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EXTENDED RESULTS OF COMMON FIXED POINTS BY USING

α− ψ-GERAGHTY CONTRACTION AND APPLICATIONS

H. AFSHARI1∗, H. SHOJAAT2, §

Abstract. By introducing an α − ψ-Geraghty contraction for αC-admissible pair of
multi-valued operators, we get some new results of common fixed points in complex-
valued double-controlled metric spaces. These new results improve and generalize some
results mentioned in the literature.
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1. Introduction

Azam et al. in [5], presented the notion of complex-valued metric spaces (CMS), and
fixed point (FP) results for functions with some rational inequalities were established.
Also, an essential class of FP theorems is α − ψ–contraction mappings, introduced by
Samet and Vetro, were extended to studies on multi-valued mappings by some authors,
see for instance [2, 16].
CMS found exciting applications in many branches of mathematics such as algebraic ge-
ometry and number theory as well as in fields of study such as physics, thermodynam-
ics, and electrical engineering. Also, the concept of b-metric was presented in 1989 by
Bakhtin [8]. Based on this results, Rao et al. [9] introduced the idea of FP theorems on
complex-valued b-metric spaces which is a natural extension of the CMS. In 2016, Singh et
al. [17] presented a contractive type mapping satisfying some rational inequalities. They
obtained the existence of a common fixed point (CFP) for a pair of single-valued mappings
satisfying more general contraction conditions in the framework of CMS. By combining
α − ψ-Geraghty contraction with αC-admissible pair of multi-valued operators, we get
some new results of CFPs in complex-valued double-controlled metric spaces. We expand
the results of [17,20] from CMS to complex-valued b-metric spaces and also generalize the
contraction mappings used therein by introducing a multivalued contraction mapping sat-
isfying a general condition in complex-valued b-metric spaces. Our result really improves
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and strengthens the results of [1,3,4,7,10–13,15,18–20] and many other related results in
the literature.

2. Preliminaries

Let R and C be the set of real and complex numbers, respectively and ϑ1, ϑ2, ϑ3 ∈ C.
A partial order ⪯ on C is defined as below:

ϑ1 ⪯ ϑ2 ⇐⇒ Re(ϑ1) ≤ Re(ϑ2), Im(ϑ1) ≤ Im(ϑ2).

So ϑ1 ⪯ ϑ2 if only one of the below four conditions holds:
(a) Re(ϑ1) = Re(ϑ2), and Im(ϑ1) = Im(ϑ2),
(b) Re(ϑ1) = Re(ϑ2), and Im(ϑ1) < Im(ϑ2),
(c) Re(ϑ1) < Re(ϑ2), and Im(ϑ1) = Im(ϑ2),
(d) Re(ϑ1) < Re(ϑ2), and Im(ϑ1) < Im(ϑ2).
We use the notation ϑ1 ⋨ ϑ2, if ϑ1 ̸= ϑ2 and if one of the properties (b), (c) or (d) hold,
then we have ϑ1 ≺ ϑ2 if only (a) satisfied. If µ1, µ2 ∈ R, 0 ≤ µ1 ≤ µ2 and ϑ1 ⪯ ϑ2, then
µ1ϑ1 ⪯ µ2ϑ2 for all ϑ1, ϑ2 ∈ C. Also, ϑ1 ⪯ ϑ2, and ϑ2 ≺ ϑ3 implies ϑ1 ≺ ϑ3.
If S(ϑ) = {w ∈ C : ϑ ⪯ w} for ϑ ∈ C and S0 = S(0), then, ϑ1 ⪯ ϑ2 implies |ϑ1| ≤ |ϑ2|
and ϑ1 ⋨ ϑ2 implies |ϑ1| < |ϑ2|, for all ϑ1, ϑ2 ∈ S0.

Definition 2.1. [14] Suppose w : X ×X −→ (ξn,∞) is a function with lim infn→∞ ξn > 1.
Then dC : X ×X −→ C is said to be a complex-valued metric if the below items are true:
(i) ∀ϱ, ς ∈ X , dC(ϱ, ς) ⪰ 0 and dC(ϱ, ς) = 0 if and only if ϱ = ς,
(ii) ∀ϱ, ς ∈ X , dC(ϱ, ς) = dC(ς, ϱ),
(iii) ∀ϱ, ς, ξ ∈ X , dC(ϱ, ς) ⪯ w(ϱ, ς)[dC(ϱ, ξ) + dC(ξ, ς)],
and (X , dC) is called dC-metric space (dC-MS).

Definition 2.2. [14] Let (X , dC) be a dC-MS and let {ϱn} be a sequence in X and ϱ ∈ X .
For every c ∈ C, with c ≻ 0, there exists N ∈ N such that,
(i) for all n > N , dC(ϱn, ϱ) ≺ c, then {ϱn} is said to be convergent to ϱ and denoted by
limn→∞ ϱn = ϱ;
(ii) for n > N , if dC(ϱn, ϱn+ϱ) ≺ c, then {ϱn} is said to be a Cauchy sequence;
(iii) If every Cauchy sequence is convergent, then (X , dC) is complete.

Lemma 2.1. [14] For (X , dC) if limn→∞ |dC(ϱn, ϱ)| = 0, then {ϱn} converges to ϱ. Also
{ϱn} is a Cauchy sequence if limn,p→∞ |dC(ϱn, ϱn+p)| = 0.

Definition 2.3. [6] Suppose that (X , dC) is a dC-MS.
(i) A ⊆ X is said to be bounded from below if there exists s ∈ X with s ⪯ a for a ∈ A.
(ii) F : X → 2C is said to be bounded from below if
∀ ϱ ∈ X , there exists xp ∈ C with xp ⪯ u for u ∈ Fϱ := F(ϱ).

