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A STUDY ON GROUP ACTION ON INTUITIONISTIC FUZZY

PRIMARY AND SEMIPRIMARY IDEALS

P. K. SHARMA1∗, §

Abstract. Group actions are a useful technique for examining the symmetry and au-
tomorphism characteristics of rings. The concept of intuitionistic fuzzy ideals in rings
has been broadened with the inclusion of the concepts of intuitionistic fuzzy primary
and semiprimary ideals. The purpose of this article is to extend the group action to the
intuitionistic fuzzy ideals of a ring R with group action on it and to derive a relation
between the intuitionistic fuzzy G-primary (G-semiprimary) ideals and the intuitionistic
fuzzy primary (semiprimary) ideals of R. We established that the largest G-invariant
intuitionistic fuzzy ideal contained in an intuitionistic fuzzy primary (semiprimary) ideal
is an intuitionistic fuzzy G-primary (G-semiprimary) ideal of R. Conversely, if Q is an
intuitionistic fuzzy G-primary (G-semiprimary) ideal of R, then there exists an intuition-
istic fuzzy primary (semiprimary) ideal P of R such that PG = Q. We also investigate
the relationships between the intuitionistic fuzzy G-primary (G-semiprimary) ideals of
R and their level cuts under this group action. Additionally, we establish a suitable
characterization of intuitionistic fuzzy G-primary (G-semiprimary) ideals of R in terms
of intuitionistic fuzzy points in R under this group action. In addition to these, we
also investigate the preservation of the image and pre-image of an intuitionistic fuzzy
G-primary (G-semiprimary) ideal of a ring under G-homomorphism.

Keywords: Intuitionistic fuzzy primary (semiprimary) ideals; Intuitionistic fuzzy G-
primary (G-semiprimary) ideals; radical of an intuitionistic fuzzyG-ideals; G-homomorphism.
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1. Introduction

The notion of a G-space [8] was introduced as a consequence of an action of a group
on an ordinary set under certain rules and conditions. Over the past history of Mathe-
matics and Algebra, the theory of group action [8] has proven to be an applicable and
effective mathematical framework for the study of several types of structures and making
connections among them. The applications of group action can be found in different areas
of science, such as physics, chemistry, biology, computer science, game theory, cryptogra-
phy, etc., which have worked out very well. The abstraction provided by group actions is
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ment of Mathematics, 2025; all rights reserved.

688



P. K. SHARMA : A STUDY ON GROUP ACTION .... 689

important because it allows geometrical ideas to be applied to more abstract objects. Sev-
eral objects and things have been found in mathematics that have natural group actions
defined for them. Specifically, groups can act on other groups or even on themselves.

Since the pioneering work of Zadeh [20] on fuzzy sets, there has been a growing interest
in this field due to its wide-ranging applications in engineering and computer science (see
[12]). Initially, the focus was on fuzzy set theory and fuzzy logic. However, over the past
two decades, there has been increasing interest in the development of fuzzy algebra, which
generalizes the well-established properties of algebraic structures. One of the prominent
generalizations of fuzzy sets theory is the theory of intuitionistic fuzzy sets introduced by
Atanassov [2],[3] and [4]. Biswas introduced the notion of intuitionistic fuzzy subgroup
of a group in [7]. The concepts of intuitionistic fuzzy subring and ideal were introduced
and studied by Hur and others in [9]. The notion like intuitionistic fuzzy (prime, primary,
semiprimary, nil radical etc.) ideals were studied in [10], [13], [14], [15] and [16]. The
concepts of group action on fuzzy ideal of a ring was defined and studied by Sharma, et
al. in [18]. Sharma in [17] studied the group action on intuitionistic fuzzy modules. After
that Yılmaz, et al. in [19] define the intuitionistic fuzzy action of a group on a set. Ali
and Smarandache in [1] studied the group action through the application of fuzzy sets and
Neutrosophic sets, where as Manemaran and Nagaraja applied group action on picture
fuzzy soft G-modules in [11].

In this paper, we assume that R is a commutative ring with unity and consider the
definition of intuitionistic fuzzy primary and semiprimary ideals of a ring R, introduced
in [13] and [16], and study G-invariant intuitionistic fuzzy primary ideal of the ring R
and their properties. A suitable characterization of intuitionistic fuzzy G-primary (G-
semiprimary) ideals in terms of G-invariant intuitionistic fuzzy points is established. A
relationship between the intuitionistic fuzzy G-primary (semiprimary) ideal with their
level cuts set is studied. Finally in section 5. we elaborate the image and pre-image under
G-homomorphism of intuitionistic fuzzy (primary, semiprimary) ideals. We also studied
the properties of intuitionistic fuzzy G-primary and intuitionistic fuzzy G-semiprimary
ideals of R under G-homomorphism.

2. Preliminaries

Throughout this paper R is a commutative ring with identity.

Definition 2.1. ([2]) “An intuitionistic fuzzy set (IFS) A in X can be represented as an
object of the form A = {⟨x, µA(x), νA(x)⟩ : x ∈ X}, where the functions µA : X → [0, 1]
and νA : X → [0, 1] denote the degree of membership (namely µA(x)) and the degree
of non-membership (namely νA(x)) of each element x ∈ X to A respectively and 0 ≤
µA(x) + νA(x) ≤ 1 for each x ∈ X”.

Remark 2.1. ([6])
(i) When µA(x) + νA(x) = 1, for every x ∈ X. Then A is termed as a fuzzy set.
(ii) An IFS A = {⟨x, µA(x), νA(x)⟩ : x ∈ X} is briefly written as A(x) = (µA(x), νA(x)),
for every x ∈ X. We designate it by IFS(X) the collection of all IFSs of X.
(iii) If p, q ∈ [0, 1] so that p + q ≤ 1. Then A ∈ IFS(X) defined by µA(x) = p and
νA(x) = q, for every x ∈ X, is called a constant IFS of X. Any IFS of X defined other
than this is referred to as a non-constant intuitionistic fuzzy set.

