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ON THE CONVERGENCE OF SEQUENCES IN FUZZY
TOPOLOGICAL SPACES

J. K. MOHAN!, T. K. SHEEJA?*, A. S. KURIAKOSE?, §

ABSTRACT. Analogous to classical topology, the concept of fuzzy nets, in particular,
fuzzy sequences and its convergence play a fundamental role in fuzzy topology. There
are several different ways of defining fuzzy convergence. The present paper is based on
the definition of convergence of fuzzy sequences in terms of quasi-coincidence and Q-
neighbourhoods. The study aims at investigating the convergence of fuzzy sequences in
various fuzzy topological spaces. The nature of convergent sequences of fuzzy points in
certain fuzzy topological spaces such as fuzzy indiscrete, fuzzy discrete, fuzzy co-finite
etc. are studied. Characterization theorems for the convergence of fuzzy sequences in
each space are obtained. Also, characterizations of fuzzy indiscrete topological space
using convergence of fuzzy sequences are provided. The concepts of maximal limit, [-set,
Im-set and fuzzy [-set of fuzzy sequences are introduced and their properties are explored.

Keywords: Fuzzy topology, Fuzzy sequence, Q- neighbourhood, Fuzzy convergence, Max-
imal limit
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1. INTRODUCTION

Fuzzy mathematics has incontrovertibly demonstrated its effectiveness in handling un-
certainty and vagueness. The idea of a fuzzy set, initiated by L. A. Zadeh [1] in 1965,
revolutionized the world of Mathematics by replacing the two way nature of membership
and non-membership by the concept of partial membership. The perception of fuzzy set
provides a wider structure, compared to classical set theory, which generalizes various con-
cepts on all branches of Mathematics, especially on topology. C. L. Chang [2] proposed
the concept of fuzzy topology in 1968 by incorporating fuzzy set theoretical approach to
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topological concepts. In [2], Chang extended some basic definitions and results in general
topology into fuzzy topology. Later, in 1976, R. Lowen [3] proposed a modification to
Chang’s definition of fuzzy topology. In the present paper, we follow Chang’s definition
of fuzzy topology.

Chang defined neighbourhood of a fuzzy set and introduced the concept of sequence of
fuzzy sets in his paper [2]. It should be noted that in ordinary topology neighbourhood
of a point is defined whereas Chang defined neighbourhood of a fuzzy set. In order to
make the study of convergence meaningful, in 1974, C. K. Wong [4] proposed the concept
of a fuzzy point. He defined fuzzy point in such a way that the membership value of the
support of a fuzzy point lies in (0,1). That is, the support of a fuzzy point will not take
the value 1 as a membership value. Also, according to him, a fuzzy point p belongs to a
fuzzy set A if and only if p,(z) < pa(z), Vz, where 1 denotes the membership function.
But, this definition implies that a fuzzy point is contained in a fuzzy set iff its membership
function takes non-zero values everywhere, which appears to be somewhat unnatural.

So, in order to rectify this, in [5], R. Srivastava, S. N. Lal, and A. K. Srivastava modified
the definition of ‘belongs to’ given by Wong. According to them, a fuzzy point p belongs
to a fuzzy set A if and only if the membersip value of the support of p is strictly less than
that in A, and for all other points the membership value in p is less than or equal to the
corresponding values in A. Also, the authors considered the definition of fuzzy point given
by Wong in [4].

In 1980, P. P. Ming and L. Y. Ming redefined fuzzy points so that a crisp single-
ton, equivalently, an ordinary point, is a special case of a fuzzy point [6]. In [6], the
authors introduced the concept of quasi-coincidence and replaced ‘belongs to’ by ‘quasi-
coincidence’ in the definition of neighbourhood and called it as a @-neighbourhood. They
also introduced nets of fuzzy points and its convergence in terms of quasi-coincidence and
Q-neighbourhoods of fuzzy points. Also, they defined fuzzy Hausdorff space (T, space) by
using the concept of @-neighbourhoods. With this new approach, the authors were able
to generalize almost all the theorems concerning the neighbourhood structure of a fuzzy
point and the theory of convergence in general topology to fuzzy topology [6].