Let CB(X ) denote all, closed and bounded subsets of X . For a ∈ X and A,B ∈ CB(X ),
we use the following notations:
(i) S(a,B) = ϱb∈BS(dC(a, b)) = ϱb∈B{ϑ ∈ C : dC(a, b) ⪯ ϑ},
(ii) S(A,B) = (ϱa∈AS(a,B)) ∩ (ϱb∈BS(b,A)).

Definition 2.4. [6] For F : X → CB(X ) and ϱ, ς ∈ X , if Aϱ(Fς) = {ϑ ∈ C| ϑ =
dC(ϱ, u) : u ∈ Fς}, then F
(i) has the lower bound (l.b.) property on (X , dC) if for ϱ, ς ∈ X , ∃ ϑ0 ∈ C with ϑ0 ⪯ ϑ
for ϑ ∈ Aϱ(Fς), that is said to be a lower bound of F and denoted by lϱ(Fς).
(ii) has the greatest lower bound (g.l.b.) property if a greatest lower bound of Aϱ(Fς) exists
in C for ϱ, ς ∈ X . Then, dC(ϱ,Fς) =∈ F{dC(ϱ, u) : u ∈ Fς}.
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Definition 2.5. W ⊆ X , is said to be proximinal in X if for s ∈ X , there exists ς ∈ W ,
dC(s, ς) = dC(s,W ).

Definition 2.6. If αC : X × X → S0 and F ,G : X → CB(X ). Then
(i) F is αC-admissible if for ϱ, ς ∈ X , αC(ϱ, ς) ⪰ 1 implies αC(u, v) ⪰ 1, u ∈ Fϱ, v ∈ Fς,
(ii) (F ,G) is αC-admissible if α(ϱ, ς) ⪰ 1 implies αC(u, v) ⪰ 1 and αC(v, u) ⪰ 1, u ∈ Fϱ,
v ∈ Fς.
Definition 2.7. For a dC-MS X , put αC : X × X → S0. Then X satisfies the condition
(B∗) with respect to αC if for any {ϱn} in X with αC(ϱn, ϱn+1) ⪰ 1 for n ≥ 1 and ϱn → ϱ,
we have αC(ϱn, ϱ) ⪰ 1 and αC(ϱ, ϱn) ⪰ 1.

Definition 2.8. If Ψ be a family of nondecreasing continuous functions ψ : S0 → S0

with
∑∞

n=1 |ψn(w)| <∞, where ψn is the nth iterate of ψ, also ψ(ct) ≤ cψ(r), c > 1. It is
obviously ψ(w) ≺ w.

It is essential to note that max{ϑ1, ϑ2} is not necessarily equal to ϑ1 or ϑ2 for each pair
ϑ1, ϑ2 ∈ C, because

max{ϑ1, ϑ2} = max{Re(ϑ1),Re(ϑ2)}+ imax{Im(ϑ1), Im(ϑ2)}.

3. Main results

Theorem 3.1. Let (X , dC) be complete and F ,G : X → CB(X ) be a pair of αC-admissible
with g.l.b. property such that Fϱ and Gϱ are proximinal for ϱ ∈ X . Suppose also that there
exists β : S0 → S0 such that

1

αC(ϱ, ς)
β(ψ(M(ϱ, ς)))ψ(M(ϱ, ς)) ∈ S(Fϱ,Gς), |β(ψ(M(ϱ, ς)))| ≤ 1

w2(ϱ, ς)
, (1)

for ϱ, ς ∈ X , where ψ ∈ Ψ and

M(ϱ, ς) = max{dC(ϱ, ς), dC(ϱ,Fϱ), dC(ς,Gς),
dC(ϱ,Gς) + dC(ς,Fϱ)

2w(ϱ, ς)
}. (2)

Assume that
(i). For sequence {ϱn} (is convergent), we have

lim
j→∞

w(ϱj+1, ϱj+2)

w(ϱj , ϱj+1)
< 1, (3)

in addition, limn→∞w(ϱ, ϱn) and limn→∞w(ϱn, ϱ) are finite;
(ii). there exist ϱ0 ∈ X and ϱ1 ∈ Fϱ0 with αC(ϱ0, ϱ1) ⪰ 1 and αC(ϱ1, ϱ0) ⪰ 1.
If X has condition (B∗) respect to αC, then F and G have a CFP.

Proof. Put ϱ0 ∈ X and ϱ1 ∈ Fϱ0 such that αC(ϱ0, ϱ1) ⪰ 1 and αC(ϱ1, ϱ0) ⪰ 1. By using
(1), construct a sequence {ϱκ} in X such that
ϱ2κ+1 ∈ Fϱ2κ, ϱ2κ+2 ∈ Gϱ2κ+1, for all k ≥ 0,

dC(ϱ2κ+1, ϱ2κ+2) ⪯
1

αC(ϱ2κ, ϱ2κ+1)
β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1)), (4)

and

dC(ϱ2κ+2, ϱ2κ+3) ⪯
1

αC(ϱ2κ+2, ϱ2κ+1)
β(ψ(M(ϱ2κ+2, ϱ2κ+1)))ψ(M(ϱ2κ+2, ϱ2κ+1)), (5)

where

M(ϱ2κ, ϱ2κ+1) = max{dC(ϱ2κ, ϱ2κ+1), dC(ϱ2κ,Fϱ2κ), dC(ϱ2κ+1,Gϱ2κ+1), (6)
dC(ϱ2κ,Gϱ2κ+1)+dC(ϱ2κ+1,Fϱ2κ)

2w(ϱ2κ,ϱ2κ+1)
},
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and

M(ϱ2κ+1, ϱ2κ+2) = max{dC(ϱ2κ+1, ϱ2κ+2), dC(ϱ2κ+1,Fϱ2κ+1), dC(ϱ2κ+2,Gϱ2κ+2),
dC(ϱ2κ+1,Gϱ2κ+2)+dC(ϱ2κ+2,Fϱ2κ+1)

2w(ϱ2κ+1,ϱ2κ+2)
}.

