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EDGE IRREGULAR REFLEXIVE LABELING ON DOUBLE BROOM

GRAPH AND COMB OF CYCLE AND STAR GRAPH

A. R. S. VINATIH1∗, B. D. INDRIATI1, §

Abstract. Assume that G is a connected, undirected, simple graph with V (G) as its
vertex set and E(G) as its edge set. A labeling technique known as edge irregular reflexive
labeling allows each vertex to have a label that is a non-negative even number from 0 to
2kv, and each edge to have a label that is a positive integer from 1 to ke, with distinct
weights for each edge. The smallest k of the largest label in graph G, represented by
res(G), is the reflexive edge strength. The paper’s contents determine the reflexive edge
strength of double broom graph B(r, s, s) with r, s ≥ 2, and comb of cycle and star graph
Cr ▷ Ss with r ≥ 3, s ≡ 2, 5 (mod 6).
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1. Introduction

Graph theory is a branch of mathematics with a wide application in everyday life
and various other sciences. Graph G is an alternating sequence between the non-empty
finite vertex set V (G) and the edge set E(G). Graph labeling is one of the frequently
discussed subjects in graph theory. Wallis [13] defines labeling as a mapping from a
graph’s components to a positive or non-negative integer value. According to a survey
by Galian [8], there are various ways to label graphs, including irregular total k-labeling.
The two types of irregular total k-labeling that Bača et al. [2] defined are vertex and edge
irregular total k-labeling.

Vertex and edge irregular reflexive k-labeling was first used in 2017 by Ryan et al. [3]
to describe a new concept about irregular total k-labeling. The function fv : V (G) →
{0, 2, 4, . . . , 2kv} and fe : E(G) → {1, 2, 3, . . . , ke}, where k = max{ke, 2kv} such that the
weights for all edges are different, are considered to be edge irregular reflexive k-labeling.
The sum of the edge label with all the vertex label that is incident to the edge is known
as the edge weight. The weight of the edge uv to the labeling ψ on graph G is denoted by
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wt(uv) where wt(uv) = ψ(u) +ψ(uv) +ψ(v). Reflexive edge strength, given by res(G), is
the lowest value of k in the graph G that can be labeled with irregular reflexive labeling.
This lemma was proven by Ryan et al. [3].
Lemma 1.1. For all graph G,

res(G) ≥

{
⌈ |E(G)|

3 ⌉, when |E(G)| ̸≡ 2, 3 (mod 6),

⌈ |E(G)|
3 ⌉+ 1, when |E(G)| ≡ 2, 3 (mod 6).

A lot of research has been conducted to find res(G) in various classes of graphs, some of
which are prism graph Dn and wheel graph Wn [12], corona of path and other graphs [9],
corona of cycle and null graph with two vertices Cn⊙N2 and sun graph sunn [11], double
star graph DSn,m and broom graph B(m,n) [1], palm tree graph C3Bq,r, swing graph S3

n

and comb product vertex of Sn ▷ C3 graph [7]. In contrast to Agustin’s research et al.
[1], namely the broom graph, this paper’s contents determine reflexive edge strength on
double broom graph B(r, s, s) with r, s ≥ 2, and comb of cycle and star graph Cr ▷ Ss
with r ≥ 3, s ≡ 2, 5 (mod 6).

2. Reflexive Edge Strength on Double Broom Graph B(r, s, s)

By considering the definition of broom graph from Brualdi and Goldwasser [5], Purwanto
and Lestari [10] use a definition of double broom graph as follows. The path Pr is
transformed into the double broom graph B(r, s, s) by s pendant edges being added
to each end vertex of Pr. The path’s vertices are denoted as uj , the left pendant’s
vertices as vi, and the right pendant’s vertices as wi. So, set of vertices V (B(r, s, s)) =
{vi : 1 ≤ i ≤ s} ∪ {uj : 1 ≤ j ≤ r} ∪ {wi : 1 ≤ i ≤ s}, consequently set of edges
E(B(r, s, s)) = {u1vi : 1 ≤ i ≤ s} ∪ {ujuj+1 : 1 ≤ j ≤ r − 1} ∪ {urwi : 1 ≤ i ≤ s}. As a
result, B(r, s, s) have r + 2s vertices and r + 2s − 1 edges. Theorem 2.1 can be used to
calculate the res(G) of B(r, s, s).

Theorem 2.1. For B(r, s, s) with r, s ≥ 2,

res(B(r, s, s)) =

{
⌈ r+2s−1

3 ⌉, r + 2s− 1 ̸≡ 2, 3 (mod 6),

⌈ r+2s−1
3 ⌉+ 1, r + 2s− 1 ≡ 2, 3 (mod 6).