In [7], M. Guloglu and D. Coker combined fuzzy @Q-neighbourhood system of fuzzy
points with the convergence structures using L-filter approach. In 1992, M. M. Stadler
and M. A. de P. Vicente proposed N-convergence of fuzzy nets in a fuzzy topological space
[8]. The authors defined N-convergence in terms of neighborhoods of fuzzy points and
explored its properties. D. N. Georgiou and B. K. Papadopoulos introduced the notion of
fuzzy continuous convergence on the set of fuzzy continuous functions in 1999 [9]. In the
same year, V. Gregori and A. Vidal [10] introduced gradation of openness for the open
sets of Chang fuzzy topological space by means of a map from IX — I, where I = [0, 1].
In 2006, F. G. Lupianez defined the notions of nets and filters in the intuitionistic fuzzy
sense and obtained some results on convergence [11]. Further studies on convergence of
fuzzy nets in fuzzy topological spaces can be seen in [12], [13], [14], [15], [16], [17], [18],
[21] etc.

Throughout the present paper, we use the definitions of fuzzy points, nets of fuzzy
points and its convergence, and Hausdorff spaces proposed by P. P. Ming and L. Y. Ming
[6]. They defined the convergence of fuzzy nets in terms of quasi-coinceidence and Q-
neighbourhoods. The advantage of using Q-neighbourhoods instead of neighbourhoods
is that, unlike in the case of neighbourhoods, the complement of a @-neighbourhood of
a fuzzy point will never contain the fuzzy point. Moreover, in this paper, we consider
sequences of fuzzy points only. Also, by fuzzy sequence we mean sequence of fuzzy points.
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In section 2, some basic definitions and results in fuzzy set theory and fuzzy topology
that are used in the subsequent sections are recalled. A characterization of fuzzy indis-
crete spaces in terms of convergence of sequences of fuzzy points is presented in section 3.
Also, characterizations of fuzzy convergent sequences in fuzzy co-finite and finer topologi-
cal spaces including fuzzy co-countable and fuzzy discrete spaces are obtained. In section
4, the concepts of maximal limits, [-sets, [,,-sets and fuzzy [-sets of sequences of fuzzy
points are proposed and their properties are investigated.

2. PRELIMINARIES

This section is devoted to a few existing definitions and results which are valid in fuzzy
set theory and fuzzy spaces, that serve as a base for the sequel. For uniformity, we have
altered certain notations in some of the definitions.

Definition 2.1. [1]Let X be a space of points, with a generic element of X denoted by
x. A fuzzy set A in X is characterized by a membership function pa which associate with
each point in X a real number in the interval [0, 1], with the value of pua at x representing
the grade of membership of x in A.

The grade of membership of z in the fuzzy set A can also be represented as A(x).

Definition 2.2. [2]Let A and B be fuzzy sets in a space X, with the grades of membership
of x € X in A and B denoted by pua(z) and pp(x), respectively. Then,
A=B < pa(x)=pp(x) forall z e X.
ACB <= pa(x) <pp(x)forall z € X.
C=AUB <= uc(r) =Mazx[pa(z), up(z)] for all z € X.
D=ANB <= pup(z) = Min[pa(z), up(z)] for x € X.
E=A or A° <= pug(x) =1— pa(x) forall x € X.

Definition 2.3. [19]The support of a fuzzy set A within a universal set X is the crisp set
that contains all the elements of X that have nonzero membership grades in A.

The support of a fuzzy set A is usually denoted by S(A) or Supp(A).

Definition 2.4. [1] A fuzzy set A is said to be empty, finite or countable fuzzy set if and
only if the support of A is empty, finite or countable respectively.

Definition 2.5. [1]Two fuzzy sets A and B are disjoint if AN B is empty.

It is evident that the fuzzy sets A and B are disjoint if and only if their supports are

disjoint.
Definition 2.6. [2]A fuzzy topology is a family 6 of fuzzy sets in X which satisfies the
following conditions:

(1) p,X €9

(2) If A,B€d, then ANB €

(3) If A; €6 for each i € I,thenUr A; € 4.
0 is called a fuzzy toplogy for X, and the pair (X, 0) is a fuzzy topological space, or fts for
short. Every member of ¢ is called a §-open fuzzy set (or simply an open set). A fuzzy set
is 0- closed (or simply closed) if and only if its complement is d-open.

Here, the symbol ¢ is used to denote the empty fuzzy set. That is, if i is the membership
function, then pg4(x) = 0 for all x € X. Also, X denote the fuzzy set for which px(x) =1
forall x € X .
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Definition 2.7. [2] The fuzzy topology that contains only the fuzzy sets X and ¢ is called
the indiscrete fuzzy topology on X.

Definition 2.8. [2] The fuzzy topology that contains all the fuzzy subsets of X is called the
discrete fuzzy topology on X.