Since (F ,G) is αC-admissible, then αC(ϱκ, ϱκ+1) ⪰ 1 and αC(ϱκ+1, ϱκ) ⪰ 1 for all k ≥ 0.
If ϱ2κ = ϱ2κ+1 for some k ≥ 0, then ϱ2κ+1 = ϱ2κ+2. In fact, if ϱ2κ+1 ̸= ϱ2κ+2, then

0 < |dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|

≤ |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))|

<
1

w2(ϱ2κ, ϱ2κ+1)
|ψ(M(ϱ2κ, ϱ2κ+1))|

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ, ϱ2κ+1)|,

now, we have the below cases:
Step 1: If M(ϱ2κ, ϱ2κ+1) = dC(ϱ2κ, ϱ2κ+1) thus we have:

0 < |dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|
≤ |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))| (7)

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ, ϱ2κ+1)|

=
1

w2(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ, ϱ2κ+1)|.

(8)

Setting t = sup{ 1
w(ϱκ,ϱκ+1)

, k = 1, 2, 3, . . .},
we get

0 < |dC(ϱ2κ+1, ϱ2κ+2)| <
1

w2(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ, ϱ2κ+1)|

≤ t2|dC(ϱ2κ, ϱ2κ+1)| < t4|dC(ϱ2κ−1, ϱ2κ)|
< . . . < t4k+2|dC(ϱ0, ϱ1)|. (9)

Now, as regards 0 < t < 1, we obtain limκ→∞ |dC(ϱ2κ+1, ϱ2κ+2)| = 0, (Similarly, it can
be proved that limκ→∞ |dC(ϱ2κ+2, ϱ2κ+3)| = 0), and in general it can be proved that
limκ→∞ |dC(ϱκ, ϱκ+1)| = 0.
Step 2: If M(ϱ2κ, ϱ2κ+1) = dC(ϱ2κ,Fϱ2κ), then considering ϱ2κ+1 ∈ Fϱ2κ, we have:

0 < |dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|
≤ |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))| (10)

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ, ϱ2κ+1)|

=
1

w2(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ,Fϱ2κ)|

<
1

w2(ϱ2κ, ϱ2κ+1)
(w(ϱ2κ, ϱ2κ+1)|dC(ϱ2κ, ϱ2κ+1) + dC(ϱ2κ+1,Fϱ2κ)|)

=
1

w(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ, ϱ2κ+1)|.

As in case (1), we obtain limκ→∞ |dC(ϱκ, ϱκ+1)| = 0.
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Step 3: If M(ϱ2κ, ϱ2κ+1) = dC(ϱ2κ+1,Gϱ2κ+1), then by considering ϱ2κ+2 ∈ Gϱ2κ+1,
we have

0 < |dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|
≤ |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))| (11)

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ, ϱ2κ+1)|

=
1

w2(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ+1,Gϱ2κ+1)|

<
1

w2(ϱ2κ, ϱ2κ+1)
(w(ϱ2κ, ϱ2κ+1)|dC(ϱ2κ+1, ϱ2κ+2)

+ dC(ϱ2κ+2,Gϱ2κ+1)|)

=
1

w(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ+1, ϱ2κ+2)| < |dC(ϱ2κ+1, ϱ2κ+2)|,

which is a contradiction. Hence, this case is not possible.

Step 4: If M(ϱ2κ, ϱ2κ+1) =
dC(ϱ2κ,Gϱ2κ+1)+dC(ϱ2κ+1,Fϱ2κ)

2w(ϱ2κ,ϱ2κ+1)
, then we have:

0 < |dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|
≤ |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))| (12)

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ, ϱ2κ+1)|

=
1

w2(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ,Gϱ2κ+1) + dC(ϱ2κ+1,Fϱ2κ)

2w(ϱ2κ, ϱ2κ+1)
|

<
1

2w3(ϱ2κ, ϱ2κ+1)
(w(ϱ2κ, ϱ2κ+2)|dC(ϱ2κ, ϱ2κ+1) + dC(ϱ2κ+1,Gϱ2κ+1)|)

<
w(ϱ2κ, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ, ϱ2κ+1)

+ w(ϱ2κ+1, ϱ2κ+2)(dC(ϱ2κ+1, ϱ2κ+2) + dC(ϱ2κ+2,Gϱ2κ+1))|

<

(
w(ϱ2κ, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)
+

w(ϱ2κ, ϱ2κ+2)w(ϱ2κ+1, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)

)
max{|dC(ϱ2κ, ϱ2κ+1)|, |dC(ϱ2κ+1, ϱ2κ+2)|}.

If max{|dC(ϱ2κ, ϱ2κ+1)|, |dC(ϱ2κ+1, ϱ2κ+2)|} = |dC(ϱ2κ, ϱ2κ+1)|, then we get

0 < |dC(ϱ2κ+1, ϱ2κ+2)|

<

(
w(ϱ2κ, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)
+

w(ϱ2κ, ϱ2κ+2)w(ϱ2κ+1, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)

)
|dC(ϱ2κ, ϱ2κ+1)|

< (
1

2w2(ϱ2κ, ϱ2κ+1)
+

1

2w(ϱ2κ, ϱ2κ+1)
)|dC(ϱ2κ, ϱ2κ+1)|

=
1

w(ϱ2κ, ϱ2κ+1)
|dC(ϱ2κ, ϱ2κ+1)|,
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so, as in case (1), we obtain limκ→∞ |dC(ϱκ, ϱκ+1)| = 0.
If max{|dC(ϱ2κ, ϱ2κ+1)|, |dC(ϱ2κ+1, ϱ2κ+2)|} = |dC(ϱ2κ+1, ϱ2κ+2)|, then we have

