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ON A COUPLED HYBRID SYSTEM OF ORDINARY SECOND-ORDER
NONLINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

SH. M AL-ISSAY2* | A. M. A. EL-SAYED?, H.H.G. HASHEM?, H. M. HARISI, §

ABSTRACT. In this work, the existence of solutions for coupled systems of ordinary
second-order hybrid functional differential blueequations (CSHDE) is concerned, due
to Dhage’s hybrid fixed point theorem. Continuous dependence of the solution of our
problem will be proven on delay functions. To demonstrate the produced outcome, an
example is provided.

Keywords: Nonlinear functional integral equation, existence of continuous solution,
Dhage fixed point Theorem, continuous dependence.
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1. INTRODUCTION

The significance of the HDEs that appear in many dynamical systems is of special
attention. The treatment of Dhage’s research includes HDE [1], and it has been fully
addressed in numerous articles on hybrid differential equations of various perturbations
2], [3], [4], [5], and [6], as well as references therein.

The original differential equations are perturbed in various ways in this class of HDE.
Many studies on the theory of HDE have been published, and we recommend the papers
[7,8,9,10, 11, 12, 13]. The problem of the coupled hybrid fractional differential equations
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(CHFDE) was investigated by Hannabou et al [14].

(€D (5iiiomy) = Pt (1), v(#)), ae, t€[0,T] 0<a<l

v(t
CDﬁ(m) = ha(t,v(t), u(t)), ae, t€[0,T] 0<B<1

1(0) w(T) —
om0 w0 T O RTMDam) = &

#(0) w(T) _
R o) O HTmDaa) = ¢
where D and ©D# respectively indicate the fractional orders a and S of the Caputo
derivative.
The corresponding Dirichlet boundary value problem CHFDE was studied by Bashir et
al. [15]:

t

cw v(t
D¥ (i) = ha(t,v(®), (1)), 0<t <1 1<w<2

1(0) = p(1) =0, v(0) = (1) = 0.

Dhage and et al. investigate the existence of coupled solutions to the nonhomogeneous
boundary value problem of coupled hybrid integro-differential equations of fractional order
in [16].

cwxfz-llﬁihi,x, o
D (M= OOV — o(t a(t), y()  ace. t € [0,1],

w(t) =300 ik (ta(t),y(t))
g(t,x(t),y(t))

<D ( ) = ¥(t,y(t),z(t)) ae. te0,1], (1)

2(0) = a, z(1) = b, y(0) =c, y(1) =4,
We investigate the following initial value problem of coupled hybrid second-order dif-

ferential equations (CSHDE), which is driven by current research on coupled systems of
HDE.

& (Al Oy — gy (8, 2(1), y(ps(t))), teJ=10,T],

2 —
o (U2l — g5ty (1), 2(s(1)), teJ =[0,T],

2(0) = h1(0,2(0)), y(0) = h2(0,4(0)) and

\1}/(0) = %’t:[}a yl(o) = %’t:(},

and establish the existence and uniqueness results where f; € C(J x R,R\ {0}), ¢; €
C(J xRxR,R), h; € C(J x R,R), (i = 1,2), and @; € C(J) with ¢;(0) =0, (j = 1,2,3).
We define the solution of CSHDE (2) to be a pair of functions (z,y) € C(J,R) x C(J,R)
satisfying

(i) the functions ¢t — x(t}:(?}éfg(g;)(;))) and t — y(t};(}f;(té(z;)(;))), z,y € C(J,R) are

continuous, and
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(ii) the system of equations in (2) is satisfied by (x,y).

To prove our result, we use the standard hybrid fixed point theory developed in [2]-[13].
The unique solution’s continuous dependency on the delay functions will be investigated.

The following is a breakdown of the paper’s structure: We’ll go through some helpful
hypotheses and preliminaries in Section 2. In Section 3, we show an additional Theorem
connected to the linear variation of the issue (2), and present sufficient criteria that verify
our main result for CSHDE (2). In Section 4, we show that solutions are continuously
dependent on delay functions, and an illustrated example will be provided to demonstrate
our findings.