Definition 2.9. A fuzzy topological space (X, 0) is said to be fuzzy co-finite if
§=¢U{A ecIX: Supp(A°) is finite}, I = [0,1].

Definition 2.10. A fuzzy topological space (X,0) is said to be fuzzy co-countable if
§=¢U{AcIX: Supp(A°) is countable}, I = [0,1].

Definition 2.11. [6]A fuzzy set in X is called a fuzzy point if and only if it takes the
value 0 for all y € X except one point, say x € X. If its value at x is \,0 < A < 1, we
denote this fuzzy point by xy, where the point x is called its support.

Definition 2.12. [6] The fuzzy point x is said to be contained in a fuzzy set A, denoted
by xx € A, if and only if X < A(x). Evidently every fuzzy set A can be expressed as the
union of all the fuzzy points which belong to A.

Definition 2.13. [6]Two fuzzy sets A, B in X are said to be intersecting if and only if
there exists a point x € X such that (AN B)(x) # 0. For such a case, we say that A and
B intersect at x.

Definition 2.14. [5]Two fuzzy points in X are said to be distinct iff their supports are
distinct.

Definition 2.15. [6]A fuzzy point xy is said to be quasi-coincident with the fuzzy set A,
denoted by xxqA, if and only if A > A°(x), or A+ A(z) > 1.

Definition 2.16. [6]A fuzzy set A in (X, ) is said to be quasi-coincident with B, denoted
by AgB, if and only if there exists x € X such that A(x) > B%(x),or A(x)+ B(x) > 1. If
this is true, we also say that A and B are quasi-coincident (with each other) at x.

Definition 2.17. [6]A fuzzy set A in (X, 0) is called a Q-neighbourhood of xy if and only if
there exists a B € § such that x xqB < A.The family consisting of all the Q-neighbourhoods
of xy is called the system of Q-neighbourhoods of x). A Q-neighbourhood of a fuzzy point
generally does not contain the point itself.

Definition 2.18. [6]A4 fuzzy topological space (X,0) is fuzzy Ty (Hausdor(f) space if and
only if for any two fuzzy points x\ and y. satisfying x # y, there exist Q-neighbourhoods
B and C of x) and y., respectively, such that BN C = ¢.

Definition 2.19. [6]Let (D,>) be a directed set. Let X be an ordinary set. Let x be the
collection of all the fuzzy points in X. The function S : D — x is called a fuzzy net in
X. In other words, a fuzzy net is a pair (S,>) such that S is a function from D — x and
> directs the domain of S. Forn € D,S(n) is often denoted by S,, and hence a net S is
often denoted by {Sp,n € D}. S : D — x is called a fuzzy sequence if D is N, the set of
all natural numbers, and > is the usual greater than or equal to.

Definition 2.20. [6]Let S = {S,,n € D} be a fuzzy net in X. S is said to be quasi-
coincident with the fuzzy set A if and only if, for each n € D, S, is quasi-coincident with
A. S is said to be eventually quasi-coincident with A if and only if there is an element m
of D such that, if n € D and n > m, then S, is quasi-coincident with A.
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Definition 2.21. [6]A net S in a fuzzy topological space (X, ) is said to converge to a
point e = xy in X relative to § if and only if S is eventually quasi-coincident with each
Q-neighbourhood of e.

Theorem 2.1. [6]In a fuzzy topological space (X,9), if a fuzzy net S converges to a fuzzy
point xy, then for every p € (0, )], S converges also to x,,.

Theorem 2.2. [6]In a fuzzy topological space (X,0), every fuzzy net does not converge to
two fuzzy points with different supports if and only if (X,0) is a fuzzy Ty space.

3. CONVERGENCE OF SEQUENCES IN DIFFERENT FuUzzy TOPOLOGICAL SPACES

Fuzzy convergence is an inevitable and vital concept in fuzzy topology. In this section,
we study the nature of convergent sequences in different fuzzy topological spaces such as
fuzzy indiscrete, fuzzy co-finite, fuzzy co-countable and fuzzy discrete spaces. We begin
the section with the following proposition.

Proposition 3.1. In a fuzzy topological space (X,0), each fuzzy point is quasi-coincident
with all of its Q-neighbourhoods.

Proof. Let x) be a fuzzy point in the fuzzy topological space (X,d) and A be a Q-
neighbourhood of z). Then, by definition of (-neighbourhood, there exists B € ¢ such
that z ¢B and B < A.

= A>1— B(z) and B(z) < A(z).
= A>1—-B(x)and 1 — B(z) > 1— A(x).
= A>1-—A(x).