“If A,B ∈ IFS(X), then A ⊆ B contingent upon µA(x) ≤ µB(x) and νA(x) ≥ νB(x),
for every x ∈ X and A = B ⇔ A ⊆ B and B ⊆ A. Given any subset Y of X, the
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IF-characteristic function χY is an IFS of X, described as χY (x) = (1, 0), for every x ∈ Y
and χY (x) = (0, 1), for every x ∈ X\Y . Assume that α, β ∈ [0, 1] such that α+β ≤ 1. The
the crisp set A(α,β) = {x ∈ X : µA(x) ≥ α and νA(x) ≤ β} is termed as the (α, β)-level
cut subset of A. Further, if f : X → Y is a mapping and A,B be respectively IFS of X
and Y . The image f(A) is an IFS of Y is described as µf(A)(y) = Sup{µA(x) : f(x) = y},
νf(A)(y) = Inf{νA(x) : f(x) = y}, for all y ∈ Y and the inverse image f−1(B) is an IFS
of X is described as µf−1(B)(x) = µB(f(x)), νf−1(B)(x) = νB(f(x)), for every x ∈ X, i.e.,

f−1(B)(x) = B(f(x)), for every x ∈ X. Also the IFS x(α,β) of X defined as x(α,β)(y) =
(α, β), if y = x, otherwise (0, 1) is called the intuitionistic fuzzy point (IFP) in X with
support x. By x(α,β) ∈ A we mean µA(x) ≥ α and νA(x) ≤ β” [16].

Definition 2.2. ([9]) “Let A ∈ IFS(R). Then A is termed as an intuitionistic fuzzy ideal
(IFI) of ring R, if for every r, s ∈ R, the subsequent conditions hold
(i) µA(r − s) ≥ min{µA(r), µA(s)};
(ii) µA(rs) ≥ max{µA(r), µA(s)};
(iii) νA(r − s) ≤ max{νA(r), νA(s)};
(iv)νA(rs) ≤ min{νA(r), νA(s)}.”

“Note that µA(0R) ≥ µA(r) ≥ µA(1R), νA(0R) ≤ νA(r) ≤ νA(1R),∀r ∈ R. The collec-
tion of all IFIs of R is abbreviated by IFI(R)” [16].

Definition 2.3. ([5]) Suppose A,B ∈ IFI(R). Then the intuitionistic fuzzy product AB
of A and B is describe as: For every x ∈ R

(µAB(x), νAB(x)) =

{
(supx=rs(min{µA(r), µB(s))}, infx=rs(max{νA(r), νB(s))}, if x = rs

(0, 1), otherwise

where as usual supremum and infimum of an empty set are taken to be 0 and 1 respec-
tively.

Remark 2.2. ([16]) Let R be a commutative ring. Then for any a(p,q), b(t,s) ∈ IFP (R)
(i) a(p,q) + b(t,s) = (a+ b)(p∧t,q∨s);
(ii) a(p,q)b(t,s) = (ab)(p∧t,q∨s).

Theorem 2.1. ([6]) Let A ∈ IFS(R). Then A is an intuitionistic fuzzy ideal if and only
if A(α,β) is an ideal of R, for all α ≤ µA(0), β ≥ νA(0) with α+ β ≤ 1. In particular, if A
is an IFI of R, then A∗ = {x ∈ R : µA(x) = µA(0), νA(x) = νA(0)} is always an ideal of
R.

Definition 2.4. ([16]) Let P be a non constant IFI of a ring R. Then P is designate to
be an IF prime ( primary ) ideal of R, if given any two IFIs A,B of R with

AB ⊆ P ⇒ A ⊆ P or B ⊆ P ( A ⊆ P or B ⊆
√
P ), where

√
P is the radical of P

defined by

µ√
P (x) = sup{µP (x

n) : n ∈ N} and ν√P (x) = inf{νP (xn) : n ∈ N}.

Theorem 2.2. ([16], Theorem (2.8) and Theorem (3.2)) Let P be an IFI of a ring R.
Then given any a(p,q), b(t,s) ∈ IFP (R) the subsequent conditions are identical:
(i) P is an IF prime (primary) ideal of R

(ii) a(p,q)b(t,s) ⊆ P ⇒ a(p,q) ⊆ P or b(t,s) ⊆ P ( a(p,q) ⊆ P or b(t,s) ⊆
√
P ).

Theorem 2.3. ([16], Theorem (2.9) and Theorem (3.7) ) If P is an IF prime (primary)
ideal of a ring R, then the subsequent conditions hold:
(i) P (0R) = (1, 0),
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(ii) P∗ is a prime (primary) ideal of R,
(iii) Img(P ) = {(1, 0), (t, s)}, here t, s ∈ [0, 1) with t+ s ≤ 1.

Definition 2.5. ([13]) Let P be a non constant IFI of a ring R. Then P is said to be
an IF semiprimary ideal of R, if given any two IFIs A,B of R with AB ⊆ P infer that
A ⊆

√
P or B ⊆

√
P .

Remark 2.3.
(i) From the definition it is clear that if A is an IF semiprimary ideal of R, then

√
A is

an IF prime ideal of R.
(ii) If A is an IF primary ideal of R, then A is also an IF semiprimary ideal of R. But
converse of it is not true. Check the subsequent example

Example 2.1. Consider R = Z8 be the ring of integers modulo 8. Define the IFS A of R
by

µA(r) =


1, if r = 0

0.6, if r = 2, 4, 6

0, if r = 1, 3, 5, 7.

; νA(r) =


0, if r = 0

0.3, if r = 2, 4, 6

1, if r = 1, 3, 5, 7.

Now, it is easy to verify that A is an IFI of R such that
√
A = χI , where I = {0, 2, 4, 6} is

a prime ideal of R and by Theorem (2.3)
√
A is an IF prime ideal of R. Then by definition

A is an IF semiprimary ideal of R. Moreover, by Theorem (2.3) A is not an IF primary
ideal of R, for |img(A)| = 3.

Definition 2.6. ([14]) Let X and Y are any sets, f : X → Y be any function. An
IFS A of X is called f -invariant if f(x1) = f(x2) implies that µA(x1) = µA(x2) and
νA(x1) = νA(x2). for every x1, x2 ∈ X.

