; in S/(Pn(DFm) forl <i<mn+n-—1.

’ '
! Uy Ug Uy U,
ol z=2P
CRL PPt -* R s
v S et TRl Up s
4_—\:' [ A >
Sl - -
v om A3
\:~~:\\ \" . ,l',n| e
3 /e * “~b PR :: (Y3
Un+1/v, * Y L/ fd -1 % )
n+2 '\ V2m vom41 Va2 Sy Usm ‘I 1 ) (m+1)
° 9 Unim
’ UI 1 ' ./ , 1 . B A ’04,1 ‘ 1
Un+1 n+2 Up, U1 Upmto Vom Vom+1 Vo2 73m V3m+1  Usma2 Un(m+1)

Figure 9: 5 (P, ® Kpn)

In this graph we have (n — 2) vertices with degree (2m + 4), two vertices with degree
(2m + 2), (n — 2) no. of vertices with degree (m + 2), 2 vertices with degree (m + 1),
nm no. of vertices with degree 2 and nm no. of vertices with degree 1. Suppose that
S' (P, ® K,) is HMC.

Case 1: n is even

Since S'(P, ® K,;) is HMC, we have vs(1) = n(m + 1) = vs(2). Now, if we define a
labeling function f : V(G) — {1,2} as follows,

2 ; 1<i<?+1
1 ; 241<i<n
) — ’ 2 —
Je)=32 | ny1<i<nsmm
L5 n+ 5P <i<n(l+m)
and
(2 ; 1<i<Z+1
’ 1 ; ﬂ—|—1<’L'<7”L
L) = ’ 2 -
f(v) 2 ; n+1<i<™ _24n
L 2 —-2+n<i<n(l+m)
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Note that ef() = Snt3mn=2 and ey (2) = M= Go |er(1) —ep(2)] = 1.
Case 2: n is odd

Since S'(P, ® K,,,) is HMC, we have vs(1) = n(m + 1) = vs(2).

In this Case we have two possibilities.

Subase 1: m is even
If we define a labeling function f : V(G) — {1,2} as follows,

2 ; 1<i<ndd
1 ; "Tﬂ<i§n

fv) = . ; n—1
2 3 n+1<i<n+3+m("5)
1 5 n+3+m(%E) <i<n(m+1)

and
2 ; 1<i<ndd

: 1, 2l <i<n

f(vi): . : n—1
2 5 n+l1<i<n+m("5)
15 n+m(%) <i<n(m+1)

Note that ef() = 3(n+nm—1) and ef(2) = 3(n+nm —1). So, |ef(1) —ef(2)| = 0.
Subase 2: m is odd
If we define a labeling function f: V(G) — {1,2} as follows,

2 5 1<i<ndd
fo) =4 L il <i<n
YUY 2 5 n+1<i<n+m(sH
15 n+m(®) <i<n(m+1)
and
2 ; 1<i<nfd
/ 1 ; "Tﬂ<i§n
f(vi): . : n—3
2 3 n+l1<i<n+2+m("5°)
1 5 n+24+m(%2) <i<n(m+1)

Note that ef() = Snt3mn—d and ey (2) = =2 Go |ep(2) —ep(1)] = 1.
Hence, S’ (P, ® K ) is HMC.

Example 2.5. HMC labeling of S’ (Py ® ka) and S’ (P; ® k3).

Figure 10(a) : S’ (P, ® ko)

Example 2.6. HMC labeling of S'(P3 ® ky) and S (Ps @ k3).

2 2 1

Figurell(a) : S (Ps ® kyq) Figure 11(b) : S'(Ps @ k3)
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Theorem 2.7. Let G be a connected graph. If G is HMC then G ® Ky is HMC.

Proof. Let V(G) = {v1,v2,...,v,} and let f: V(G) — {1,2} be the HMC labelling func-
tion. Let u; be the pendant vertex adjacent to v; in G ® K for each i € {1,2,....,n} .
Since G is HMC, then we have vf(1) = vf(2).

Case 1: v¢(1) = v¢(2)

Since, G is HMC, we have |ef(1) —ef(2)] < 1.

Define f*: V(G ® K1) — {1,2} as follows

For any i € {1,2,....,n}

=2vy(1) and ep«(1) = ef(1) + § and ef«(2) = ef(2) +
lep«(1) —ep(2)] = lep(1) + 5 —ef(2) = 5| = |ep(1) —ef(2)| < 1.

03

Theorem 2.8. The Graphs P, ® K1,K1, ® K1 and B, , ® Ky are HMC.

Proof. By [5],Theorems 3.2,3.3 and 3.4, we have P,, K;, and B,, are HMC. So, by
Theorem 2.7 it follows that P, ® K{,K;, ® K and B, , ® K; are HMC.
]

In the next Reamrk 2.1 we have provided an example of a connect graph G which is not
HMC but G © K; is HMC.

Remark 2.1. By Theorem 2.2, it is clear that S’ (Ps) is not HMC if n is odd. Let
G = S/(Pn). Let V(G ® Ky) = {v1,va,v3,u1,us, us} where v; are the vertices of S,(Pn)
and u; s the pendent vertexr adjacent to v; in G ® K1 for i = 1,2,3. Now define f :
V(G ® K1) — {1,2} as follows

fvi)=2 for1<i<6

flui) =1 for1 <i<6.

Note that ve(1) = vp(2) =6 =ef(1) = ef(2). So, GO Ky is HMC.

3. CONCLUSION

In this article we have proved that Splitting graph of Path graph S'(P,) is HMC if and
only if n is even. Splitting graph of Star graph S/(Kl,n), Splitting graph of Bistar graph

!

S'(Bn.n), Splitting graph of Comb graph S'(P, ® K;) and S (P, ® K,,) are HMC. We
have also proved that If a connected graph G is HMC then G ® K is HMC. We have also
shown a graph G which is not HMC but G ® K; is HMC.
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