2. HYPOTHESES AND AUXILIARY RESULTS

Here, we present our fundamental result for CSHDE (2), which is based on Dhage’s
fixed point theorems [1]

Theorem 2.1. [1] Let S be a nonempty, closed convex and bounded subset of a Banach
algebra X and let A,C : X — X and B : S — X be three operators such that:

(a) A and C are Lipschitzian with Lipschitz constants § and p, respectively,
(b) B is compact and continuous,

(¢c) z=AxzBy+Cx=2x €S, forally € S.

(d) 6 M + p<r, forr >0 where M = ||B(95)].

Then the operator equation AxBx + Cx = x has a solution in S.

Consider the following assumptions:

(A1) fi: J xR —= R\ {0}, and h; : J x R — R, are continuous and there exist four
functions k;, L; € C(J,Ry), with norm ||k;|| and ||L;||, respectively (i = 1,2), such
that

[hi(t, 1) = hi(t,v)| < Ka(t) | — v,
[fi(t, ) = fult,v)| < Li(@)|p — v,
forallt € Jand p,v € Rwith ||k|| = max{||k1]|, ||k2| }, and || L|| = max{||L1||, || L2]|}-
(A2) gi : J x R x R — R are continuous. There exist functions p; € C(J,R;) and

four continuous nondecreasing functions ®; : [0,00) — (0,00), and ; : [0,00) —
(0,00), (i=1,2) with

19t V)| < pi@)@i(|ul)Wi([v]), ¥ (8 p,v) € J X RXR,

with [[p]| = max{[py | [pall}, (r) = max{® (|, Ba(lv)},
and W(r) = mas{ ¥, ()], Vx| )}
(As) The functions ¢; : J — J, are continuous, with ¢;(0) =0, j =1,2,3.
(A4) There is a real number r > 0 for which
2
L 2P IR 5+ + b
1= (llplle(r)e(r) [ILII5 + [k])

with F; = sup|fi(¢,0)|, F = max{F, F>}, H; =sup,c;|hi(t,0)|, (=1,2), and
teJ

3)

T2
Il @)U ()l Ll + NIkl < 1. (4)

The following lemma is used in the proof of the main existence result.
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Lemma 2.1. Assume that hypotheses (A1) — (A4) holds. Then x € C(J,R) is a solution
of the SHDE (5),

2 rx(t)—hi(t,x
{iﬂ“&&%ﬁ%m)m@x@w@ﬁW)teJmﬂm

(5)
z(0) = h1(0,2(0)), and 2'(0) = %hzo,

if and only if it is equivalent to the quadratic integral equation

z(t) = m(t,2(p1(1) + fl(tvx(m(t)))/o (t = 5)g1(s,2(s),y(p3(s))) ds. (6)

Proof. First step, allowing = to be a solution of the SHDE (5), we obtain by integrating
from 0 to t, for two sides of (5)

da (w(t) - hl(taw(%(t)))>_d (Jf(t) - hl(tl’(@l(t))))

dt fi(t, z(p2(1))) dt fi(t, z(p2(1)))

However, since f1(0,2(0)) # 0 and ¢;(0) =0, j = 1,2, 3.

da (x(t) —hl(tvﬂf(%(t))))

dt fi(t, x(p2(1))) t=0

_ i(0,2(0) (@'(0) = G|1-p) = (2(0) = M (0,2(0))) G |,y
f(0,(0))

=/ g1(s,2(s),y(3(s)))ds.
t=0 0

=0.