Proposition 2.1. Let f : R → R
′
be a ring homomorphism from a ring R onto a ring R

′

and A ∈ IFS(R) which is a constant on kerf . Then

µf(A)(f(r)) = µA(r) and νf(A)(f(r)) = νA(r), ∀r ∈ R.

Proof. Assume that A is constant on kerf and r ∈ R. Then, for r
′ ∈ R

′
, f(r) = r

′
.

Moreover, for any s ∈ f−1(r
′
), we have f(s) = r

′
= f(r) and consequently, µA(s) = µA(r)

and νA(s) = νA(r). Now

µf(A)(f(r)) = µf(A)(r
′
)

= sup{µA(s) : s ∈ f−1(r
′
)}

= sup{µA(r)}
= µA(r).

Likewise, it can be revealed that νf(A)(f(r)) = νA(r). This complete the proof. □

Theorem 2.4. ([16]) Let R and R
′
be rings. Let f : R → R

′
be a homomorphism. If P

be an IF primary ideal of R
′
, then f−1(P ) is an IF primary ideal of R.

Theorem 2.5. ([16]) Let R and R
′
be rings. Let f : R → R

′
be an epimorphism. If P is

an IF primary ideal which is constant on Kerf of R, then f(P ) is an IF primary ideal of

R
′
.
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3. Group action on intuitionistic fuzzy ideal of a ring

Definition 3.1. ([7]) Let G be a group and S a non-empty set. Then the map ϕ : G×S →
S, with ϕ(g, x) written as g ∗x, is an action of G on S if and only if for all g, h ∈ G, x ∈ S

(1) g ∗ (h ∗ x) = (gh) ∗ x,
(2) e ∗ x = x, where e is the identity element of the group G.

We assume that R be a ring and G be a finite group such that G acts on a subset S of
R (For example: ∀g ∈ G, x ∈ S, xg = gxg−1 ∈ S, where xg define the action of the element
g on the element x of S). Here in this section, we define the group action of G on an IFS
A of a ring R.

Definition 3.2. The group action of G on an IFS A of a ring R is denoted by Ag and
is defined as Ag = {⟨x, µAg(x), νAg(x)⟩ : x ∈ R}, where µAg(x) = µA(x

g) and νAg(x) =
νA(x

g) for every x ∈ R, g ∈ G.

From the definition of group action on IFS, following results are easy to derive

Lemma 3.1. Let A and B be two IFSs of a ring R and G be a finite group which acts on
A and B. Then

(1) (A ∩B)g = Ag ∩Bg,∀g ∈ G;
(2) (A ∪B)g = Ag ∪Bg,∀g ∈ G;
(3) (A×B)g = Ag ×Bg,∀g ∈ G;
(4) If A ⊆ B, then Ag ⊆ Bg, ∀g ∈ G;
(5) (Ag)h = Agh, ∀g, h ∈ G;

(6) (Ag)g
−1

= Ae, ∀g ∈ G.

Lemma 3.2. Let G be a finite group which acts on a ring R. Then for x, y ∈ R, g ∈ G,
we have

(1) (x− y)g = xg − yg;
(2) (xy)g = xgyg;
(3) (x, y)g = (xg, yg);

Proposition 3.1. Let A be an IFI of a ring R and G be a finite group which acts on A,
then Ag is also an IFI of R.

Proof. Let x, y ∈ R, g ∈ G be any elements. Then

µAg(x− y) = µA((x− y)g) = µA(x
g − yg)

≥ min{µA(x
g), µA(y

g)}
= min{µAg(x), µAg(y)}.

Thus µAg(x − y) ≥ min{µAg(x), µAg(y)}. Likewise, it can be revealed that νAg(x − y) ≤
max{νAg(x), νAg(y)}. Also,

µAg(xy) = µA((xy)
g) = µA(x

gyg)

≥ max{µA(x
g), µA(y

g)}
= max{µAg(x), µAg(y)}.

Thus µAg(xy) ≥ max{µAg(x), µAg(y)}. Likewise, it can be revealed that νAg(xy) ≤
min{νAg(x), νAg(y)}. Hence Ag is an IFI of R. □

Remark 3.1. The converse of Proposition (3.1) not necessarily be true, i.e., Ag may be
an IFI of R even though A is not an IFI of R. See the following example.
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Example 3.1. Let R = ({0, 1, 2, 3} : +4,×4) be a ring, G = ({1, 2, 3, 4} : ×5) be a finite
group. Consider the IFS A of R designated by A = {⟨0, 1, 0⟩, ⟨1, 0.4, 0.4⟩, ⟨2, 0.6, 0.2⟩, ⟨3, 0.5, 0.3⟩}.
Clearly, A is not an IFI of R, for µA(3− 2) = µA(1) = 0.4 < 0.5 = min{µA(3), µA(2)}.
Take g = 2 so that g−1 = 3, then xg = gxg−1 = 2 × x × 3 = 6x(mod4) = 2x(mod4), we
get

µAg(x) =

{
1, if x = 0, 2

0.6, if x = 1, 3
; νAg(x) =

{
0, if x = 0, 2

0.2, if x = 1, 3.

Now, it is easy to check that Ag is an IFI of R.

Definition 3.3. Let A be an IFI of a ring R and G be a finite group which acts on A.
Then A is called an intuitionistic fuzzy G-ideal of R if Ag is an IFI of R for all g ∈ G.

Proposition 3.2. If A,B are two IFIs of a ring R and G be a finite group which acts on
A and B, then (A ∩B)g is also an IFI of R.

Proof. Follows from Lemma (3.1)(1) and Proposition (3.1). □

Proposition 3.3. If A,B are two IFIs of a ring R and G be a finite group which acts on
A and B, then (A×B)g is also an IFI of R.

Proof. Follows from Lemma (3.1)(3) and Proposition (3.1). □

Proposition 3.4. If
√
A is an IF radical of an IFI A of a ring R and G be a finite group

which acts on A, then
√
Ag = (

√
A)g, for all g ∈ G.