(1)

Proof. Firstly, verify a lower bound for res(B(r, s, s)). By reason of total edges of B(r, s, s)
are r + 2s− 1, subsequently by Lemma 1.1 was gained:

res(B(r, s, s)) ≥

{
⌈ r+2s−1

3 ⌉, r + 2s− 1 ̸≡ 2, 3 (mod 6),

⌈ r+2s−1
3 ⌉+ 1, r + 2s− 1 ≡ 2, 3 (mod 6).

(2)

This is equivalent to the lower bound in (1).

Furthermore, to obtain the upper bound of res(B(r, s, s)), ψ-labeling is constructed on
double broom graph as follows,
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For 1 ≤ j ≤ r

ψ(uj) =



0, j = 1; r, s ≥ 2,

and j = 1; r ≥ 4; s = 2,

2, j = r = 3; s = 2,

⌊ s3⌋, j = 2; r = 3; s ≡ 2 (mod 6)

and j = 3; r = 4; s ≡ 1 (mod 6)

with s ≥ 8,

2⌈ r+s+4
6 ⌉, j = r ≡ 4 (mod 6); s = 4,

j = r ≡ 2, 3 (mod 6); s = 5,

j = r ≡ 0, 1, 2 (mod 6); s = 6,

j = r ̸≡ 2, 3 (mod 6); s = 7,

and j = r ̸≡ 1 (mod 6); s = 8,

2⌈ r+2s−5
6 ⌉, j = r; s ≥ 9,

2⌈ j+s−2
6 ⌉, for others.

ψ(ujuj+1) =



1, j = 2; r = 3; s = 2,

and j = 2; s = 3,

2, j = r − 1 = 2; s ≡ 2 (mod 6); s > 8,

and j = r − 1 = 3; s ≡ 1 (mod 6); s > 8,

3, j = 3; s = 2,

s− 2⌊ s−2
5 ⌋, j = 1; r ≥ 2; s = 2, 3, 4,

and j = 1; r ̸= 2; s > 4,

⌈ s3⌉, j = 2; r = 4; s ≡ 1 (mod 6),

s− ⌊ s3⌋, j = 1; r = 3; s ≡ 2 (mod 6),

s+ 1− 2⌈ s−1
3 ⌉, j = 1; r = 2; s > 4,

s+ j − 2− 4⌈ s+j−2
6 ⌉, j = r − 1 ≡ 3 (mod 6); s = 4,

j = r − 1 ≡ 1, 2 (mod 6); s = 5,

j = r − 1 ≡ 0, 1, 5 (mod 6); s = 6; j ̸= 1,

j = r − 1 ̸≡ 2, 3 (mod 6); s = 7; j ̸= 1, 2,

and j = r − 1 ̸≡ 0 (mod 6); s = 8; j ̸= 3,

s+ j − 2− 4⌈ s+j−3
6 ⌉, s+ j ≡ 2 (mod 6),

j − 1− 2⌊ j3⌋, j = r − 1 ≡ 2, 3 (mod 6); s > 8;

s ≡ 1 (mod 6),

r − 4⌈ j−3
6 ⌉, j = r − 1 ̸≡ 2, 3 (mod 6); s > 8;

s ≡ 1 (mod 6),

j − 2− 4⌊ j−1
6 ⌋, j = r − 1; j ̸= 2; s > 8; s ≡ 2 (mod 6),

r − 4⌈ j6⌉, j = r − 1 ≡ 5 (mod 6); s > 8;

s ≡ 3 (mod 6),

r − 2− 4⌊ j6⌋, j = r − 1 ̸≡ 5 (mod 6); s > 8;

s ≡ 3 (mod 6),

2⌈ j6⌉ − 1, j is odd; j = r − 1; s > 8; s ≡ 0, 4 (mod 6),

2⌈ j6⌉, j is even; j = r − 1; s > 8; s ≡ 0, 4 (mod 6),

r − 2⌈ j3⌉, j = r − 1; s > 8; s ≡ 5 (mod 6),

s+ j − 4⌈ s+j−2
6 ⌉, for others.
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For 1 ≤ i ≤ s

ψ(vi) =2⌊ i− 1

3
⌋, i = 1, 2, . . . s.

ψ(u1vi) =

{
s− ⌈ s3⌉, i = 8; r = 3, s ≥ 8; s ≡ 2 (mod 6),

i− 2⌈ i−1
3 ⌉, for others.