Using the boundary conditions

2(0) = h1(0,%(0)),
dhy

117/(0) = W‘tzo‘

Hence, we obtain

d (x(t) — hai(t, z(p1(1)))
dt f1(t, x(p2(2)))

When we integrate two sides of (7) from 0 to t, we get

2(t) = bt x(p1 (1) () = it 2(1(t)))

fi(t, 2(a(t))) fi(t, 2(a(t)))

>:Am@M%M%®D® (7)

- /O (t - 8)91(3733(5%3/@3(3)))(157
(8)

t=0

as well as
x(t) — h(t, z(p1(1)))
f1(t, z(p2(2)))
As a result, eq.(8) yields
x(t) — ha(t, z(e1(1)))
fi(t, z(p2(2)))

_3(0) = m(0,2(0) _
0 hOzO)

- /0 (t—3s) g1(s,z(s),y(p3(s))) ds,
z(t) = hi(t,2(p1(t))) + f1(t,a:(<P2(t)))/0 (t = s) gi(s,z(s), y(p3(s))) ds.
Thus, eq.(6) holds.
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Conversely, assume, on the other hand, that x fulfills eq.(6). Then, for both sides of
eq.(6), we divide by f1(¢, x(p2(t))) and make direct differentiation.

d (2= mbxei))) t s, x(s s S
dt( Fi(t,z(pa(1))) > —/0 g1(s,2(s),y(p3(s))) ds.

Therefore equation (5) can be verified by direct differentiation.

& (o) = (1)) _
G (H 1 ZBOD) g1 a(0, it

Thus, inserting ¢ = 0 in equation (6), gives
2(0) — h (0, 2(0))
f1(0,2(0))
therefore z(0) = h1(0,2(0)), and

—0ast—0,

d (x(t) — it z(e1(1))) _
dt < Si(t, z(p2(t))) > = ’
it 2(oa (D)) (@' (8) = G1) — (@(t) =tz O) G| _ 0
2t 2(02®))) =0
F(0.20)(0) = o) = (o(0) = m(0.2(0) G| <.
As we established that z(0) = hl(O, 2(0)), we may deduce that x’(O) dhl 2+ |t=0- O

2.1. Existence of solution.

Theorem 2.2. Assume that the hypotheses (A1) — (A4) holds. Then the coupled system
(2) has at least one solution defined on J X J.

Proof. In view of Lemma 2.1, the solutions of the CSHDE (2)

2(t) = m(t,z(p1(1) + fl(t»m(wz(t)))/o (t =) g1(s,2(s),y(p3(s))) ds,  (9)

y(t) = ha(t,y(e1(t))) + f2(t7y(¢2(t)))/0 (t =) g2(s,y(s), (p3(s))) ds.  (10)
Construct a subset S = (51, .52) of the Banach space E = C(J,R) x C(J,R) by

S={(x,y) € E, |[(z,9)ll <7},

where r satisfies the inequality given in (3).

Obviously, § is bounded convex, and a closed subset of the Banach space E. In con-
junction with the functions f;, g; and h;, (i = 1,2), we introduce the three operators
A= (Al,AQ) B — E, C = (01,02) :F — Fand B = (Bl,BQ) : S — F defined by

A(:Evy) = (A1$3A2y) = (fl(tvl‘(SOQ(t)))?fQ(tay(cP2(t))))a
B(;U,y) = (BlmaBQy)

- ( / (t— 5) g1(s,2(5), y(ips(s)))ds, / (t—s) gz<s,y<s>,az<w3<s>>>ds),
0 0
C(z,y) = (Cra, Coy) = (ha(t,x(p1(t))), ha(t, y(1(t))))-

The coupled system of functional integral equations (9) and (10) can thus be expressed as
a system of operator equations, as shown below

Az, y)(t) - Bz, y)(t) + C(z,y)(t) = (z,y)(t), t € J, (11)
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In addition, due to the multiplication of two components in F gives
(Arz(t) - Bry(t) + Crax(t), Agy(t) - Baa(t) + Coy(t)) = (z,y)(t), t € J. (12)
Furthermore, this indicates that
A1x(t) - Biz(t) + Chz(t) = z(t), t € J,
(13)
Asy(t) - Bay(t) + Cay(t) = y(t), t € J.
We shall demonstrate that A, B and C' meet all requirements of B.C. Dhage fixed-point
Theorem [17]. This will be accomplished in the steps that follow.