Proof. Let x ∈ R, g ∈ G be any element. Then

µ√
Ag(x) = sup{µAg(xn) : n ∈ N}

= sup{µA((x
n)g) : n ∈ N}

= sup{µA((x
g)n) : n ∈ N}

= µ√
A(x

g)

= µ(
√
A)g(x).

Likewise, it can be revealed that ν√Ag(x) = ν(
√
A)g(x). Hence

√
Ag = (

√
A)g, for every

g ∈ G. □

Proposition 3.5. If P is an intuitionistic fuzzy primary ideal of a ring R, then P g is
also an intuitionistic fuzzy primary ideal of R, where g ∈ G be any element.

Proof. Let A,B be IFIs of ring R with AB ⊆ P g, where g ∈ G be any element.

Now, we claim that Ag−1
Bg−1 ⊆ P . It is sufficient to show that µ

Ag−1Bg−1 (x) ≤ µP (x)
and ν

Ag−1Bg−1 (x) ≥ νP (x), ∀x ∈ R.

µ
Ag−1Bg−1 (x) = sup

x=ab
{min(µ

Ag−1 (a), µBg−1 (b))}

= sup
xg−1=ag−1bg−1

{min(µA(a
g−1

), µB(b
g−1

))}

= µAB(x
g−1

)

≤ µP g(xg
−1
)

= µP (x).

Thus µ
Ag−1Bg−1 (x) ≤ µP (x). Likewise, it can be revealed that ν

Ag−1Bg−1 (x) ≥ νP (x).

Hence Ag−1
Bg−1 ⊆ P which implies that either Ag−1 ⊆ P or Bg−1 ⊆

√
P . If Ag−1 ⊆
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P , then µA(x) = µA((x
g)g

−1
) = µ

Ag−1 (xg) ≤ µP (x
g) = µP g(x). Similarly, we have

νA(x) ≥ νP g(x). Thus A ⊆ P g. In a same way we can achieve that, if Bg−1 ⊆
√
P , then

B ⊆ (
√
P )g =

√
P g. Hence P g is an IF primary ideal of R. □

In the sequel, we can prove the following

Proposition 3.6. If P is an IF semiprimary ideal of a ring R, then P g is also an IF
semiprimary ideal of R, where g ∈ G be any element.

4. Intuitionistic fuzzy G-primary and G-semiprimary ideal

By using the definition of G-invariant ideal of a ring R, we define G-invariant intu-
itionistic fuzzy ideal and G-invariant intuitionistic fuzzy primary and semiprimary ideal
of R.

Definition 4.1. Let A be an IFS of a ring R and G be a group which acts on R. Then A
is said to be G-invariant IFS of R if and only if

µAg(x) = µA(x
g) ≥ µA(x), νAg(x) = νA(x

g) ≤ νA(x),∀x ∈ R and ∀g ∈ G.

Note that if A is a G-invariant IFS ( or IFI) of R, then

µA(x) = µA((x
g)g

−1
) ≥ µA(x

g) = µAg(x) implies that µAg(x) = µA(x). Similarly, we have

νA(x) = νA((x
g)g

−1
) ≤ νA(x

g) = νAg(x) implies that νAg(x) = νA(x).

Proposition 4.1. Let A be an IFS of a ring R and G be a finite group which acts on R.
Then A is G-invariant IFS of R if and only if Ag = A, for all g ∈ G.

Proof. Follows immediately from the Definition (3.1). □

Theorem 4.1. Let A be an IFS of a ring R and G be a finite group which acts on R.
Let AG =

⋂
g∈GAg. Then AG = (µAG , νAG), where µAG(x) = min{µA(x

g) : g ∈ G} and

νAG(x) = max{νA(xg) : g ∈ G}, ∀x ∈ R. Moreover, AG is the largest G-invariant IFS of
R contained in A.

Proof. Since A be an IFS of R and so Ag is IFS of R for all g ∈ G. Also, intersection of
IFSs of R is an IFS of R and so AG is an IFS of R. Next, we show that AG is G-invariant
IFS of R. Now,

µAG(xg) = min{µAh(xg) : h ∈ G}
= min{µA{(xg)h} : h ∈ G}
= min{µA(x

gh) : h ∈ G}

= min{µA(x
g
′
) : g

′ ∈ G}
= µAG(x).

Likewise, it can be revealed that νAG(xg) = νAG(x),∀x ∈ R. Thus AG is G-invariant IFS
of R.

Further, let B be any G-invariant IFS of R such that B ⊆ A. Then for any x ∈ R, g ∈ G,
we get µB(x

g) = µB(x) ≤ µA(x) and νB(x
g) = νB(x) ≥ νA(x).

Now, µB(x
g) = µB(x) = µB{(xg)g

−1} ≤ µA(x
g)

⇒ µB(x) ≤ min{µA(x
g) : g ∈ G} = µAG(x).

Similarly, νB(x
g) = νB(x) = νB{(xg)g

−1} ≥ νA(x
g)

⇒ νB(x) ≥ max{νA(xg) : g ∈ G} = νAG(x).
Thus B ⊆ AG. Hence AG is the largest G-invariant IFS of R contained in A. □
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Proposition 4.2. Let A be an IFI of a ring R and G be a finite group which acts on R.
Then AG is the largest G-invariant IFI of R contained in A.

Proof. Let x, y ∈ R, g ∈ G be any element, then

µAG(x− y) = min{µA((x− y)g) : g ∈ G}
= min{µA(x

g − yg) : g ∈ G}
≥ min{min{µA(x

g), µA(y
g)} : g ∈ G}

= min{min{µA(x
g) : g ∈ G},min{µA(y

g) : g ∈ G}}
= min{µAG(x), µAG(y)}.

Likewise, it can be revealed that νAG(x− y) ≤ max{νAG(x), νAG(y)}. Also,

µAG(xy) = min{µA((xy)
g) : g ∈ G}

= min{µA(x
gyg) : g ∈ G}

≥ min{max{µA(x
g), µA(y

g)} : g ∈ G}
= max{min{µA(x

g), µA(y
g)} : g ∈ G}

= max{min{µA(x
g) : g ∈ G},min{µA(y

g) : g ∈ G}}
= max{µAG(x), µAG(y)}.