Therefore, x) is quasi-coincident with A. Hence, in general, each fuzzy point in (X, 0)
is quasi-coincident with all of its Q-neighourhoods. O

Remark 3.1. It should be noted that if a fuzzy point xy in a fuzzy topological space (X, )
18 quasi-coincident with a fuzzy set A, them A need not be a Q-neighbourhood of xy. For,
let X be a non-empty set and (X,0) be fuzzy indiscrete. Consider the fuzzy point xy,
where A\ = 0.3, x € X. Let A be a fuzzy set for which A(z) = 0.9. Then, evidently,
18 quasi-coincident with A. But, there does not exist B € § such that xygB and B < A.
Hence, A is not a Q-neighbourhood of xx. Thus, we can conclude that a fuzzy point can
be quasi-coincident with a fuzzy set which is not a Q-neighbourhood of it.

For convenience, we define the following:

Definition 3.1. The set of all supports of the terms of a fuzzy sequence in a fuzzy topo-
logical space is called the range set of the fuzzy sequence.

Note 3.1. Since, the terms of a fuzzy sequence are fuzzy points the range set of any fuzzy
sequence in a fuzzy topological space (X,0) is a crisp subset of X.

The following theorem provides a characterization of fuzzy indiscrete topological space
in terms of convergence of fuzzy sequences.

Theorem 3.1. A fuzzy topological space (X,0) is fuzzy indiscrete if and only if every
fuzzy sequence in (X,0) converge to each and every fuzzy points in X .
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Proof. Let S = {S,,n € N} be a fuzzy sequence in the fuzzy indiscrete topological space
(X,9). Let ) be a fuzzy point in (X,0). Then X is the only Q-neighbourhood of z).
Evidently, any fuzzy point is quasi-coincident with X. So, in particular, each and every
terms of sequence S are quasi coincident with X. Hence, sequence S converges to x).
Since, sequence S and the fuzzy point x were arbitrary, in a fuzzy indiscrete topological
space every fuzzy sequence converges to every fuzzy point.

Conversely, assume that every fuzzy sequence in (X,J) converges to each and every
fuzzy points in X. Let e be a fuzzy point in X and @ be a @-neighbourhood of e. We
prove that (Q = X. For this, let # € X. Define a sequence S = {zy/, : n € N} where
x € X. Then, by our assumption, sequence S converges to e. Therefore, by definition
of convergence, S is eventually quasi-coincident with every @-neighbourhoods of e and
hence, in particular, S is eventully quasi-coincident with Q.

Therefore, there exists m € N such that S,qQ, Yn > m.

- xl/nQQv vn Z m

= %>1—Q(az), Yn > m.
That is, Q(z) > 1 — %, V¥n > m. This is possible only if Q(x) = 1. Since, x was arbitrary,
Q(z) = 1, Vo € X. Therefore, Q = X. Since, e and @) were arbitrary, X is the only
@-neighbourhood of any fuzzy point in X.

Now, we claim that X is the only non-empty open fuzzy set in (X,0). If possible,
suppose there exists a non-empty open fuzzy set A distinct from X in (X, ). Then, there
exists € X such that 0 < A(z) < 1. Now, choose A € (1 — A(z), 1] so that A(xz)+ A > 1.
Then, A is a Q- neighbourhood of the fuzzy point x. This contradicts the fact that X is
the only @- neighbourhood of every fuzzy point in (X,d). So, X and ¢ are the only fuzzy
open sets in (X, d). Hence, (X, ) is fuzzy indiscrete. O

Now, we are in a stage to characterize convergent sequences in fuzzy co-finite topological
spaces. The next theorem serves the purpose for a fuzzy co-finite topological space.

Theorem 3.2. In a fuzzy co-finite topological space (X,0), a sequence of fuzzy points
converges if and only if there exist x € X and A € (0,1] such that the terms of the
sequence are eventually fuzzy points with support x and membership value at least .

Proof. Let (X,0) be a fuzzy co-finite topological space and let S = {S,,n € N} be a
sequence of fuzzy points in (X, d). Suppose that S converges to the fuzzy point x). First,
we prove that the terms of the sequence are eventually fuzzy points with support x.