Step 1. We shall demonstrate that A = (A1, A2) and C = (C4,C2) are Lipschitzian
on E. So, we shall demonstrate that A4;, C; are lipschitzian on C(J,R), ¢ = 1,2. Let
x,y € C(J,R). Then by (A1), we have

[Aiz(t) — Aiy(t)] |fi(t, 2(p2(t))) — filt, y(e2(1)))]
< Li(t) z(e2(t) — y(e2@)] < ([ Lil = — yll.

As a result, for any t € J. If we take the supremum over ¢, we get

[Aiz = Aiy|| < [[Lil] [l = y]l-

Therefore, A; is a Lipschitzian on X with Lipschitz constant ||L;]| .
Similarly, for any =,y € C(J,R), we get

Car(t) = Cy®)] = It 21 (1)) — halt, y(pr (1))
< ki(@)lz(ei(t) —yler @) < kil |z —yll.
As a result, for any ¢t € J. If we take the supremum over ¢, we get
1Cix = Ciyll < Iill [l = yll-

This demonstrates that C; is a Lipschitz mapping on X with the Lipschitz constant ||k;]|,
which yields, for all u = (x,y), v = (Z,y) € E, the operator A is defined as follows:

Au—Av = A(x,y)_A(a_jvg)
= (Aiz, Ayy) — (AT, A2y)
(AlI — Alff' , Agy — Agg),

then
||Au — Avl|

[(A1z — A1Z, Ay — A2
A1z — A1 Z|| + [[A2y — A7) ||
Ll [z — Z[| + [| La]| [y — ¥l
IL|| |z = z[| + [[Z]| ly — ¥l
ILI (llz = 2] + ly — 7ll)

1L fluw— ol

VAN VAN VAN VARSI VAN

which shows that A is Lipschitzian, as shown by the Lipschitz constant ||L||. Likewise, we
have C is Lipschitzian with Lipschitz constant ||k| as well.

Step 2.To show that B = (Bj, By) is completely continuous operator on S into E.
We begin by demonstrating that B is continuous on E. Assume that the sequence of
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points (x,,yn) in S converging to a point (z,y) € E which satisfies {(zn,yn)} — (z,y) as
n — oo. Then, by Lebesgue dominated convergence theorem, we get

t

lim Biz,(t) = lim (t—3s) g1(s,2n(s),y(ps3(s)) ds
n—o0 n— o0 0
t
= [ =9 mla).uleals) ds
= le(t).
As a result, the operator B; is a continuous one. Bs can also be checked regularly.
lim Boy,(t) = Bay(t).
n—oo
Hence
lim Buy(t) = (lim Bjz,, lim Byy,)
n—o00 n—00 n—0o0
(B1z(t), Bay(t))
= B(z,y)
Bu(t).

Thus, Bu, — Bu as n — oo uniformly on R;. As a result, B on § into § is a continuous
operator. We can now prove that B is a compact operator on S. It is sufficient to
demonstrate that B(S) is a uniformly bounded and equi-continuous set in E. Allow
(z,y) € S be arbitrary to demonstrate this. Then by hypothesis (As),

t
Bia(t)| < /0 (t = 5) [g1(5,2(5), y(3(s)) ds
t
< / (t— ) p1(t) @1(ja]) T (ly)ds
0

< pall ®1(l2]) T (Jy) /0 (t - s)ds
T2
< ol #0r) wir) -

If we take the supremum over t € J, we get

T2

77

for all x € §. This demonstrates that By is uniformly bounded on S.
In the same way, one can find that

[1Biz(t)]] < |pll ®(r) W(r)

T2
1By (@)l < llpl] @(r) ¥(r)=-.
We get, for u = (z,y) € S
|Bul| = [|B(z,y)[| = [[(Biz, Bay)||
= [[Buyll + || B2z|]

2

< 2ol @) W)

for all v € S, it follows that B is uniformly bounded on §.
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Following that, we demonstrate that B(S) is equi-continuous sequence of functions in
E. If we choose t1, to € J with t; < t3 and u = (z,y) € S, then we have