Likewise, it can be revealed that νAG(xy) ≤ min{νAG(x), νAG(y)}. Hence AG is an IFI of
R. Further, AG is the largest G-invariant IFI of R contained in A can be proved similar
to Theorem (4.1). □

Proposition 4.3. An IFI A of a ring R is G-invariant IFI of R if and only if AG = A.

Proof. From Proposition (4.2) we get AG ⊆ A. Also, because A is G-invariant IFI of
R and A ⊆ A. But AG is the largest G-invariant IFI of R contained in A implies that
A ⊆ AG. Hence AG = A. □

Proposition 4.4. If A is a G-invariant IFI of a ring R and G be a finite group which
acts on A, then

(
√
A)G =

√
AG.

Proof. Suppose x ∈ R, g ∈ G be any element. Then

µ(
√
A)G(x) = min{µ√

A(x
g) : g ∈ G}

= min{sup{µA((x
g)m) : m ∈ N} : g ∈ G}

= sup{min{µA((x
m)g) : g ∈ G} : m ∈ N}

= sup{µAG(xm) : m ∈ N}
= µ√

AG(x).

Likewise, it can be revealed that ν(
√
A)G(x) = ν√

AG(x), ∀x ∈ R. This implies that

(
√
A)G =

√
AG. □

Theorem 4.2. If A,B are G-invariant IFIs of a ring R, then A+B is also G-invariant
IFI of R.
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Proof. Suppose x ∈ R, g ∈ G be any elements, then

µ(A+B)g(x) = µA+B(x
g)

= sup
xg=a+b

{µA(a), µB(b)}

= sup
xg=a+b

{µA(a
g−1

), µB(b
g−1

)}[As A and B are G-invariant IFIs]

= sup
x=ag−1+bg−1

{µA(a
g−1

), µB(b
g−1

)}

= µA+B(x).

Likewise, it can be revealed that ν(A+B)g(x) = νA+B(x). Thus (A+B)g = A+B, ∀g ∈ G.
Hence A+B is also G-invariant IFI of R. □

Theorem 4.3. If A,B are G-invariant IFIs of a ring R, then AB is also G-invariant IFI
of R.

Proof. Let x ∈ R, g ∈ G be any elements, then

µ(AB)g(x) = sup
xg=ab

min{µA(a), µB(b)}

= sup
xg=ab

min{µA(a
g−1

), µB(b
g−1

)}[As A and B are G-invariant IFIs]

= sup
x=ag−1bg−1

min{µA(a
g−1

), µB(b
g−1

)}

= µAB(x).

Likewise, it can be revealed that ν(AB)g(x) = νAB(x). Thus (AB)g = AB, ∀g ∈ G.
Hence AB is also G-invariant IFI of R. □

Definition 4.2. Let P be a non-constant IFI of a ring R and G be a finite group which
acts on P . Then P is termed as an IF G-primary ideal of R if P is G-invariant IF
primary ideal of R.

Definition 4.3. Let P be a non-constant IFI of a ring R and G be a finite group which
acts on P . Then P is said to be an IF G-semiprimary ideal of R if P is G-invariant IF
semiprimary ideal of R.

Proposition 4.5. Let P be an IF G-primary ideal of R. Then P(s,t) is a G-primary ideal
of R, where s ∈ [µP (1), µP (0)] and t ∈ [νP (0), νP (1)] such that s+ t ≤ 1.

Proof. It is easy to show that P(s,t) is an ideal of R. We show that P(s,t) is G-invariant.
Let x ∈ P(s,t), g ∈ G be any element. Since P is G-invariant intuitionistic fuzzy pri-
mary ideal of R, so µP (x

g) = µP (x) ≥ s and νP (x
g) = νP (x) ≤ t,∀g ∈ G implies that

xg ∈ P(s,t),∀g ∈ G. Hence P(s,t) is G-invariant.

Next we show that P(s,t) is primary ideal of R. Let I and J be twoG-invariant ideals of R
such that IJ ⊆ P(s,t). Define two IFSs A = χI and B = χJ . It is easy to check that A and
B are G-invariant IFIs of R (as I and J are G-invariant ideals). We claim that AB ⊆ P .
Let x ∈ R be any element. If AB(x) = (0, 1), there is nothing to prove. If AB(x) ̸= (0, 1).
Then AB(x) = (s, t), but µAB(x) = supx=yz(µA(y)∧µB(z)) = supx=yz(χI(y)∧χJ(z)) ̸= 0
and νAB(x) = infx=yz(νA(y)∨νB(z)) = infx=yz(χI(y)∨χJ(z)) ̸= 1. This implies that there
exist y ∈ I, z ∈ J such that x = yz. Thus x = yz ∈ IJ ⊆ P(s,t). So µP (x) ≥ s, νP (x) ≤ t.
Hence AB ⊆ P . Since P is an intuitionistic fuzzy G-primary ideal of R, either A ⊆ P
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or B ⊆
√
P . Suppose that, A ⊆ P , then I ⊆ P(s,t). Because, if I ⊃ P(s,t), then there is

an element a ∈ R such that a ∈ I, but a /∈ P(s,t). This implies that µA(a) = µχI (a) = 1
and νA(a) = νχI (a) = 0, but µP (a) < s and νP (a) > t. Thus µA(a) = 1 > µP (a)

and νA(a) = 0 < νP (a). Hence A ⊃ P , a contradiction. Similarly, if B ⊆
√
P , then

J ⊆
√

P(s,t). Hence P(s,t) is G-primary ideal of R. □

similarly, we can prove the following

Proposition 4.6. Let P be an IF G-semiprimary ideal of R. Then P(s,t) is a G-semiprimary
ideal of R, where s ∈ [µP (1), µP (0)] and t ∈ [νP (0), νP (1)] such that s+ t ≤ 1.

Proposition 4.7. If P is an intuitionistic fuzzy G-semiprimary ideal of R, then P =
(
√
P )G.