ψ(wi) =



0, i = 1; r = 2, 3; s = 2,

2⌊ s6⌋, i = 1; r = 2; s ≡ 2 (mod 6); s ̸= 2,

⌊ r+s+i−2
3 ⌋, applies to the following 9 boundary cases:

i, s ≡ 0 (mod 3); r ≡ 0 (mod 6) with s is even;

r ≡ 3 (mod 6) with s is odd,

i, s ≡ 1 (mod 3); r ≡ 4 (mod 6) with s is even;

r ≡ 1 (mod 6) with s is odd,

i, s ≡ 2 (mod 3); r ≡ 5 (mod 6) with s is even;

r ≡ 2 (mod 6) with s is odd,

i ≡ 0 (mod 3); r ≡ 4 (mod 6) with s is even;

r ≡ 1 (mod 6) with s is odd; s ≡ 2 (mod 6),

i ≡ 1 (mod 3); r ≡ 2 (mod 6) with s is even;

r ≡ 5 (mod 6) with s is odd; s ≡ 0 (mod 6),

i ≡ 2 (mod 3); r ≡ 3 (mod 6) with s is even;

r ≡ 0 (mod 6) with s is odd; s ≡ 1 (mod 6),

i ≡ 0 (mod 3); r ≡ 2 (mod 6) with s is even;

r ≡ 5 (mod 6) with s is odd; s ≡ 1 (mod 6),

i ≡ 1 (mod 3); r ≡ 0 (mod 6) with s is even;

r ≡ 3 (mod 6) with s is odd; s ≡ 2 (mod 6),

and i ≡ 2 (mod 3); r ≡ 1 (mod 6) with s is even;

r ≡ 4 (mod 6) with s is odd; s ≡ 0 (mod 6),

2⌈ r+s+i+3
6 ⌉, for others.

ψ(urwi) =



2, i = 1; r = 2; s ≡ 2 (mod 6),

and i = 1; r = 3; s = 2,

i+ ⌊ r−2
6 ⌋, i = 1, 2; r ≡ 1 (mod 6); s = 2,

2⌈ r+i−1
6 ⌉+ 2⌊ s−1

6 ⌋, s ≡ 0, 3 (mod 6) with

i = s; r ≡ 3 (mod 6);

i = s− 1; r ≡ 4 (mod 6);

i = s− 2; r ≡ 5 (mod 6),

s ≡ 1, 4 (mod 6) with

i = s; r ≡ 1 (mod 6);

i = s− 1; r ≡ 2 (mod 6);

i = s− 2; r ≡ 3 (mod 6),

s ≡ 2, 5 (mod 6) with

i = s; r ≡ 5 (mod 6);

i = s− 1; r ≡ 0 (mod 6);

i = s− 2; r ≡ 1 (mod 6),

r + i+ 1− 2⌈ r+i+3
6 ⌉ − 2⌊ r6⌋, s ≡ 0 (mod 6),
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continued ψ(urwi)

ψ(urwi) =



r + i− 2⌈ r+i−2
6 ⌉ − 2⌊ r+2

6 ⌋, s ≡ 1 (mod 6),

r + i− 1− 2⌈ r+i−1
6 ⌉ − 2⌊ r−2

6 ⌋, s ≡ 2 (mod 6),

r + i− 2⌈ r+l
6 ⌉ − 2⌊ r6⌋, s ≡ 3 (mod 6),

r + i+ 1− 2⌈ r+i+1
6 ⌉ − 2⌊ r+2

6 ⌋, s ≡ 4 (mod 6),

r + i− 2⌈ r+i+2
6 ⌉ − 2⌊ r−2

6 ⌋, s ≡ 5 (mod 6).

The upper bound is the maximum vertex and edge labels constructed with ψ-labeling
on a double broom graph B(r, s, s) for r, s ≥ 2. Then take the largest label, that is at
vertex wi with i = s.

For r + 2s− 1 ≡ 0 (mod 6),

2
⌊r + s+ i+ 3

6

⌋
=
r + 2s+ 5

3

=
⌈r + 2s− 1

3

⌉
.

For r + 2s− 1 ≡ 2 (mod 6),

2
⌊r + s+ i+ 3

6

⌋
=
r + 2s

3
+

3

3

=
⌈r + 2s− 1

3

⌉
+ 1.

For r + 2s− 1 ≡ 3 (mod 6),

2
⌊r + s+ i+ 3

6

⌋
=
r + 2s− 1

3
+

3

3

=
⌈r + 2s− 1

3

⌉
+ 1.

For r + 2s− 1 ≡ 4 (mod 6),

2
⌊r + s+ i+ 3

6

⌋
=
r + 2s+ 1

3

=
⌈r + 2s− 1

3

⌉
.

For r + 2s− 1 ≡ 5 (mod 6),

2
⌊r + s+ i+ 3

6

⌋
=
r + 2s

3

=
⌈r + 2s− 1

3

⌉
.