We claim that no fuzzy points with support different from z can quasi-coincident with
all the Q-neighbourhoods of x). For, let y, be a fuzzy point such that x # y. Choose
a € (1—X, 1] so that A > 1—a. Now, consider the fuzzy set A for which A(x) = o, A(y) =0
and A(z) =1 for all z € X —{x,y}. Then, A is a fuzzy open set which is quasi-coincident
with z). So, A is a Q-neighbourhood of ). But y, is not quasi-coincident with A. That
is, there is a (-neighbourhood of x, which is not quasi-coincident with y,. Hence, by
definition of convergence, the terms of S are eventually fuzzy points with support z. That
is, there exists ny € N such that S,, has support x for all n > n;.

Next, we prove that, eventually, the terms of the sequence have membership value at
least A\. By our previous assertion, there is no need to consider fuzzy points with support
different from z. Let v € (0,1] such that 7 < A. Besides, choose @ = 1 — « so that
A+a > 1, but v +a = 1. Now, consider the fuzzy set B such that B(z) = a and
B(y) = 1,Vy € X — {z}. Then, B is a fuzzy open set such that z) ¢B. So, B is a
Q-neighbourhood of x). But, x, is not quasi coincident with B, since v = 1 — a. Thus,
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for each v < A, we are able to find a Q-neighbourhood B of ) such that z. is not quasi-
coincident with B. Therefore, no fuzzy point with support x and membership value less
than A can be quasi-coincident with every Q-neighbourhoods of x). Hence, eventually the
terms of S must have membership value at least A\. That is, there exists no € N such that
Sy, has membership value greater than or equal to A\, Vn > no. Now, let m = max(ny,ns).
Then, it follows that S,, has support z and membership value at least A,Vn > m. Thus,
there exists € X and A € (0, 1] such that eventually the terms of the sequence are fuzzy
points with support  and membership value at least A. This proves the necessary part.
Conversely, suppose that there exists z € X and A € (0,1] such that the terms of
sequence S are eventually fuzzy points with support £ and membership value at least A.
That is, there exists ng € N such that S, has support x and membership value greater than
or equal to A\,Vn > ng. Now, consider the fuzzy point z. Let A be a Q-neighbourhood of
xx. Then, by proposition 3.1, z) is quasi-coincident with A. So, by our assumption, S,
is quasi-coincident with A, Vn > ng. Thus, sequence S converges to the fuzzy point z).
Hence, S is convergent. O

Now, we prove that in any fuzzy topological space finer than fuzzy co-finite space on a
given set X, convergent sequences behave in the same way as in the case of fuzzy-cofinite
space.

Corollary 3.1. In a fuzzy topological space (X,0), finer than fuzzy co-finite space, a
sequence of fuzzy points converges if and only if there exist x € X and X\ € (0,1] such that
the terms of the sequence are eventually fuzzy points with support x and membership value
at least .

Proof. Let (X, ) be a fuzzy topological space which is finer than fuzzy-cofinite space on
X. Now, the fuzzy sets A and B that we have defined in the proof of theorem 3.2 are
fuzzy co-finite and so are open in (X,d). Hence, the corollary follows from the proof of
theorem 3.2. U

Since, each fuzzy co-finite subset of X is indeed fuzzy co-countable, fuzzy co-countable
topology is finer than fuzzy co-finite topology. Also, the fuzzy discrete topology is the
finest fuzzy topology on any given set X. Hence, by corollary 3.1, in fuzzy co-countable
and discrete topological spaces, a sequence of fuzzy points converges if and only if there
exist z € X and A € (0,1] such that the terms of the sequence are eventually fuzzy points
with support z and membership value at least .

Theorem 3.3. The range set of a convergent fuzzy sequence in a fuzzy co-finite (or finer)
topological space is finite.

Proof. Let (X, ) be a fuzzy co-finite (or finer) topological space and let S = {S,,,n € N}
be a convergent fuzzy sequence in (X, d). Suppose that the fuzzy sequence S coverges to
the fuzzy point z). Then, by Theorem 3.2, there exists m € N such that S,, has support
x, Vn > m. Now, let A be the range set of S. Then, |A| < m, which is a finite value,
where |A| denotes the cardinality of the set A. Therefore, A is a finite set. Since, the
fuzzy sequence S was arbitrary, the range set of any convergent fuzzy sequence in a fuzzy
co-finite (or finer) topological space is a finite set. O

Since, theorem 3.3 is true for any space finer than fuzzy co-finite topological space, it
follows that the range sets of convergent fuzzy sequences in both fuzzy co-countable and
fuzzy discrete topological spaces are finite.
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Now, theorem 3.3 implies that if a fuzzy sequence S in a fuzzy co-finite (or finer)
topological space converges, then the range set of S is finite. But, the converse need not
be true. That is, if the range set of a fuzzy sequence S in a fuzzy co-finite (or finer)
topological space is finite, then it is not necessarily true that S is convergent. For, let
X be a set with more than one elements and let (X, ) be the fuzzy co-finite topological
space. Now, for distinct points = and y in X, consider the fuzzy sequence S = {S,,,n € N}
in (X, ) such that

s, = {xl/n, if nis odd

Y1/2n, Lf mis even.