(Biz)(t2) — (Bix)(t1)

sA?mﬂwww@wwwmw—éinﬂwmw@wwwmw
sAW@—@m@ﬂwm%@mw+/”w—$m@ﬂ%ﬂwwm@

t1

—Aﬂﬁ—@m@ﬂﬁm%@m%
s/Ww—ﬁ—m—@mww@wwmmw+/"w—@m@ﬂ%ﬂm@mm
0 t1

and

[(Biz)(t2) — (Biz)(t1)|

< [ tln o st ) + [t = o (6) gl

t1

s/7m4ﬁm@¢mwwuww+/7m—ﬁmw@mwwwww
0

t1

< lpill B(r) W) [T(ts — 11) + / “(t— 5) ds]

' . 2
< il 0(r) W) [7(0 — 1) + 2210
(t2 — t1)?
(Bi)(t2) — (Bu)(t)] < [l () ()Tt — 1) + 2200

which is independent of y. Then, for €; > 0, there exists a §; > 0, with
lto —t1] <61 = |(Biz)(t2) — (B1z)(t1)| < €1.
In a similar manner, one can get that for eo > 0, there exists a do > 0, with
t2 —t1] <2 = [(B2y)(t2) — (Bay)(t1)| < e2.
Thus, for € > 0, there exists a > 0, with
[to —t1] <d = |Bu(ta) — Bu(t1)| < e.

Let t2,t; € J and for all u € S. This demonstrates that B(S) is an equi-continuous set in
E.

Now, since the set B(S) is a uniformly bounded and equi-continuous set in E, Arzela-
Ascoli Theorem states that it is compact. B is thus a complete continuous operator on
S.

Step 3. The last condition of Dhage fixed-point Theorem [17] is fulfilled. Assume for
u € F,

u=(z,y) = (A1zBix + Ciz, AsyBay + Cay).
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Let 2 € C(J,R) and y € Sc be two arbitrary values using the formula
x = AjxBix + Crx. Next, we get

[2(8)| < |Avz(8)[|Brz(t)| + | Cra(t)]
t
< Ifl(t,iv(sﬁz(t)))l/o (t =) lg1(s,2(s),y(w3(s)))|ds + [P (&, (1 (2)))]

< (If1(t, 2(p2(1)) = f1(2,0)] + \f1(t’0)|)/0 (t =) pu(t) @1(|x]) Ui(lyl)ds
+ ([ha(t, 2(p1(t))) — ha(t,0)] + |ha(£,0)))

< (L[|l (2 () + F1) ||pl||<1>1(\fv|)‘1/1(|y|)/0 (t =) ds + |[Fall|z(e1 ()] + Ha

T2
< (MLall izl + £ llpall @Cr) ©(r) = + k-2l + Hi.

Consequently,

2

(&) < (LI =]l + F) llpll @(r) ¥(r) % + NEI =]l + Hi.

If we take the supremum over t € J, we get

T2
lzll < CILA 2l + ) llpll @(r) U(r) =+ [I&] 2]l + Hi. (14)
Likewise, using similar reasoning, if we let y € C(J,R) and = € S§; be random components
in the sense that y = Asy Boy + Coy. After that, we get
T2

@Ol < (L2l [yl + F2) llp2ll 2(r) U(r) o + lkall lyll + Ha.

Consequently,

2

@] < (LI lyll + F) llpll @) U (r) % + AEI vl + Ho.

If we take the supremum over t € J, we get

2
Iyl = CIEN vl + £) llpl] @(r) ¥ (r) % + NEI vl + Ho. (15)

By condition (c¢), we can deduce that u = (z,y) € S.
Adding the inequalities (14) and (15), we get

]| + [lyll
TQ

< (LI 2l + ) Qlpll @(r) ©(r) = + Ikl 2]l + 2

2

T
+ (Ll +F) llpll @(r) Or) = + [kl yll + He

T2 T2
< (el @) WL + 1K) Q2]+ gl + 2 F ol @) ¥(r) )5 + Hi+ Ha.