For r + 2s− 1 ≡ 1 (mod 6) there are six cases as follows,
s ≡ 0 (mod 6) and r ≡ 2 (mod 3),

r + i+ 1− 2
⌈r + i+ 3

6

⌉
− 2

⌊r
6

⌋
=
r + 2s+ 1

3

=
⌈r + 2s− 1

3

⌉
.
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s ≡ 1 (mod 6) and r ≡ 0 (mod 3),

r + i− 2
⌈r + i− 2

6

⌉
− 2

⌊r + 2

6

⌋
= r + s− 2r + s− 1

3

=
r + 2s− 1

3

=
⌈r + 2s− 1

3

⌉
.

s ≡ 2 (mod 6) and r ≡ 1 (mod 3),

r + i− 1− 2
⌈r + i− 1

6

⌉
− 2

⌊r − 2

6

⌋
= r + s− 1− 2r + s− 4

3

=
r + 2s+ 1

3

=
⌈r + 2s− 1

3

⌉
.

s ≡ 3 (mod 6) and r ≡ 2 (mod 3),

r + i− 2
⌈r + l

6

⌉
− 2

⌊r
6

⌋
= r + s− 2r + s− 1

3

=
r + 2s− 1

3

=
⌈r + 2s− 1

3

⌉
.

s ≡ 4 (mod 6) and r ≡ 0 (mod 3),

r + i+ 1− 2
⌈r + i+ 1

6

⌉
− 2

⌊r + 2

6

⌋
= r + s+ 1− 2r + s+ 2

3

=
r + 2s+ 1

3

=
⌈r + 2s− 1

3

⌉
.

s ≡ 5 (mod 6) and r ≡ 1 (mod 3),

r + i− 2
⌈r + i+ 2

6

⌉
− 2

⌊r − 2

6

⌋
= r + s− 2r + s− 1

3

=
r + 2s− 1

3

=
⌈r + 2s− 1

3

⌉
.

Since the largest label equals (1), we get

res(B(r, s, s)) ≤

{
⌈ r+2s−1

3 ⌉, r + 2s− 1 ̸≡ 2, 3 (mod 6),

⌈ r+2s−1
3 ⌉+ 1, r + 2s− 1 ≡ 2, 3 (mod 6).

(3)

From (2) and (3) it is evident that

res(B(r, s, s)) =

{
⌈ r+2s−1

3 ⌉, r + 2s− 1 ̸≡ 2, 3 (mod 6),

⌈ r+2s−1
3 ⌉+ 1, r + 2s− 1 ≡ 2, 3 (mod 6).
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Then the weight of edges are,

wt(u1vi) =

{
i+ 1, i = s ≡ 2 (mod 6); s ̸= 2; r = 3,

i, for others.

wt(ujuj+1) =


5, j = 2; r = 3; s = 2,

s, j = 1; r = 3; s ≡ 2 (mod 6); s > 7,

j + s, for others.

wt(urwi) =

{
4, i = 1; r = 3; s = 2,

r + s+ i− 1, for others.

We know that all edges in the double broom graph B(r, s, s) are distinct based on the
weights of the edges that have been shown. As a result, ψ possesses the necessary com-
ponent on an edge irregular reflexive k-labeling and follows Theorem 2.1 by res(B(r, s, s)).
So, the res(B(r, s, s)) proof is finished.

□

Figure 1 evidences the illustration of edge irregular reflexive 8-labeling on double broom
graph B(8, 7, 7). Black color represents the names and labels of the vertices, red color
represents the edge weight, and blue color represents the edges.

Figure 1. Edge irregular reflexive 8-labeling on double broom graph B(8, 7, 7)

3. Reflexive Edge Strength on Comb of Cycle and Star Graph Cr ▷ Ss

Acording to Darmaji and Alfarisi [6], comb of cycle and star graph denoted by Cr ▷ Ss
is a graph obtained by taking one copy of Cr and |V (Cr)| copies of Ss graph and identify
the i-th copy of Ss with the i-th vertex of Cr. The cycle’s vertices are denoted as ut,
the apex of the star’s vertices as vt, and the star’s vertices as vt,l. So, set of vertices
V (Cr ▷ Ss) = {ut : 1 ≤ t ≤ r} ∪ {vt : 1 ≤ t ≤ r} ∪ {vt,l : 1 ≤ t ≤ r, 1 ≤ l ≤ s − 1},
consequently set of edges E(Cr ▷ Ss) = {utut+1 : 1 ≤ t ≤ r, t ≡ (mod r)} ∪ {utvt : 1 ≤
t ≤ r} ∪ {vtvt,l : 1 ≤ t ≤ r, 1 ≤ l ≤ s − 1}. As a result, Cr ▷ Ss has rs + r vertices and
edges.