Then, evidently, range set of S is {x, y}, which is a finite set. But, clearly, there does not
exist z € X and m € N such that S, has support z,Vn > m. So, by theorem 3.2, S is not
convergent. That is, there exists a non-convergent sequence with finite range set in the
fuzzy co-finite topological space (X, d). Thus, the converse of theorem 3.3 does not hold
in general.

Next, we investigate the consequences of the characerization theorems, that we have
discussed above, for convergent fuzzy sequences in fuzzy co-finite and finer topological
spaces. In the following remark, we examine whether fuzziness of the terms has an influence
on the convergence of fuzzy sequences in fuzzy topological spaces compared to that in
general topology.

Remark 3.2. In general topology, a sequence in a co-finite topological space converges if
and only if at most one term of the sequence repeats infinitely many times as the terms of
the sequence [20]. But, in a co-countable or discrete topological space, a sequence converges
if and only if it is eventually constant [20]. So, if X is a given set, then the collection of
all convergent sequences in X with co-finite topology is larger than that in the case of X
with co-countable or discrete topology. Also, the theorems we have proved above asserts
that, if X is a given set, then the collection of all convergent fuzzy sequences in X with
fuzzy co-finite, fuzzy co-countable and fuzzy discrete topology are the same. So, we can
conclude that, fuzziness of the terms has an influence on the convergence of sequences in
a fuzzy topological space compared to that in general topological space.

Theorem 3.4. In a fuzzy co-finite topological space (X,0), if a sequence of fuzzy points
converge to two fuzzy points, then their supports are the same.

Proof. Let (X,0) be a fuzzy co-finite space. Let S = {S,,n € D} be a sequence of fuzzy
points in X which converges to both x, and y,. Now, since S converges to x, by theorem
3.2, eventually the terms of seuence S has support . That is, there exists n; € N such
that S,, has support x for all n > n;. Similarly, since S converges to y,, eventually the
terms of S has support y. That is, there exists ny € N such that S, has support y for
all n > no. Let m = max(ny,n2). Then, as n > m, S, has both x and y as its support.
This implies that £ = y. Thus, in a fuzzy co-finite topological space if a sequence of fuzzy
points converge to two fuzzy points, then their supports are the same. O

By corollary 3.1, it is evident that theorem 3.4 is valid in the case of any fuzzy topolog-
ical space (X,¢) finer than fuzzy co-finite topology on X. So, in particular, theorem 3.4
remains valid in the case of fuzzy co-countable and discrete topological spaces.

The next theorem along with theorem 3.4 can be used as a tool to discover the signif-
icance of fuzzy nets over the particular case, fuzzy sequences, in characterizing T5-spaces.
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Theorem 3.5. The co-finite fuzzy topological space (X,0) is not Ty whenever X is an
infinite set.

Proof. Let X be an infinite set and let ¢ be the co-finite fuzzy topology defined on X. We
prove, (X, ) is not T5. If possible, suppose (X, ) is To. Let x) and y, be two distinct
fuzzy points in X. Then, by our assumption, there exists disjoint fuzzy open sets U and V'
such that z)qU and y,qV. Then, evidently, U # ¢ and V' # ¢. That is, U and V are two
non-empty fuzzy open sets in the fuzzy co-finite topological space (X,d). This implies,
both support of U¢ and support of V¢ are finite subsets of X. Now,

Supp(U€ U VE) = Supp(U€) U Supp(V°).
That is,
Supp((UNV)¢) = Supp(U°) U Supp(V).

Clearly, the set in the R.H.S of the above equation is a finite subset of X. Therefore,
Supp((U NV)€) is also finite.

= UNV #¢.
This contradicts the fact that U and V are disjoint fuzzy sets. Hence, (X, ) is not Tp. O

Remark 3.3. With the aid of theorems 3.4 and 3.5, we can show that the necessary part
of theorem 2.2, the characerization of fuzzy Ts- spaces by nets, does not hold, in general, if
we replace fuzzy nets by fuzzy sequences. For, let X be an infinite set and let § be the fuzzy
co-finite topology defined on X. Then, by theorem 3.5, (X,0) is not T>. But, by theorem
3.4, in (X,9), if a sequence of fuzzy points converge to two fuzzy points then their supports
are the same. That is, (X,0) is a non-Hausdorff space in which every fuzzy sequence does
not converge to two fuzzy points with different supports.