0 < |dC(ϱ2κ+1, ϱ2κ+2)|

<

(
w(ϱ2κ, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)
+

w(ϱ2κ, ϱ2κ+2)w(ϱ2κ+1, ϱ2κ+2)

2w3(ϱ2κ, ϱ2κ+1)

)
|dC(ϱ2κ+1, ϱ2κ+2)|

< (
1

2w(ϱ2κ+1, ϱ2κ+2)
+

1

2w(ϱ2κ+1, ϱ2κ+2)
)|dC(ϱ2κ+1, ϱ2κ+2)|

=
1

w(ϱ2κ+1, ϱ2κ+2)
|dC(ϱ2κ+1, ϱ2κ+2)| < |dC(ϱ2κ+1, ϱ2κ+2)|,

which again is a contradiction. Therefore, ϱ2κ will be a CFP for G and F .
(Also, in the same way, we have ϱ2κ+2 = ϱ2κ+3 if ϱ2κ+1 = ϱ2κ+2 for some k ≥ 0).
Suppose that ϱκ ̸= ϱκ+1 for all k ≥ 0. From inequalities (4) and (6), we have

|dC(ϱ2κ+1, ϱ2κ+2)| ≤ |αC(ϱ2κ, ϱ2κ+1)dC(ϱ2κ+1, ϱ2κ+2)|

< |β(ψ(M(ϱ2κ, ϱ2κ+1)))ψ(M(ϱ2κ, ϱ2κ+1))|

<
1

w2(ϱ2κ, ϱ2κ+1)
|M(ϱ2κ.ϱ2κ+1)|,

Thus, as in the above process, limκ→∞ |dC(ϱκ, ϱκ+1)| = 0. We will show next that
{ϱκ} is Cauchy. By (9) and condition (iii) from the definition of dC, we have

|dC(ϱκ, ϱκ+ι)| ≤ w(ϱκ, ϱκ+ι)|dC(ϱκ, ϱκ+1) + dC(ϱκ+1, ϱκ+ι)|

≤ w(ϱκ, ϱκ+ι)t
κ|dC(ϱ0, ϱ1)|

+ |w(ϱκ, ϱκ+ι)w(ϱκ+1, ϱκ+ι)
(
dC(ϱκ+1, ϱκ+2)

+ dC(ϱκ+2, ϱκ+ι)
)
|

≤ w(ϱκ, ϱκ+ι)t
κ|dC(ϱ0, ϱ1)|

+ w(ϱκ, ϱκ+ι)w(ϱκ+1, ϱκ+ι)t
κ+1|dC(ϱ0, ϱ1)|

+ w(ϱκ, ϱκ+ι)w(ϱκ+1, ϱκ+ι)w(ϱκ+2, ϱκ+ι)t
κ+2|dC(ϱ0, ϱ1)|

...

+ w(ϱκ, ϱκ+ι)w(ϱκ+1, ϱκ+ι)w(ϱκ+2, ϱκ+ι) . . .

w(ϱκ+ι−1, ϱκ+ι)t
κ+ι−1|dC(ϱ0, ϱ1)|

< ntκ−1|dC(ϱ0, ϱ1)|.

Taking into account, tκ → 0 as κ → 0, we get limκ→∞ |dC(ϱκ, ϱκ+ι)| = 0. Hence,
the {ϱκ} is Cauchy. As regards (X , dC) is complete dC-MS, there exists ϱ∗ ∈ X with
limκ→∞ |dC(ϱκ, ϱ∗)| = 0. Since X has the property (B∗), we have
αC(ϱ

∗, ϱκ) ⪰ 1 and αC(ϱκ, ϱ
∗) ⪰ 1 for all k ≥ 1. Moreover,

β(ψ(M(ϱ2κ, ϱ
∗)))ψ(M(ϱ2κ, ϱ

∗))

αC(ϱ2κ, ϱ∗)
∈ S(Fϱ2κ,Gϱ∗), (13)

β(ψ(M(ϱ∗, ϱ2κ+1)))ψ(M(ϱ∗, ϱ2κ+1))

αC(ϱ∗, ϱ2κ+1)
∈ S(Fϱ∗,Gϱ2κ+1),
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for all k ≥ 1, where

M(ϱ2κ, ϱ
∗) = max{dC(ϱ2κ, ϱ∗), dC(ϱ2κ,Fϱ2κ), dC(ϱ∗,Gϱ∗),
dC(ϱ2κ,Gϱ∗) + dC(ϱ

∗,Fϱ2κ)
2w(ϱ2κ, ϱ∗)

}, (14)

and

M(ϱ∗, ϱ2κ+1) = max{dC(ϱ∗, ϱ2κ+1), dC(ϱ
∗,Fϱ∗), dC(ϱ2κ+1,Gϱ2κ+1),

dC(ϱ
∗,Gϱ2κ+1) + dC(ϱ2κ+1,Fϱ∗)

2w(ϱ∗, ϱ2κ+1)
}.