For comb of cycle and star graph Cr ▷ Ss with s ≡ 2, 5 (mod 6) are presented in the
following subsections.
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3.1. For Cr ▷ Ss with s ≡ 2 (mod 6). Theorem 3.1 can be used to calculate the res(G)
of Cr ▷ Ss with s ≡ 2 (mod 6).

Theorem 3.1. For Cr ▷ Ss with r ≥ 3, s ≡ 2 (mod 6),

res(Cr ▷ Ss) =

{
⌈ rs+r

3 ⌉, rs+ r ̸≡ 2, 3 (mod 6),

⌈ rs+r
3 ⌉+ 1, rs+ r ≡ 2, 3 (mod 6).

(4)

Proof. Firstly, verify a lower bound for res(Cr ▷ Ss). By reason of total edges of Cr ▷ Ss
are rs+ r, subsequently by Lemma 1.1 was gained:

res(Cr ▷ Ss) ≥

{
⌈ rs+r

3 ⌉, rs+ r ̸≡ 2, 3 (mod 6),

⌈ rs+r
3 ⌉+ 1, rs+ r ≡ 2, 3 (mod 6).

(5)

This is equivalent to the lower bound in (4).

Next, to obtain the upper bound of res(Cr ▷ Ss) with s ≡ 2 (mod 6), ψ-labeling is
constructed on comb of cycle and star graph as follows,

For 1 ≤ t ≤ r, 1 ≤ l ≤ s− 1

ψ(ut) =



3⌈ s6⌉ − 1, s
2 is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

3⌈ s6⌉,
s
2 is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

6(t− 1) + 4(t− 1)⌊ s−3
6 ⌋, t ̸= 2; t < ⌈ r+1

2 ⌉+ 1,

6⌊ r−1
2 ⌋+ 4⌈ r−2

2 ⌉⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋+ 2, r ≥ 3;

t = ⌈ r+1
2 ⌉+ 1,

6(r − t+ 1) + 4(r − t+ 1)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋+ 2, for others.

ψ(utut+1) =



s
2 + 4(t− 1)⌊ s6⌋+ 2(t− 1), s

2 is odd; t = 1, 2;

t < ⌊ r2⌋+ 1,
s
2 + 4(t− 1)⌊ s6⌋+ 2(t− 1)− 1, s

2 is even; t = 1, 2;

t < ⌊ r2⌋+ 1,

6t+ 4(t− 1)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋ − 3, t ̸= 1, 2; t < ⌊ r2⌋+ 1,
s
2 + 2, s

2 is odd; r = 3;

t = ⌊ r2⌋+ 1,
s
2 + 1, s

2 is even; r = 3;

t = ⌊ r2⌋+ 1,

3(r − 1) + 2(r − 2)⌊ s−3
6 ⌋ − 1, r ̸= 3; t = ⌊ r2⌋+ 1,

s+ 2, r − t = 0; t > ⌊ r2⌋+ 1,

6(r − t+ 1) + 4(r − t+ 1)⌊ s−3
6 ⌋+ 2, for others.

ψ(vt) =


3( s−2

6 ), s
2 is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

3( s−2
6 )− 1, s

2 is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,
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continued ψ(vt)

ψ(vt) =


6(t− 1) + 4(t− 1)⌊ s−3

6 ⌋, t ̸= 2; t < ⌈ r+1
2 ⌉+ 1,

6⌊ r−1
2 ⌋+ 4⌈ r−2

2 ⌉⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋+ 2, r ≥ 3; t = ⌈ r+1
2 ⌉+ 1,

6(r − t+ 1) + 4(r − t+ 1)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋+ 2, for others.

ψ(utvt) =



t, t = 1, 2; t < ⌈ r2⌉+ 1,

6(t− 2) + 4(t− 3)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋ − 2, t ̸= 1, 2; t < ⌈ r2⌉+ 1,

6⌈ r−2
2 ⌉+ 2(r − 3)⌊ s−3

6 ⌋ − 2, r is odd; t = ⌈ r2⌉+ 1,

6⌈ r−2
2 ⌉+ 2(r − 3)⌊ s−3

6 ⌋ − 1, r is even; t = ⌈ r2⌉+ 1,

6(r − t) + 4(r − t)⌊ s−3
6 ⌋+ 3, for others.

ψ(vt,l) =



3⌈ s6⌉ − 1, s
2 is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

3⌈ s6⌉,
s
2 is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

6(t− 1) + 4(t− 1)⌊ s−3
6 ⌋, t ̸= 2; t < ⌈ r+1

2 ⌉+ 1,

6⌈ r2⌉+ 4⌈ r−2
2 ⌉⌊ s−3

6 ⌋+ 2⌊ s−3
6 ⌋ − 2, r ≥ 3; t = ⌈ r+1

2 ⌉+ 1,

6(r − t+ 2) + 4(r − t+ 1)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋ − 2, for others.