4. MAXIMAL LIMITS, [-SETS, [,,-SETS AND FUZZY [-SETS OF SEQUENCES OF FUZZY
POINTS

In this section, we define maximal limits, [-sets, l,,-sets and fuzzy [-sets of sequences
of fuzzy points. Moreover, some results based on these new terminologies are also included.

We begin with the definition of maximal limit of a fuzzy sequence.
Definition 4.1. A fuzzy point x), is called a mazximal limit of a sequence of fuzzy points
S in a fuzzy topological space (X,6) if and only if
A =max{p € (0,1] : S converges to x,,}.
It is evident that if z) is a maximal limit of a sequence of fuzzy points, then no

fuzzy points containing x) can be a limit of the fuzzy sequence. This justifies the term
mazimal limat.

By theorem 2.1, we immediately have the following theorem.

Theorem 4.1. If z) is a mazimal limt of a fuzzy sequence S, then x, is a limit of S if
and only if p < A.

Now, analogous to the definition of derived set of an ordinary set, we define two types of
sets namely [-set and [,,-set for sequence of fuzzy points, which will help us to characterize
fuzzy indiscrete space.
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Definition 4.2. The set of all limits of a sequence of fuzzy points S, denoted by Si, is
called the l- set of the fuzzy sequence. That is,

S; = {zy: S converges to x)}.

Definition 4.3. The set of all maximal limits of a sequence of fuzzy points S, denoted by
Si,,., s called the ly,-set of the fuzzy sequence. That is,

S1,, ={xx: x) is a mazximal limit of S}.

It is clear from the definitions that both I-set and [,,-set of a sequence of fuzzy points
are crisp sets of fuzzy points.

Result 4.1. For any sequence S = {Sp,n € N} of fuzzy points, S;,, € S; and S;,, = Sy if
and only if S; = ¢.

Proof. Clearly, every maximal limit is a limit of the fuzzy sequence. Hence, the inclusion
follows.

Now, suppose S;,, = S;. If S; # ¢, then there exists x) € S5; for some z € X and
A € (0,1]. Then, by theorem 2.1, z, € S; for all p € (0, A]. That is, there exists p < A
such that z, € S;. But, this z, ¢ S,,, by definition. Therefore, S;,, # S;, which is a
contradiction. Hence, S; = ¢.

The converse is trivial in view of the fact that if a sequence of fuzzy points has no limits,
then it obviously has no maximal limits. O

m?

Theorem 4.2. A fuzzy topological space (X,0) is fuzzy indiscrete if and only if the l,,-set
of any sequence of fuzzy points in (X,0) is the fuzzy set X.

Proof. By theorem 3.1, we have, a fuzzy topological space (X, ) is fuzzy indiscrete if and
only if every fuzzy sequences in (X,d) converge to every fuzzy points. So, in a fuzzy
indiscrete space, for each z € X, x1 is a maximal limit of any fuzzy sequence. Hence, S;,,
is the crisp set X. Also, if S;,, = X for any fuzzy sequence, then the converse of theorem
3.1 guarantees that (X, ¢) is fuzzy indiscrete. O

Theorem 4.3. In a fuzzy co-finite (or finer) topological space the l,,-set of any sequence
of fuzzy points contains at most one element.

Proof. By theorem 3.4, we have, in a fuzzy co-finite (or finer) topological space, if a fuzzy
sequence converge to two fuzzy points then their supports are the same. So, in a fuzzy co-
finite (or finer) topological space, the [,,-set of a sequence of fuzzy points is either empty
or contain exactly one element.This proves the theorem. O

Theorem 4.4. If 61,02, ... are topologies on a non-empty set X such that 61 C o2 C ...,
then Sll ) Sl2 D ... for any sequence S, where S| denotes the l-set of sequence S in (X, ;)
for each i.

Proof. As the topology on a set X get finer, the collection of Q-neighbourhoods of a fuzzy
point x) get larger and so the possibility of x) to become the limit of a fuzzy sequence
decreases. Hence, if 01, do, ... are topologies on a non-empty set X such that 6; C ds C ...,
then Sll ) Sl2 D ... for any fuzzy sequence S. O

Now we define fuzzy [-set of a sequence of fuzzy points.