Proof. Let P is an intuitionistic fuzzy G-semiprimary ideal of R. Therefore, P is G-
invariant intuitionistic fuzzy semiprimary ideal of R and so, PG = P .

µ(
√
P )G(x) = min{µ√

P (x
g) : g ∈ G}

= min{sup{µP ((x
g)m) : m ∈ N} : g ∈ G}

= sup{min{µP ((x
m)g) : g ∈ G} : m ∈ N}

= sup{µP (x
m) : m ∈ N}

≤ µP (x).

Likewise, it can be revealed that ν(
√
P )G(x) ≥ νP (x). Thus (

√
P )G ⊆ P .

For the other inclusion we have µP (x) = µPG(x) = min{µP (x
g) : g ∈ G}.

As A is an IFI of R, we have µA(x) ≤ µA(x
m),∀m ∈ N, x ∈ R and so

min{µP (x
g) : g ∈ G} ≤ min{µP ((x

g)m) : g ∈ G}
≤ min{sup{µP ((x

g)m) : m ∈ N} : g ∈ G}
= µ(

√
P )G(x).

Thus µP (x) ≤ µ(
√
P )G(x). Likewise, it can be revealed that νP (x) ≥ ν(

√
P )G(x). Thus we

have P ⊆ (
√
P )G. Hence the result proved. □

From the above discussion on the results on intuitionistic fuzzy primary (semiprimary)
ideals that are G-invariant also. We can also define intuitionistic fuzzy G-primary (G-
semiprimary) ideals in the following ways too

Definition 4.4. A non-constant G-invariant IFI P of a ring R is said to be G-primary
IFI if for any two G-invariant IFIs A and B of R such that AB ⊆ P implies either A ⊆ P
or B ⊆

√
P .

Definition 4.5. A non-constant G-invariant IFI P of a ring R is said to be G-semiprimary
IFI if for any two G-invariant IFIs A and B of R such that AB ⊆ P implies either A ⊆

√
P

or B ⊆
√
P .

Proposition 4.8. Let P be an intuitionistic fuzzy G-invariant ideal of R. Then the
following are equivalent

(1) P is an intuitionistic fuzzy G-primary ideal of R;
(2) For any x(p,q), y(s,t) ∈ IFP (R), where x, y ∈ R are G-invariant points such that

x(p,q)y(s,t) ⊆ P implies that either x(p,q) ⊆ P or y(s,t) ⊆
√
P .
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Proof. (1) ⇒ (2) Assume that P is an intuitionistic fuzzy G-primary ideal of R.
Let x(p,q), y(s,t) ∈ IFP (R), where x, y ∈ R are G-invariant points such that x(p,q)y(s,t) ⊆ P .
Then x(p,q)y(s,t) = (xy)(p∧s,q∨t), where µP (xy) ≥ p ∧ s and νP (xy) ≤ q ∨ t.
Let us define IFSs A,B of R by A = χ<x> and B = χ<y>. Clearly, A and B areG-invariant
IFIs of R. Now µAB(z) = Supz=uv(µA(u) ∧ µB(v)) = p ∧ s and νAB(z) = infz=uv(νA(u) ∨
νB(v)) = q ∨ t, where u ∈< x > and v ∈< y >. Thus µAB(z) = p ∧ s ≤ µP (z) and
νAB(z) = q ∨ t ≥ νP (z), when z = uv, where u ∈< x > and v ∈< y >. Otherwise
AB(z) = (0, 1), i.e., AB ⊆ P . As P is intuitionistic fuzzy G-primary ideal so either

A ⊆ P or B ⊆
√
P . Then x(p,q) ⊆ A ⊆ P or y(s,t) ⊆

√
B ⊆

√
P .

(2) ⇒ (1) Let A and B be two G-invariant IFIs of R such that AB ⊆ P . Suppose
A ⊃ P . Then there exists G-invariant element x ∈ R such that µA(x) > µP (x) and
νA(x) < νP (x). Let µA(x) = p, νA(x) = q. Let y ∈ R be G-invariant element of R
such that µB(y) = s, νB(y) = t. If z = xy, then x(p,q)y(s,t) = (xy)(p∧s,q∨t). Hence
µP (z) = µP (xy) ≥ µAB(xy) ≥ [µA(x) ∧ µB(y)] = p ∧ s = µ(xy)(p∧s,q∨t)

(z). Similarly, we

have νP (z) ≤ ν(xy)(p∧s,q∨t)
(z). Hence x(p,q)y(s,t) ⊆ P , then by (2), we get either x(p,q) ⊆ P

or y(s,t) ⊆
√
P , i.e., either µP (x) ≥ p, νP (x) ≤ q or µ√

P (x) ≥ s, ν√P (x) ≤ t. Since

µP (x) < p, νP (x) > q and µB(y) = s ≤ µ√
P (y), νB(y) = t ≥ ν√P (y). So, B ⊆

√
P . Hence

P is an intuitionistic fuzzy G-primary ideal of R. □

Similarly, we can prove the following

Proposition 4.9. Let P be an intuitionistic fuzzy G-invariant ideal of R. Then the
following are equivalent

(1) P is an intuitionistic fuzzy G-semiprimary ideal of R;
(2) Given any x(p,q), y(s,t) ∈ IFP (R), where x, y ∈ R are G-invariant points such that

x(p,q)y(s,t) ⊆ P infer that either x(p,q) ⊆
√
P or y(s,t) ⊆

√
P .

Proposition 4.10. If P is an IF primary ideal of a ring R, then PG is G-primary IFI
ideal of R. Conversely, if Q is an intuitionistic fuzzy G-primary ideal of R, then there
exists an IF primary ideal P of R such that PG = Q.

Proof. Let P be an intuitionistic fuzzy primary ideal of the ring R and let A and B be
two G-invariant IFIs of R such that AB ⊆ PG. Then AB ⊆ P (since PG ⊆ P always).

So, either A ⊆ P or B ⊆
√
P . Since A and B are G-invariant IFIs of R, but PG is the

largest G-invariant IFI of R contained in P . So, either A ⊆ PG or B ⊆ (
√
P )G =

√
PG.