ψ(vtvt,l) =



t+ l, t = 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

6(t− 2) + 4(t− 3)⌊ s−3
6 ⌋+ 2⌊ s−3

6 ⌋+ l − 2, t ̸= 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

3(r − 2) + 2(r − 3)⌊ s−3
6 ⌋+ l − 1, r ̸= 3; 1 ≤ l ≤ s− 1;

t = ⌈ r2⌉+ 1,

6(r − t) + 4(r − t)⌊ s−3
6 ⌋+ l + 1, for others.

The upper bound is the maximum vertex and edge labels constructed with ψ-labeling
on the comb of cycle and star graph Cr ▷ Ss for r ≥ 3, s ≡ 2 (mod 6). Then take the
largest label, that is at vertex vt,l.

For r is even with rs+ r ≡ 0 (mod 6) and t = r
2 + 1,

6(t− 1) + 4(t− 1)
⌊s− 3

6

⌋
=

(r
2

)
+ 4

(r
2

)(s− 8

6

)
=
rs+ r

3

=
⌈rs+ r

3

⌉
.

For r is odd with rs+ r ≡ 3 (mod 6),

6
⌈r
2

⌉
+ 4

⌈r − 2

2

⌉⌊s− 3

6

⌋
+ 2

⌊s− 3

6

⌋
− 2 = 3(r + 1) + (r − 1)

(s− 8

3

)
+
s− 8

3
− 2

=
rs+ r

3
+ 1

=
⌈rs+ r

3

⌉
+ 1.
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Because of the largest label equals (4), we get

res(Cr ▷ Ss) ≤

{
⌈ rs+r

3 ⌉, For rs+ r ̸≡ 2, 3 (mod 6),

⌈ rs+r
3 ⌉+ 1, For rs+ r ≡ 2, 3 (mod 6).

(6)

From (5) and (6) it can be concluded that

res(Cr ▷ Ss) =

{
⌈ rs+r

3 ⌉, For rs+ r ̸≡ 2, 3 (mod 6),

⌈ rs+r
3 ⌉+ 1, For rs+ r ≡ 2, 3 (mod 6).

Then the weight of edges are,

wt(utut+1) =


18t+ 12(t− 1)⌊ s−3

6 ⌋+ 6⌊ s−3
6 ⌋ − 9, t < ⌊ r2⌋+ 1,

9(r − 1) + 6(r − 1)⌊ s−3
6 ⌋+ 1, t = ⌊ r2⌋+ 1,

18(r − t+ 1) + 12(r − t+ 1)⌊ s−3
6 ⌋, t > ⌊ r2⌋+ 1.

wt(utvt) =


9(t− 1) + 6(t− 1)⌊ s−3

6 ⌋+ 1, t = 1, 2; t < ⌈ r2⌉+ 1,

18(t− 1) + 12(t− 2)⌊ s−3
6 ⌋+ 6⌊ s−3

6 ⌋ − 8, t ̸= 1, 2; t < ⌈ r2⌉+ 1,

9(r − 1) + 6(r − 1)⌊ s−3
6 ⌋+ 2, t = ⌈ r2⌉+ 1,

18(r − t+ 1) + 12(r − t+ 1)⌊ s−3
6 ⌋+ 1, t > ⌈ r2⌉+ 1.

wt(vtvt,l) =



9(t− 1) + 6(t− 1)⌊ s−3
6 ⌋+ l + 1, t = 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

18(t− 1) + 12(t− 2)⌊ s−3
6 ⌋+ 6⌊ s−3

6 ⌋+ l − 8, t ̸= 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

9(r − 1) + 6(r − 1)⌊ s−3
6 ⌋+ l + 2, 1 ≤ l ≤ s− 1; t = ⌈ r2⌉+ 1,

18(r − t+ 1) + 12(r − t+ 1)⌊ s−3
6 ⌋+ l + 1, 1 ≤ l ≤ s− 1; t > ⌈ r2⌉+ 1.

From the weight of edges that have been presented, all edges in the comb of cycle and
star graph Cr ▷ Ss with s ≡ 2 (mod 6) are different. Accordingly, ψ has the required
component on an edge irregular reflexive k-labeling, then res(Cr ▷Ss) as in Theorem 3.1.
So, the proof of res(Cr ▷ Ss) with s ≡ 2 (mod 6) is completed.