Since S(Fϱ2κ,Gϱ∗) ⊆ S(a,Gϱ∗) and S(Fϱ∗,Gϱ2κ+1) ⊆ S(Fϱ∗, b), a ∈ Fϱ2κ,
b ∈ Gϱ2κ+1 and k ≥ 0, then

β(ψ(M(ϱ2κ, ϱ
∗)))ψ(M(ϱ2κ, ϱ

∗))

αC(ϱ2κ, ϱ∗)
∈ S(ϱ2κ+1,Gϱ∗),

β(ψ(M(ϱ∗, ϱ2κ+1)))ψ(M(ϱ∗, ϱ2κ+1))

αC(ϱ∗, ϱ2κ+1)
∈ S(Fϱ∗, ϱ2κ+2)

and so there exist sequences {uκ} ⊆ Fϱ∗ and {vκ} ⊆ Gϱ∗ such that

dC(ϱ2κ+1, vκ) ⪯
1

αC(ϱ2κ, ϱ∗)
β(ψ(M(ϱ2κ, ϱ

∗)))ψ(M(ϱ2κ, ϱ
∗)), (15)

and

dC(uκ, ϱ2κ+2) ⪯
1

αC(ϱ∗, ϱ2κ+1)
β(ψ(M(ϱ∗, ϱ2κ+1)))ψ(M(ϱ∗, ϱ2κ+1)). (16)

Next, we show that {uκ} and {vκ} converge to ϱ∗. For some (m > 1, m is an integer
number), we have

|dC(ϱ∗, vκ)| ≤ w(ϱ∗, vκ)|dC(ϱ∗, ϱ2κ+1) + dC(ϱ2κ+1, vκ)|

≤ w(ϱ∗, vκ)[|dC(ϱ∗, ϱ2κ+1)|

+ w(ϱ2κ+1, vκ)|dC(ϱ2κ+1, ϱ2κ+2) + dC(ϱ2κ+2, vκ)|]

≤ w(ϱ∗, vκ)

[
|dC(ϱ∗, ϱ2κ+1)|

+ w(ϱ2κ+1, vκ)
[
|dC(ϱ2κ+1, ϱ2κ+2)|

+ w(ϱ2κ+2, vκ)|dC(ϱ2κ+2, ϱ2κ+3) + dC(ϱ2κ+3, vκ)|
]]

(17)

≤ w(ϱ∗, vκ)[|dC(ϱ∗, ϱ2κ+1)|+
m∑
j=1

(
Π2κ+j
i=2κ+1w(ϱi, vκ)

)
dC(ϱ2κ+j , ϱ2κ+j+1)

+
(
Π2κ+j
i=2κ+1w(ϱi, vκ)

)
dC(ϱ2κ+m+1, vκ)] (18)

≤ w(ϱ∗, vκ)[|dC(ϱ∗, ϱ2κ+1)|+
m∑
j=1

(
Π2κ+j
i=2κ+1w(ϱi, vκ)

)
t2κ+jdC(ϱ0, ϱ1)]

+
(
Π2κ+j
i=2κ+1w(ϱi, vκ)

)
dC(ϱ2κ+m+1, vκ)] → 0. (19)
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By definition of t and regarding that t2κ → 0, while k → ∞, we get

m∑
j=1

(
Π2κ+j
i=2κ+1w(ϱi, vκ)

)
t2κ+jdC(ϱ0, ϱ1) → 0.

So, limκ→∞ |d(ϱ∗, vκ)| = 0. It can be shown similarly, limκ→∞ |d(ϱ∗, uκ)| = 0. Considering
that Fϱ∗ and Gϱ∗ are closed, we obtain ϱ∗ ∈ Gϱ∗ and ϱ∗ ∈ Fϱ∗. Thus, F and G have a
CFP. □

If we take F = G in Theorem 3.1, then we get the following corollary.

Corollary 3.1. Let (X , dC) be complete and F : X → CB(X ) a αC-admissible with g.l.b.
property such that Fϱ be proximinal and

1

αC(ϱ, ς)
β(ψ(M(ϱ, ς)))ψ(M(ϱ, ς)) ∈ S(Fϱ,Fς), |β(ψ(M(ϱ, ς)))| ≤ 1

w2(ϱ, ς)
, (20)

for ϱ, ς ∈ X and ψ ∈ Ψ, where

M(ϱ, ς) = max{dC(ϱ, ς), dC(ϱ,Fϱ), dC(ς,Fς), dC(ϱ,Fς)+dC(ς,Fϱ)
2w(ϱ,ς) }. Assume that

(i). For each point ϱ and convergent sequence {ϱn}, the following inequality holds;

lim
j→∞

w(ϱj+1, ϱj+2)

w(ϱj , ϱj+1)
< 1,

additionally, limn→∞w(ϱ, ϱn) and limn→∞w(ϱn, ϱ) are finite;
(ii). There exists ϱ0 ∈ X and ϱ1 ∈ Fϱ0 such that αC(ϱ0, ϱ1) ⪰ 1 and αC(ϱ1, ϱ0) ⪰ 1.
If X satisfies the condition (B∗), then F has a FP.

If in Theorem 3.1, we set M(ϱ, ς) = d(ϱ, ς), then we can deduce the following corollary.

Corollary 3.2. Let (X , dC) be complete and F ,G : X → CB(X ) be a pair of αC-admissible
with g.l.b. property such that Fϱ and Gϱ be proximinal, and

1

αC(ϱ, ς)
β(ψ(d(ϱ, ς)))ψ(d(ϱ, ς)) ∈ S(Fϱ,Gς), |β(ψ(dC(ϱ, ς)))| ≤

1

w2(ϱ, ς)
, (21)

for ϱ, ς ∈ X , where ψ ∈ Ψ.
Also assume that
(i). For each point ϱ and convergent sequence {ϱn},

lim
j→∞

w(ϱj+1, ϱj+2)

w(ϱj , ϱj+1)
< 1, (22)

in addition, limn→∞w(ϱ, ϱn) and limn→∞w(ϱn, ϱ) are finite;
(ii). There exists ϱ0 ∈ X and ϱ1 ∈ Fϱ0 such that αC(ϱ0, ϱ1) ⪰ 1 and αC(ϱ1, ϱ0) ⪰ 1.
If X satisfies the condition (B∗), then F and G have CFP.