Hence PG is G-primary IFI ideal of R.

For the converse part, suppose thatQ is an IFG-primary ideal of R. Therefore, QG = Q.
Let S = {P |P is an IFI of R with PG ⊆ Q}. By Zorn

′
s lemma, there exist intuitionistic

fuzzy maximal ideal P such that PG ⊆ Q. Let A and B be two IFIs of R such that
AB ⊆ P . Then (AB)G ⊆ PG ⊆ Q. Since AG and BG are largest IFIs of R contained in
A and B respectively. We claim that AGBG ⊆ AB is a G-invariant.

µAGBG(xg) = sup
xg=uv

min{µAG(u), µBG(v)}

= sup
x=ug−1vg−1

min{µAG(ug
−1
), µBG(vg

−1
)}

= µAGBG(x).

Similarly, we can show that νAGBG(xg) = νAGBG(x). Hence AGBG ⊆ (AB)G ⊆ Q. Since
Q is an IF G primary ideal of R, then we have either AG ⊆ Q or BG ⊆

√
Q. By maximality
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of P either A ⊆ P or B ⊆ P . This implies that P is an IF prime and hence an IF primary
ideal of R. As QG = Q, we have Q ∈ S. But maximality of P gives that Q ⊆ P . Since P
and QG are G invariant and PG is largest in P , we get Q ⊆ PG. Hence PG = Q. □

Similarly, we can prove the following

Proposition 4.11. If P is an intuitionistic fuzzy semiprimary ideal of a ring R, then PG

is G-semiprimary IFI ideal of R. Conversely, if Q is an intuitionistic fuzzy G-semiprimary
ideal of R, then there exists an intuitionistic fuzzy semiprimary ideal P of R such that
PG = Q.

5. G-Homomorphism of intuitionistic fuzzy G–ideals

In this part of paper, we explore the image and pre image of intuitionistic fuzzy G-ideals
under the ring homomorphism.

Definition 5.1. A homomorphism ϕ : R → R
′
from a ring R to a ring R

′
with unity is

called G-homomorphism, if for all g ∈ G, x ∈ R,ϕ(g ∗ x) = g ∗ ϕ(x), where group G acts
on both the rings.

Lemma 5.1. Let R and R
′
be rings and G be a finite group which acts on R and R

′
. Let

f : R → R
′
is a function defined by f(xg) = (f(x))g,∀x ∈ R, g ∈ G. Then f is a ring

homomorphism. We designate the function f as G-homomorphism.

Proof. Let x, y ∈ R, g ∈ G be any elements, then we have

f(xg + yg) = f((x+ y)g) = (f(x) + f(y))g = (f(x))g + (f(y))g = f(xg) + f(yg) and
f(xgyg) = f((xy)g) = (f(xy))g = (f(x)f(y))g = (f(x))g(f(y))g = f(xg)f(yg).

Therefore f is a G-homomorphism. □

Lemma 5.2. Let R and R
′
be rings and G be a finite group which acts on R and R

′
. Let

f : R → R
′
be a G-homomorphism and A,B are IFSs of R and R

′
respectively. Then

(1) f−1(Bg) = (f−1(B))g,∀g ∈ G;
(2) f(Ag) = (f(A))g,∀g ∈ G.

Proof. (1) Let x ∈ R and g ∈ G be any element. Then

f−1(Bg)(x) = Bg(f(x)) = B((f(x))g) = B(f(xg))) = f−1(B)(xg) = (f−1(B))g(x)

Hence f−1(Bg) = (f−1(B))g, ∀g ∈ G.

(2) Let y ∈ R
′
and g ∈ G be any element. Then f(Ag)(y) = (µf(Ag)(y), νf(Ag)(y)).

Now

µf(Ag)(y) = sup{µAg(x) : f(x) = y} = sup{µA(x
g) : f(x) = y}

= sup{µA(x
g) : f(xg) = yg}

= µf(A)(f(x
g)) = µf(A)((f(x))

g) = µ(f(A))g(f(x)) = µ(f(A))g(y).

Similarly, we can show that νf(Ag)(y) = ν(f(A))g(y). Hence f(Ag) = (f(A))g,∀g ∈ G. □

Theorem 5.1. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-homomorphism. If B be an intuitionistic fuzzy G-ideal of R

′
, then

f−1(B) is an intuitionistic fuzzy G-ideal of R.
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Proof. Let B be an intuitionistic fuzzy G-ideal of R
′
. To show that f−1(B) is an intu-

itionistic fuzzy G-ideal of R. For this we show that (f−1(B))g is an IFI of R for all g ∈ G.
In view of Lemma (5.2)(1), we show that f−1(Bg) is an IFI of R for all g ∈ G.
For x, y ∈ R and g ∈ G, we have f−1(Bg)(x + y) = (µf−1(Bg)(x + y), νf−1(Bg)(x + y)),
where

µf−1(Bg)(x+ y) = µBg{f(x+ y)} = µBg{f(x) + f(y)}
≥ min{µBg(f(x)), µBg(f(y))}
= min{µf−1(Bg)(x), µf−1(Bg)(y)}

Thus µf−1(Bg)(x+ y) ≥ min{µf−1(Bg)(x), µf−1(Bg)(y)}.
Likewise, it can be revealed that νf−1(Bg)(x+ y) ≤ max{νf−1(Bg)(x), νf−1(Bg)(y)}.
Also, f−1(Bg)(xy) = (µf−1(Bg)(xy), νf−1(Bg)(xy)), where

µf−1(Bg)(xy) = µBg{f(xy)} = µBg{f(x)f(y)}
≥ max{µBg(f(x)), µBg(f(y))}
= max{µf−1(Bg)(x), µf−1(Bg)(y)}.