□

3.2. For Cr ▷ Ss with s ≡ 5 (mod 6). Theorem 3.2 can be used to calculate the res(G)
of Cr ▷ Ss with s ≡ 5 (mod 6).

Theorem 3.2. For Cr ▷ Ss with r ≥ 3, s ≡ 5 (mod 6),

res(Cr ▷ Ss) = ⌈rs+ r

3
⌉, rs+ r ̸≡ 2, 3 (mod 6). (7)

Proof. Firstly, verify a lower bound for res(Cr ▷ Ss). By reason of total edges of Cr ▷ Ss
are rs+ r, subsequently by Lemma 1.1 was gained:

res(Cr ▷ Ss) ≥ ⌈rs+ r

3
⌉, rs+ r ̸≡ 2, 3 (mod 6). (8)

This is equivalent to the lower bound in (7).

Furthermore, to obtain the upper bound of res(Cr▷Ss) with s ≡ 5 (mod 6), ψ-labeling
is constructed on comb of cycle and star graph as follows,
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For 1 ≤ t ≤ r, 1 ≤ l ≤ s− 1

ψ(ut) =



⌈ s2⌉, ⌊ s2⌋ is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

⌊ s2⌋+ 2, ⌊ s2⌋ is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

4(t− 1) + 4(t− 1)⌊ s6⌋, t ̸= 2; t < ⌈ r+1
2 ⌉+ 1,

4⌈ r2⌉+ 4⌈ r−2
2 ⌉⌊ s6⌋+ 2⌊ s6⌋ − 2, r ≥ 3; t = ⌈ r+1

2 ⌉+ 1,

4(r − t) + 4(r − t+ 1)⌊ s6⌋+ 2⌊ s6⌋+ 6, for others.

ψ(utut+1) =



⌈ s2⌉+ 4(t− 1)⌈ s6⌉, ⌊ s2⌋ is odd; t = 1, 2;

t < ⌊ r2⌋+ 1,

⌊ s2⌋+ 4(t− 1)⌈ s6⌉, ⌊ s2⌋ is even; t = 1, 2;

t < ⌊ r2⌋+ 1,

4t+ 4(t− 1)⌊ s6⌋+ 2⌊ s6⌋ − 2, t ̸= 1, 2; t < ⌊ r2⌋+ 1,

⌈ s2⌉+ 1, ⌊ s2⌋ is odd; r = 3;

t = ⌊ r2⌋+ 1,

⌈ s2⌉, ⌊ s2⌋ is even; r = 3;

t = ⌊ r2⌋+ 1,

2(r − 2) + 2(r − 2)⌊ s6⌋+ 1, r ̸= 3; t = ⌊ r2⌋+ 1,

s+ 1, r − t = 0; t > ⌊ r2⌋+ 1,

4(r − t+ 1) + 4(r − t+ 1)⌊ s6⌋, for others.

ψ(vt) =



⌈ s2⌉, ⌊ s2⌋ is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

⌊ s2⌋, ⌊ s2⌋ is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

4(t− 1) + 4(t− 1)⌊ s6⌋, t ̸= 2; t < ⌈ r+1
2 ⌉+ 1,

4⌈ r2⌉+ 4(r − 2)⌊ s6⌋+ 2⌊ s6⌋ − 2, r ≥ 3; t = ⌈ r+1
2 ⌉+ 1,

4(r − t) + 4(r − t+ 1)⌊ s6⌋+ 2⌊ s6⌋+ 6, for others.

ψ(utvt) =


1, t = 1, 2; t < ⌈ r2⌉+ 1,

4(t− 2) + 4(t− 3)⌊ s6⌋+ 2⌊ s6⌋ − 1, t ̸= 1, 2; t < ⌈ r2⌉+ 1,

2(r − 2) + 2(r − 3)⌊ s6⌋, r ̸= 3; t = ⌈ r2⌉+ 1,

4(r − t) + 4(r − t)⌊ s6⌋+ 1, for others.

ψ(vt,l) =



⌈ s2⌉, ⌊ s2⌋ is odd; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

⌊ s2⌋+ 2, ⌊ s2⌋ is even; t = 2;

t < ⌈ r+1
2 ⌉+ 1,

4(t− 1) + 4(t− 1)⌊ s6⌋, t ̸= 2; t < ⌈ r+1
2 ⌉+ 1,

4⌈ r2⌉+ 4⌈ r−2
2 ⌉⌊ s6⌋+ 2⌊ s6⌋ − 2, r ≥ 3; t = ⌈ r+1

2 ⌉+ 1,

4(r − t) + 4(r − t+ 1)⌊ s6⌋+ 2⌊ s6⌋+ 6, for others.