Corollary 3.3. Let (X , dC) be complete and F : X → CB(X ) be αC-admissible with g.l.b.
property such that Fϱ is proximinal and

1

αC(ϱ, ς)
β(ψ(M(ϱ, ς)))ψ(M(ϱ, ς)) ∈ S(Fϱ,Fς), |β(ψ(M(ϱ, ς)))| ≤ 1

w2(ϱ, ς)
, (23)

for ϱ, ς ∈ X and ψ ∈ Ψ, where

M(ϱ, ς) = X{dC(ϱ, ς), dC(ϱ,Fϱ), dC(ς,Fς), dC(ϱ,Fς)+dC(ς,Fϱ)
2w(ϱ,ς) }. Assume that
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(i). For each point ϱ and sequences {ϱn} and {ςn} (respectively convergent and arbitrary
sequence) in X ,

lim
j→∞

w(ϱj+1, ϱj+2)

w(ϱj , ϱj+1)
< 1,

additionally, limn→∞w(ϱ, ϱn) and limn→∞w(ϱn, ϱ) are finite;
(ii). There exists ϱ0 ∈ X and ϱ1 ∈ Fϱ0 such that αC(ϱ0, ϱ1) ⪰ 1 and αC(ϱ1, ϱ0) ⪰ 1.
If X satisfies the condition (B∗), then F has a FP.

If F and G are self-maps and αC(ϱ, ς) = 1, then we can obtain the following consequence.

Corollary 3.4. Let (X , dC) be complete and F ,G : X → X be self mappings with g.l.b.
property such that Fϱ and Gϱ are proximinal, and

dC(Fϱ,Gς) ⪯ β(ψ(M(ϱ, ς)))ψ(M(ϱ, ς)), |β(ψ(M(ϱ, ς)))| ≤ 1

w2(ϱ, ς)
, (24)

for each ϱ, ς ∈ X , where ψ ∈ Ψ, and

M(ϱ, ς) = X{dC(ϱ, ς), dC(ϱ,Fϱ), dC(ς,Gς), dC(ϱ,Gς)+dC(ς,Fϱ)
2w(ϱ,ς) }.

Also, if (i) of Theorem 3.1 holds, then F and G have a CFP.

Example 3.1. Let X = { 1
16 ,

1
8 ,

1
4}. Define w : X × X → [1,∞) and ρ : X × X → [0,∞)

as the following

w(ϱ, ς) =


1 + ϱ ϱ > ς,
1
ς ϱ < ς,

1 ϱ = ς.

ρ(ϱ, ς) =

{
0 ϱ = ς,

min{ϱ, ς} otherwise.

Consider dC(ϱ, ς) = (1 + i)ρ(ϱ, ς). Clearly, dC(ϱ, ς) ⪰ 0, and dC(ϱ, ς) = dC(ς, ϱ).
Checking the triangular inequality; if ϱ = ς, then ρ(ϱ, ς) = 0, and so it is true. For
ϱ, ς, ξ ∈ X ,

• if ϱ < ξ < ς, then, ϱ ≤ 1
ς (ϱ+ ξ);

• if ϱ < ς < ξ, then, ϱ ≤ 1
ς (ϱ+ ς);

• and if ξ < ϱ < ς, then, ϱ ≤ 1
ς 2ξ.

So, ρ(ϱ, ς) ≤ w(ϱ, ξ)(ρ(ϱ, ξ) + ρ(ξ, ς)). When ς < ϱ, the same results is true. Thus,
dC(ϱ, ς) ⪯ w(ϱ, ξ)(dC(ϱ, ξ) + dC(ξ, ς)).
Also, the condition (i) from Theorem 3.1 is satisfied.
Consider ψ(w) = 9

10w, β(ψ(r)) =
1

ψ2(r)
, and

F(ϱ) =


{1
8} ϱ = 1

16 ,

{ 1
16 ,

1
4} ϱ = 1

8 ,

{1
4} ϱ = 1

4 ,

G(ς) =


{ 1
16 ,

1
8} ς =

1
16 ,

{ 1
16} ς =

1
8 ,

{1
4} ς =

1
4 ,
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αC(ϱ, ς) =

{
1 + i ϱ = ς = 1

4 ,
1

(1+i)2
otherwise.

Clearly, (F ,G) is αC-admissible and Fϱ and Gϱ are proximinal, because X is finite.
Also, X has condition (B∗) respect to αC. There exist ϱ0 = 1

4 and ϱ1 = 1
4 ∈ Fϱ0 = {1

4}
such that αC(ϱ0, ϱ1) = αC(ϱ1, ϱ0) = 1 + i ⪰ 1.

Next, we will show that β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))
αC(ϱ,ς) ∈ S(Fϱ,Gς).

We show that for a ∈ Fϱ, there exists b ∈ Gς with

dC(a, b) ⪯ β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))
αC(ϱ,ς) , and also for b ∈ Gς, there exists a ∈ Fϱ with dC(a, b) ⪯

β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))
αC(ϱ,ς) .

If ϱ = ς = 1
4 then Fϱ = Gς = {1

4}, clearly dC(a, b) ⪯
β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))

αC(ϱ,ς) is established for

all a ∈ Fϱ and b ∈ Gς.
Let ϱ = ς = 1

8 . Then, Fϱ = { 1
16 ,

1
4} and Gς = { 1

16}, hence

1

16
≤

(1 + i) 1
16

9
10

99
100

1
256(1 + i)2(1 + i)−2

,

and so dC(a, b) ⪯ β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))
αC(ϱ,ς) . Also, if a = 1

4 ∈ F(18), then for b = 1
16 ∈ G(18), the

mentioned inequality is established.
Now, if ϱ = ς = 1

16 . Then, for Fϱ = {1
8} and Gς = { 1

16 ,
1
8} the aforementioned relation is

established.
For a = 1

8 ∈ F( 1
16) and b =

1
8 ∈ G( 1

16), dC(a, b) = 0, and so

dC(a, b) ⪯ β(ψ(M(ϱ,ς)))ψ(M(ϱ,ς))
αC(ϱ,ς) . Other cases are checked as above. Therefore, the assump-

tions of Theorem 3.1 are fulfilled. Here, ϱ∗ = 1
4 is a CFP of F and G.