As [[(z,y)| = llzll + llyll, we have that [(z,y)[| <.
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Step 4. Lastly, we demonstrate that éM + p < 1,
M = [|B(S)|
= sup{||B(z,y)|: (z,y) € S}
sup {[|B1(z)[ + [ B2(w)|| : (z,y) € S}
T2
DR

IA

2 |lpll @(r) ¥(r)
as well as (A4) we get
M
LI = + Ikl <1,
with § = @ and p = ||k

As a result, all requirements of Dhage fixed-point Theorem [17] are fulfilled. As a con-
sequence, the operator equation (x,y) = A(z,y)B(z,y) + C(z,y) has a solution in S.
Therefore, a CSHDE (2) has a solution defined on J x J. O

3. PARTICULAR CASES, AND EXAMPLE

As specific cases, we can derive existence results for certain CSHDE (when h; =0, f; =
1,i=12)
e Taking g;(t,z,y) = —A\2x(t), A € RT, then we obtain a system of simple harmonic

oscillators
Folt) — _N2a(1) ted
2
ddzgt) = _)‘2y(t) le J7

z(0) =0, y(0) =0 and

[2/(0) =0, y/(0) = 0.
2_

) —(t > k

then we obtain a coupled system of Riccati differential equations

e Taking g;(t,z,y >x+qi(y), k € R where ¢;(y) are continuous functions,

(2850 _ (12 _ ya(t) = a1 (y(s(t)) te T,

2L (12 pyy(t) = Pap((es(t) te

(17)
z(0) =0, y(0) =0 and

[/(0) =0, y/(0) =0,

e Taking g;(t,z,y) = —(t*> — 2t — k)x + ¢;(y), k € R where ¢;(y) are continuous
functions and [ is fixed, then we obtain a coupled system of Coulomb wave dif-
ferential equations
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Lol 4 (12 20t — k)x = q(y(ps(t)) teJ=[0,T),

Pul) 4 (12 - 2t — k)y = ga(a(p3(t))) t € J,
(18)

e Taking g;(t,z,y) = (‘8};;27”) (Ex — %w) +4qi(y), k € R where ¢;(y) are con-
tinuous functions and # is the Planket’s constant and FE, k are positive real
numbers, then we obtain a coupled system of Schrodinger wave differential equa-
tions for simple harmonic oscillators

Lo — (S8m) (Ba(t) - Ha0) + alyles(t) te =07,

Cu = (S5 (By(t) - Hy(0) + e(a(es(t) te

Remark:
The existence results for the coupled system (2) can be proved, if we relax assumption
(A2) and replace (A2) and (A4) by the conditions that follow

(AY) g:J xR xR — R, fulfills Carathéodory requirement i.e., g is measurable in ¢ for
any (u,v) € R x R and continuous in p, v for almost all t € J .
Functions ¢t — a(t) ,t — by(t), ba(t) are exists with

lg(t, )| < alt) + bi()|ul + ba(t)|v|, ¥ (t,p,v) € J xR xR,

(A}) There is a number r > 0 for which

» < I alIT? + GIJb||T* + || k]|
= 20[oa[LIT? + 21fbo| ||| T2

where G' = supe; [ £(t,0)], and (||L][l|al| + G[b1]| + +G|Ib2| ) T2 + [[K|| < 1.
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Example:
Consider CSHDE that follows:

2 (- wﬁtit%‘x()‘ _ (=12 1 1 J=10.1
dt2 (\x(t)\+l)7+ln(t+1)+TJ 70(13 t2 (7“77( )’ + S)Uy(t” + )7 te - [07 ]7

lz(t)[+2 24/25+t2

3(cosmt+2t) Iz(t)+5|1<t)‘
22 ()= 5(2+10t>2< l=(8)]+3 )

q+2
* m (‘x(t)\-i-tan—l x(t)) %

. (:I:Jrl)(Z,IJrl)e_(‘“”H'lyl)sin2157 teJ— [07 1]