ψ(vtvt,l) =


l + 1, t = 1, 2; 1 ≤ l ≤ s− 1; t < ⌈ r2⌉+ 1,

4(t− 2) + 4(t− 3)⌊ s6⌋+ 2⌊ s6⌋+ l − 1, t ̸= 1, 2; 1 ≤ l ≤ s− 1; t < ⌈ r2⌉+ 1,

2(r − 2) + 2(r − 3)⌊ s6⌋+ l, r ̸= 3; 1 ≤ l ≤ s− 1; t = ⌈ r2⌉+ 1,

4(r − t) + 4(r − t)⌊ s6⌋+ l + 1, for others.
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The upper bound is the maximum vertex and edge labels constructed with ψ-labeling
on the comb of cycle and star graph Cr ▷ Ss for r ≥ 3, s ≡ 5 (mod 6). en take the largest
label, that is at edge vtvt,l,

For rs+ r ≡ 0 (mod 6) with l = s− 1,

2(r − 2) + 2(r − 3)
⌊s
6

⌋
+ l =

6r − 12

3
+
rs− 5r − 3s+ 15

6
+ s− 1

=
rs+ r

3

=
⌈rs+ r

3

⌉
.

Because of the largest label equals (7), we get

res(Cr ▷ Ss) ≤
⌈rs+ r

3

⌉
, rs+ r ̸≡ 2, 3 (mod 6). (9)

From (8) and (9) it can be concluded that

res(Cr ▷ Ss) =
⌈rs+ r

3

⌉
, rs+ r ̸≡ 2, 3 (mod 6). (10)

Then the edge weights are,

wt(utut+1) =


12t+ 12(t− 1)⌊ s6⌋+ 6⌊ s6⌋ − 6, t < ⌊ r2⌋+ 1,

6(r − 1) + 6(r − 1)⌊ s6⌋+ 1, t = ⌊ r2⌋+ 1,

12(r − t+ 1) + 12(r − t+ 1)⌊ s6⌋, t > ⌊ r2⌋+ 1.

wt(utvt) =


6(t− 1) + 6(t− 1)⌊ s6⌋+ 1, t = 1, 2; t < ⌈ r2⌉+ 1,

12(t− 1) + 12(t− 2)⌊ s6⌋+ 6⌊ s6⌋ − 5, t ̸= 1, 2; t < ⌈ r2⌉+ 1,

6(r − 1) + 6(r − 1)⌊ s6⌋+ 2, t = ⌈ r2⌉+ 1,

12(r − t+ 1) + 12(r − t+ 1)⌊ s6⌋+ 1, t > ⌈ r2⌉+ 1.

wt(vtvt,l) =



6(t− 1) + 6(t− 1)⌊ s6⌋+ l + 1, t = 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

12(t− 1) + 12(t− 2)⌊ s6⌋+ 6⌊ s6⌋+ l − 5, t ̸= 1, 2; 1 ≤ l ≤ s− 1;

t < ⌈ r2⌉+ 1,

6(r − 1) + 6(r − 1)⌊ s6⌋+ l + 2, 1 ≤ l ≤ s− 1; t = ⌈ r2⌉+ 1,

12(r − t+ 1) + 12(r − t+ 1)⌊ s6⌋+ l + 1, 1 ≤ l ≤ s− 1; t > ⌈ r2⌉+ 1.

We can infer that all edges in the comb of cycle and star graph Cr ▷ Ss with s ≡ 5
(mod 6) are different based on the weights of the edges that have been provided. As a
result, res(Cr ▷ Ss) as in Theorem 3.2, and ψ possesses the necessary component on an
edge irregular reflexive k-labeling. So, the proof of res(Cr ▷ Ss) with s ≡ 5 (mod 6) is
finished.

□

Figure 2 illustrates a comb of cycle and star graph C4▷S5 graph with an edge irregular
reflexive 8-labeling. The names and labels of the vertices are indicated by the black color,
the weight of the edge by the red color, and the edges by the blue color.
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Figure 2. Edge irregular reflexive 8-labeling on comb of cycle and star
graph C4 ▷ S5

4. Conclusions

After more research, we determine that

(1) Reflexive edge strength on double broom graph B(r, s, s) with r, s ≥ 2 are

res(B(r, s, s)) =

{
⌈ r+2s−1

3 ⌉, r + 2s− 1 ̸≡ 2, 3 (mod 6),

⌈ r+2s−1
3 ⌉+ 1, r + 2s− 1 ≡ 2, 3 (mod 6).

(2) Reflexive edge strength on comb of cycle and star graph Cr ▷ Ss with r ≥ 3,
s ≡ 2, 5 (mod 6) are

res(Cr ▷ Ss) =

{
⌈ rs+r

3 ⌉, rs+ r ̸≡ 2, 3 (mod 6),

⌈ rs+r
3 ⌉+ 1, rs+ r ≡ 2, 3 (mod 6).

Open Problem. The readers can continue this research for double broom graph B(r, s, t)
with r, s, t ≥ 2, s ̸= t and comb of cycle and star graph Cr▷Ss with r ≥ 3, s ̸≡ 2, 5 (mod 6).
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