4. Application

Here, we investigate the existence of the solution for an inclusion system with derivative
of fractional order.
Set r ∈ [a, b] ⊆ R+ and Iιaτ(r, x(r)) =

∫ r
a

(r−s)ι−1

Γ(ι) τ(s, x(s))ds, (τ ∈ C([a, b]×R,R), ι ∈ R+).

Consider the following system:x(r) ∈ w(r) +W(r, Iιa(U(r, x(r)))),

y(r) ∈ z(r) + Z(r, Iιa(V (r, y(r)))),
(25)

where, x, y, w, z : [a, b] → R, U, V,W,Z : [a, b]× R → R are continuous and two functions
W and Z are bounded, additionally.
Let X = L1([a, b]) (Lebesgue integrable functions). Consider dC : X × X → C by:

dC(F ,G) = ∥ F(r)− G(r) ∥1e
iθ =

(∫ b

a
| F(r)− G(r) | dr

)
eiθ, (26)

where θ ∈ [π4 ,
π
2 ] and function w : X × X → [1,+∞) which satisfy in the condition (i) of

Corollary 3.2. Clearly, (X , dC) is a complete respect to function w.
Define ΛUw : X → 2X by

ΛUwF(r) = {z(r) +W(r, Iιa(U(r,F(r)))), z(r) + Z(r, Iιa(U(r,F(r))))} (∀r ∈ [a, b]), (27)

with w ∈ X (is continuous), U : [a, b] × R → R and W,Z : [a, b] × R → R are bounded
continuous. Then, it can be easily shown that ΛUwF ⊆ X is closed and bounded for F ∈ X .
Clearly, F ∈ X is a solution of the system (25) whenever it is a CFP of ΛUw and ΛVz .
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The following theorem shows that Corollary 3.2 can be used to check the existence and
uniqueness of system (25).

Theorem 4.1. Let (X , dC) be complete with respect to the metric (dC defined by (26)).
Assume that F ,G : X → CB(X ) are defined by:

Fϱ(r) = ΛUwϱ(r), Gς(r) = ΛVz ς(r), r ∈ [a, b].

Suppose that γ = ∥ w − z ∥1, also, for r ∈ [a, b], µ1, µ2 ∈ R, we have;|W(r, µ1)−Z(r, µ2)| ≤ ϕ1(r) | µ1 − µ2 |,

|U(r, ϱ(s))− V (r, ς(s))| ≤ ϕ2(r)
[

16|ϱ(s)−ς(s)|
4+∥ϱ(s)−ς(s)∥1

2 − 2γ
λ(b−a)

]
,

(28)

where ϕ1 and ϕ2 have upper bounds of Γ(ι+ 1)/8 and (b− a)−ι on [a, b], respectively.
In this case, the Corollary 3.2 is satisfied for F and G. Thus they have a CFP.

Proof. Define ψ(w) = w
2 , β(r) = e2iθ

e2iθ+t2
, for all w ∈ S0 and αC(ϱ, ς) =

√
2[sin θ0 +

(0.1)i cos θ0], for all ϱ, ς ∈ X , where θ0 is an arbitrary angel in [π4 ,
π
2 ]. Clearly, αC(ϱ, ς) ⪰ 1,

for each ϱ, ς ∈ X and so the pair (F ,G) is αC-admissible. In addition, X has the property
(B∗) and the subsets Fϱ and Gς of X are proximinal. By using 28, for each O ∈ Fϱ,
R ∈ Gς, and r ∈ [a, b], we have

∥ O(r)−R(r) ∥1 =

∫ b

a
| O(r)−R(r) | dr

=

∫ b

a
|w(r) +W(r, Iιa(U(r, ϱ(r))))− z(r)−Z(r, Iιa(V (r, ς(r))))|dr

≤ ∥ w(r)− z(r) ∥1 +
∫ b

a
ϕ1(r) | Iιa(U(r, ϱ(r)))− Iιa(V (r, ς(r))) | dr

≤ γ +
Γ(ι+ 1)

8

∫ b

a
|
∫ r

a

(r − ζ)ι−1

Γ(ι)
[U(ζ, ϱ(ζ))− V (ζ, ς(ζ))] dζ | dr

≤ γ +
Γ(ι+ 1)

8

∫ b

a

∫ r

a

(r − ζ)ι−1

Γ(ι)
| U(ζ, ϱ(ζ))− V (ζ, ς(ζ)) | dζ dr

≤ γ +
Γ(ι+ 1)

8

∫ b

a

∫ b

ζ

(r − ζ)ι−1

Γ(ι)
| U(ζ, ϱ(ζ))− V (ζ, ς(ζ)) | dr dζ

≤ γ +
1

8

∫ b

a
(b− ζ)ι | U(ζ, ϱ(ζ))− V (ζ, ς(ζ)) | dζ

≤ γ +
1

8
(b− a)ι

∫ b

a
| U(ζ, ϱ(ζ))− V (ζ, ς(ζ)) | dζ

≤ γ +
1

8
(b− a)ι

∫ b

a
ϕ2(ζ)

[
16 | ϱ(ζ)− ς(ζ) |

4 + ∥ ϱ(ζ)− ς(ζ) ∥1
2 − γ

(b− a)

]
dζ

≤ 1

8

∫ b

a

16 | ϱ(ζ)− ς(ζ) |
4 + ∥ ϱ(ζ)− ς(ζ) ∥1

2dζ

=
2∥ ϱ(ζ)− ς(ζ) ∥1

4 + ∥ ϱ(ζ)− ς(ζ) ∥1
2 .
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So

∥ O(r)−R(r) ∥1e
iθ ⪯

2∥ ϱ(ζ)− ς(ζ) ∥1eiθ

4 + ∥ ϱ(ζ)− ς(ζ) ∥1
2 ,

and then

dC(O, ξ) ⪯ β(ψ(dC(ϱ, ς)))ψ(dC(ϱ, ς)) ⪯
β(ψ(dC(ϱ, ς)))ψ(dC(ϱ, ς))

αC(ϱ, ς)
.