Definition 4.4. The smallest fuzzy set containing all the limits of a sequence of fuzzy
points in a fuzzy topological space is called the fuzzy l-set of the sequence. In otherwords,
the fuzzy l-set of a fuzzy sequence S in (X, 0)is the set given by,
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N{A € I* : A contains all the limits of S}.

Obviously, every maximal limit of a fuzzy sequence S is indeed a limit of S. So, the
fuzzy I-set of S will contain all the maximal limits of S. Moreover, if a fuzzy set contain
all the maximal limits of a fuzzy sequence, then it will definitely contain all the limits of
the fuzzy sequence. Hence the fuzzy I-set of a fuzzy sequence can also be defined as the
smallest fuzzy set containing all the maximal limits of the fuzzy sequence.

Theorem 4.5. A fuzzy topological space (X,0) is fuzzy indiscrete if and only if the fuzzy
l-set of any sequence in (X,0) is the fuzzy set X.

Proof. Let (X, ) be a fuzzy indiscrete topological space. Let S = {S,,,n € N} be a fuzzy
sequence in (X,0). Then, by theorem 3.1, every fuzzy point is a limit of sequence S.
Hence, the fuzzy [-set of sequence S is the fuzzy set X. Since, sequence S was arbitrary,
the necessary part of the theorem follows.

Conversely, suppose that the fuzzy I-set of any fuzzy sequence in (X, ) is X. Consider
the fuzzy sequence, S = {71/,,n € N}. Now, since the fuzzy I-set of S is X, there does
not exist A € (0, 1) such that =, is not a limit of the fuzzy sequence S for every v € (A, 1).
This implies that x) is a limit of S,¥\ € (0,1). Then, since the membership values of
the terms of the fuzzy sequence S decreases to zero, as n — oo, and the support of the
terms remain as z, it follows from the definition of convergence and Archimedean property
that every QQ-neighbourhood of x) has membership value 1 at x for any A. Since, z € X
was arbitrary, X is the only @-neighbourhood of any fuzzy point in (X,d). Then, as in
the proof of the converse part of theorem 3.1, X is the only non-empty open fuzzy set in
(X,9). Hence, (X,9) is fuzzy indiscrete. O

Theorem 4.6. The support of the fuzzy l-set of any convergent sequence in a fuzzy co-
finite (or finer) topological space (X,0) is a singleton set.

Proof. By theorem 3.4, in a fuzzy co-finite (or finer) topological space (X, d), if a sequence
of fuzzy points converge to two fuzzy points then their supports are the same. That is, all
the limits of a convergent fuzzy sequence in a fuzzy co-finite (or finer) topological space
have the same support. Hence, the support of the fuzzy [-set of any convergent sequence
in a fuzzy co-finite (or finer) topological space (X, ) is a singleton set. ([l

Corollary 4.1. The fuzzy l-set of any sequence in a fuzzy co-finite (or finer) topological
space (X, 9) is closed.

Proof. Let (X, ) be a fuzzy co-finite (or finer) topological space. We prove that the fuzzy
l-set of any sequence in (X, d) is closed. For, let S be a fuzzy sequence in (X,0). First,
suppose S is convergent. Then, by theorem 4.6, the support of the fuzzy [-set of S is
a singleton set. So, the fuzzy complement of the fuzzy [-set of S is co-finite and hence
is open. Thus, the fuzzy [-set of S is closed. Now, suppose S is not convergent. Then,
obviously, the fuzzy l-set of S is ¢ and hence is closed. So, in either case, the fuzzy [-set
of S is closed. Since S was arbitrary, the fuzzy Il-set of any sequence in (X, J) is closed,
and so the corollary follows. O

5. CONCLUSION

In any area of analysis, sequences and their convergence play a vital role. In order to
understand mathematical concepts more clearly, we can make use of examples and non-
examples as powerful tools. In the present paper, we studied the concept of convergence of
sequences of fuzzy points in some special fuzzy topological spaces such as fuzzy indiscrete,
fuzzy co-finite, fuzzy co-countable, fuzzy discrete etc., in detail. Through this, we were able
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to characterize fuzzy indiscrete topological space by using fuzzy sequences and its conver-
gence. Also, we obtained that convergent sequences in fuzzy co-finite and finer topological
spaces behave identically. The study also revealed the fact that we cannot replace fuzzy
nets by fuzzy sequences in the characerization theorem for fuzzy Hausdorff space by using
fuzzy nets and its convergence. This helped us to understand the significance of fuzzy nets
and its convergence in fuzzy topology.
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