Thus µf−1(Bg)(xy) ≥ max{µf−1(Bg)(x), µf−1(Bg)(y)}.
Likewise, it can be revealed that νf−1(Bg)(xy) ≤ min{νf−1(Bg)(x), νf−1(Bg)(y)}.
Therefore, f−1(Bg) and so (f−1(B))g is an IFI of R.
Hence f−1(B) is an intuitionistic fuzzy G-ideal of R. □

Theorem 5.2. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-epimorphism. If A is an intuitionistic fuzzy G-ideal of R which is

constant on Kerf of R, then f(A) is an intuitionistic fuzzy G-ideal of R
′
.

Proof. Let A be an intuitionistic fuzzy G-ideal of R. In order to establish that f(A) is an

intuitionistic fuzzy G-ideal of R
′
, we show that (f(A))g is an IFI of R

′
for all g ∈ G.

In view of Lemma (5.2)(2), we claim that f(Ag) is an IFI of R
′
for all g ∈ G.

Let x
′
, y

′ ∈ R
′
, g ∈ G. As f is epimorphism, therefore there exists x, y ∈ R such that

f(x) = x
′
and f(y) = y

′
. Now, f(Ag)(x

′
+ y

′
) = (µf(Ag)(x

′
+ y

′
), νf(Ag)(x

′
+ y

′
)).

µf(Ag)(x
′
+ y

′
) = µf(Ag)(f(x) + f(y)) = µf(Ag)(f(x+ y))

= µAg(x+ y)[As A is constant on Kerf , so µf(Ag)(f(x+ y)) = µAg(x+ y)]

≥ min{µAg(x), µAg(y)}
= min{µf(Ag)(f(x)), µf(Ag)(f(y))}

= min{µf(Ag)(x
′
), µf(Ag)(y

′
)}.

Thus, µf(Ag)(x
′
+ y

′
) ≥ min{µf(Ag)(x

′
), µf(Ag)(y

′
)}.

Similarly, we can show that νf(Ag)(x
′
+ y

′
) ≤ max{νf(Ag)(x

′
), νf(Ag)(y

′
)}.

Also, f(Ag)(x
′
y
′
) = (µf(Ag)(x

′
y
′
), νf(Ag)(x

′
y
′
)), where

µf(Ag)(x
′
y
′
) = µf(Ag)(f(x)f(y)) = µf(Ag)(f(xy))

= µAg(xy)

≥ max{µAg(x), µAg(y)}
= max{µf(Ag)(f(x)), µf(Ag)(f(y))}

= max{µf(Ag)(x
′
), µf(Ag)(y

′
)}.
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Thus, µf(Ag)(x
′
y
′
) ≥ max{µf(Ag)(x

′
), µf(Ag)(y

′
)}.

Similarly, we can show that νf(Ag)(x
′
y
′
) ≤ min{νf(Ag)(x

′
), νf(Ag)(y

′
)}.

Therefore, f(Ag) and so (f(A))g is an IFI of R
′
.

Hence f(A) is an intuitionistic fuzzy G-ideal of R
′
. □

Theorem 5.3. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-homomorphism. If P be an intuitionistic fuzzy G-primary ideal of

R
′
, then f−1(P ) is an intuitionistic fuzzy G-primary ideal of R.

Proof. Since P be an intuitionistic fuzzy G-primary ideal of R
′
so by Theorem (2.4) f−1(P )

is also an intuitionistic fuzzy primary ideal of R. So it remain to show that f−1(P ) is
G-invariant. For this consider x ∈ R, g ∈ G be any elements. Then we have µf−1(P )(x

g) =
µP (f(x

g)) = µP ((f(x))
g) = µP ((f(x))) = µf−1(P )(x). Likewise, it can be revealed that

νf−1(P )(x
g) = νf−1(P )(x). Thus f−1(P ) is G-invariant. Hence f−1(P ) is an intuitionistic

fuzzy G-primary ideal of R. □

Theorem 5.4. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-epimorphism. If P is an intuitionistic fuzzy G-primary ideal which

is constant on Kerf of R, then f(P ) is an intuitionistic fuzzy G-primary ideal of R
′
.

Proof. Since P be an intuitionistic fuzzy G-primary ideal of R which is constant on Kerf
of R so by Theorem (2.5) f(P ) is also an intuitionistic fuzzy primary ideal of R

′
. So it

remain to show that f(P ) is G-invariant. For this consider y ∈ R
′
, g ∈ G be any element.

As f is an epimorphism so, there exists x ∈ R such that f(x) = y. Then we have
µf(P )(y

g) = µ(f(P ))g(y) = µf(P g)(y) = µP g(f−1(y)) = µP g(x) = µP (x
g) = µP (x) =

µP (f
−1(y)) = µf(P )(y). Similarly, we can show that νf(P )(y

g) = νf(P )(y). Thus f(P ) is

G-invariant. Hence f(P ) is an intuitionistic fuzzy G-primary ideal of R
′
. □

In the sequel, we can show that

Theorem 5.5. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-homomorphism. If P be an intuitionistic fuzzy G-semiprimary

ideal of R
′
, then f−1(P ) is an intuitionistic fuzzy G-semiprimary ideal of R.

Theorem 5.6. Let R and R
′
be rings and G be a finite group which acts on R and R

′
.

Let f : R → R
′
be a G-epimorphism. If P is an intuitionistic fuzzy G-semiprimary ideal

which is constant on Kerf of R, then f(P ) is an intuitionistic fuzzy G-semiprimary ideal

of R
′
.

6. Conclusions

This paper investigates the impact of a group action on the intuitionistic fuzzy ideals of a
ring. We develop a connection between the intuitionistic fuzzyG-primary (G-semiprimary)
ideals and the intuitionistic fuzzy primary (semiprimary) ideals of R. We have explored
the relationship between intuitionistic fuzzy G-semiprimary ideals and the radicals of
intuitionistic fuzzy ideals. We analysed a suitable characterization of intuitionistic fuzzyG-
primary (G-semiprimary) ideals of R in terms of intuitionistic fuzzy points of R under this
group action. Finally, the behaviour of an intuitionistic fuzzy G-primary (G-semiprimary)
ideal under G-homomorphism was investigated. In the near future, we are applying these
concepts in the field of physics, chemistry and other related fields to find the uncertainty
in symmetries.
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