Consequently, β(ψ(dC(ϱ,ς)))ψ(dC(ϱ,ς))
αC(ϱ,ς) ∈ S(Fϱ,Gς). Thus, from Corollary 3.2, F and G have

a CFP in X . Hence, the system (25) has a solution in X . □

References

[1] Afshari H., Atapour M., Karapinar E., (2020), A discussion on a generalized Geraghty multi-valued
mappings and applications, Adv. Differ. Equ., 1, pp. 1-14.
https://doi.org/10.1186/s13662-020-02819-2.

[2] Afshari, H., Kalantari, S., Baleanu D., (2018), Solution of fractional differential equations via α− ψ-
Geraghty type mappings, Advances in Difference Equations, 2018(347).
Doi:10.1186/s13662-018-1807-4.

[3] Afshari H., Abdo M.S., Nosrati Sahlan M., (2023), Some new existence results for boundary value
problems involving ψ-Caputo fractional derivative, TWMS J. App. and Eng. Math. 13(1), pp. 246-255.

[4] Aslam, M. S., Bota, M. F., Chowdhury, M. S. R., Guran, L. and Saleem, N., (2021), Common Fixed
Points Technique for Existence of a Solution of Urysohn Type Integral Equations System in Complex
Valued b-Metric Spaces, Mathematics, 9(4), 400, https://doi.org/10.3390/math9040400.

[5] Azam, A., Ahmad, J., and P. Kumam, 2013, Common fixed point theorems for multi-valued mappings
in complex-valued metric spaces, Journal of Inequalities and Applications, 2013(578).

[6] Ahmad, J., Klin-Eam, C. and Azam, A., (2013), Common fixed points for multivalued mappings in
complex valued metric spaces with applications, in Abstract and Applied Analysis, Article ID 854965.
https://doi.org/10.1155/2013/854965.

[7] Amiri P., Afshari H., (2022), Common fixed point results for multi-valued mappings in complex-valued
double controlled metric spaces and their applications to the existence of solution of fractional integral
inclusion systems, Chaos, Solitons Fractals, 154, 111622.

[8] Bakhtin, I.A. (1989), The contraction mapping principle in almost metric spaces. Funct. Anal., 30,
pp. 26–37.

[9] Rao K., Swamy P.R., and Prasad J.R., (2013), A Common Fixed Point theorem in Complex Valued
b-metric spaces, Bull. Math. Statist. Res. 1(1) pp. 1–8.

[10] Ege, O., (2015), Complex valued rectangular b-metric spaces and an application to linear equations.
J. Nonlinear Sci. Appl., 8(6), pp. 1014–1021.

[11] Ege, O. and Karaca, I., (2018), Complex valued dislocated metric spaces. Korean J Math, 26(4), pp.,
809–822 .

[12] Rouzkard, F., Imdad, M., (2012), Some common Fixed Point theorems on complex valued metric
spaces Comput. Math. Appl. 64(6), pp. 1866–1874.

[13] Klin-eam C. and Suanoom, C., (2013), Some common fixed point theorems for generralized con-
tractive type mappings on complex valued metric spaces, Abstr. Appl. Anal., ,6, Article ID 604215,
doi.10.1155/2013/ 604215.

[14] Panda, S. K., Abdeljawad, T. and Chokkalingam, R., (2020), A complex valued approach to the
solutions of Riemann Liouville integral, Atangana Baleanu integral operator and non linear Telegraph
equation via fixed point method, Chaos, Solitons Fractals, 130, 109439.

[15] Roomi V., Afshari H., Kalantari S., (2022), Some existence results for fractional differential inclusions
via fixed point theorems, Fixed Point Theory, 23(2), pp. 673-688.

[16] Samet B., Vetro C. and Vetro P., (2012), Fixed point theorems for α-ψ-contractive type mappings,
Nonlinear Anal. 75, pp. 2154-2165.

[17] Singh N., Singh D., Badal A., Joshi V., (2016), Fixed point theorems in complex valued metric spaces,
Journal of the Egyptian Mathematical Society, 24(3), pp. 402-409.

[18] Sintunavarat, W., and Kumam, P., (2012), Generalized Common Fixed Point theorems in complex
valued metric spaces and applications, Journal of Inequalities and Applications, article 84.



790 TWMS J. APP. ENG. MATH. V.15, N.4, 2025

[19] Sitthikul, K. and Saejung, S., (2012), Some fixed point theorems in complex valued metric spaces,
Fixed Point Theory Appl. Article ID 189 .

[20] Ullah N., Shagari M. S., Azam A., (2019), Fixed point theoremsin complex valued extended b-metric
spaces, Moroccan J. Pure Appl. Anal., 5, pp. 140–163.

[21] Karapinar E., (2023), Recent Advances on Metric Fixed Point Theory: A Review. Appl. Comput.
Math., V.22, N.1, 2023, pp.3-30

[22] Mirkov N., Fabiano N., Radenovic S., (2023) Critical Remarks on ’A New Fixed Point Result of Perov
Type and its Application to a Semilinear Operator System’, TWMS J. Pure Appl. Math., V.14, N.1,
2023, pp.141-145

H. Afshari - for the photography and short autobiography, see Jaem Vol 11, No 1, 2021

H. Shojaat - for the photography and short autobiography, see Jaem Vol 11, No 1, 2021