B 542t+t2 (21)

2(0) = h1(0,2(0)), y(0) = h2(0,y(0)) and

2/(0) = ), y/(0) = 2|,

where

C(|E@] 1\ T+t +1) 2t
a0 = (1) s

fo(t,z(t)) = (| ()| + tan~! z(t))

Take x,y € R and t € J, then

t+1
3

t
2(50 +1)
Alta0) - At o)l < (TR ) oy,

at2(8)) = falt s (®)] < o5l ol

cosmt + 2t (cosmt + 11t)
—————\x(t)|, ho(t,z(t)) = ———

1+ 2t 149t
—— | le—yl, [ha(t, z(t))=ha(t,y()| < | 553 ) l2—
1+5t2> [z=yl; [ha(t, (1)) =ha(t, y(1))] < <(2+10t)2> lz—yl,

ha(t, x(t)) = (1)1,

o (8, 2(8))— B (¢, ()] < (

and

COS _ 2 T
()] = | a1 < () (M4 ),

|($+1)6_|x| sin?t < |z| + 1
5+ 2t + t2 — 542t + 2

|92(t, ()] =

We conclude that

p(t) = 550, W@ =B+, and @) =4+ 3.

p2(t) = s P2(lz]) = (Jo] + 1)e, and @o(Jy]) = (|y| + e ?.

We can readily confirm this. z(0) = h; (O z(0)), 2/(0) = dh =0, 1 =1,2.

k1]l = 1/2,[|ka|[ = 1/12, [|p1|| = 4/13 and [|p2|| = 1/5,, ||L1H =7/10 | L] = 1/51 and
F, =09, F,=2/3, H =1, Hy=0.252

For condition HL||HpH<I>(r)‘IJ(T)T72 + ||k]] = 0.7149 < 1 is hold, = should be taken
1.2987 < 7.

Furthermore, all additional criteria for Theorem 2.2 can be simply checked. According to
Theorem 2.2, the a solution of CSHDE 2.2 exist.
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4. CONTINUOUS DEPENDENCE
4.1. Uniqueness of the solution. Take into account the following hypotheses

(43) gi : J xR — R, i = 1,2., functions that are continuous fulfilling the Lipschitz
criterion, there exists functions m; € C(J,Ry) with ||m;| = sup;c|mq(t)| such
that

9i(t, pa, v1) — gi(t, p2, vo)| < my(t)(lpn — pa| + |1 — val),

where GOi = SUP¢cg |gz(t>070)|7
with Gy = max{Go1, Goo} and ||m|| = max{||m.]|, ||m2]}.

Theorem 4.1. Assume that Theorem 2.2 is valid, with Change hypotheses (Az2) by (A%).
If

T2
kI + |2 120 il 7+ IZ0Go + llm]| F| - < 1,

then the solution of CSHDE (2) unique. .

Proof. Let uy = (x1,y1) and ug = (2, y2) be two solutions of CSHDE (2). Then for ¢ € J,
we get

|1(2) = 22(2)]

< [h(t, 21(p1(2))) = ha(t, z2(p1(1)))] + Ifl(t,ml(m(t)))/o (t = 5)g1(s, 21(s5), y1(pa(s)))ds

- fl(t,xz(wz(t)))/o (t = 5)91(s, 22(5), y2(p3(s))) ds|
< ki(®)]e(e1(t) — wa(er (D))l

+ 11121 (p2(t)) - fl(t,mz(m(t)))l/o (t = s)g1(s, 21(s), y1(03(s)))| ds

+ |f1(t7$1(¢2(t)))|/0 (t = s)lg1(s, 1(5), y1(p3(s))) — g1(s, 22(s), y2(p3(s)))| ds
< k1(®)]|z1(e1(t)) — z2(p1(2))]

+ Li()]z1(p2(t) — z2(p2(1))] /0 (t = 5)lg1(s, 21(5), y1(p3(s)))lds

+ [f1(t; 21 (p2(2)))] /Ot(t —s) ma(t) [[z1(s) — z2(s)] + [y1(es(s)) — v2(ps(s))]] ds
< k@] |21 (p1(2) = z2(p1(1))]

+ [La(®)]x1(p2(t)) — za(pa(t))] /Ot(t = 8)[lg1(s, 21(s), y1(3(s))) — 91(s,0,0)]
+191(5,0,0)] ds + [f1(t, 21 (p2(t))) — f1(£,0)]

+ [/1(2,0)| Iml(t)\/o (t = s)[lz1(s) — wa(s)| + |y2(pa(s)) — yalws(s))llds
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< [k @)] |z (p1(2) — 221 (2))]

+ L) |21 (p2(t) — z2(p2(t))] /0 (t = s)(Ima(@)][|lz1(s)] + ly1 (s(s)]] + [g1(s, 0)] ) ds
+ ([La(@®|z1(p2(0)] + [f1E, 0)) [ma (2)]

X / (t = s)[|lz1(s) — z2(s)| + [y1(p3(s)) — y2(ps(s))[lds.
0

If we take the supremum over ¢t € J, we get
t
21— @ol| < [|Eall [ley — @2l + ILall [lzr — @2l (fmall [[lzoll + llyall] + Gor) /O (t—s)ds
t
+ (Ll lzall 4 F1) [lmall [y — @all 4+l — yle/O (t—s)ds

T2
[z1 = @2f| < |lFal| [lo1 — 2l + [ L[| oy = 2l ([[mall [[lo]] + ly2ll] + Gor) ]2

2

T
+@wmmw+ﬂﬂmmum—mem—mM

7 .

In a similar manner, one can derive that

T2
Hw—yﬂé|MﬂHm—yﬂ+[HbHMM—memﬂHWN+HMM+GQ)]2

2
+ (2] ol + P el o = ]+ o = el -

Now, consider

[[ur — ual|

= [l(z1,91) = (22, y2) || = [Je1 — 22l + llyr — v

T2
< [lEal] fley — ol + [ Ll ey = @2l (mall 2ol + [lyall] + Gox) ]2

2

T
+BMNWﬂ+ﬂnmwmm—@wwM—mﬂ2

T2
+ [E2ll [y — well + [ L2l llyr = w2l (lmell [lz1]l + lly2ll] + Gor) ]2

T2
# 20 ol + P2 Wl e = 2l + o = )|
2

T
< RN ey = 22l + llyr = w2ll] + [ LA (| full + Go) ]

7[”951 — z2|| + [ly1 — v2ll]

2

+kwnmw+mnm@T

5 llzr =22l + llyr = 4oll]

2 2
< (el [ 2l Gl -Gy | {12 74 ) |5 ) =+ o = el
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we have

T2
fun =l < (el + 2 020 ol 7+ 121G -+l F| - ) = el

Then

T2
(1= (el + 2 020 ol -+ 120G+ nd F] ) ) e = wal < .
as well as that
lug —usl| = 0 = w1 = ue
U
4.2. Continuous dependence on the delay functions. We now demonstrate that
solution for coupled system (2) is continuously dependent on ;(t)

Definition 4.1. The solution of the initial value problem (2) depends continuously on the
delay functions @;(t) if V.e >0, 3§ > 0, such that

0i(t) =i (D) <6 = [lu—u'l[<e

Theorem 4.2. Assume that assumptions for Theorem 4.1 hold, The CSHDE (2) solution
1s then continuously dependent

on @i(t).

Proof. Let u = (z,y),u* =
for given 6 > 0 with |¢;(t)

| (t) — 2™ ()]
< [ha(t, 2(1(8))) — ha(t, 27 (1(2))))]

1t 2(a(1))) /0 (t — )1 (s, 2(s), y(i3(s)))ds

(x*,y*) is being solutions of CSHDE (2). Then
— i) <6,Vt>0, we get

~ fit 2 (o)) /0 (t — )1 (5, 2"(5), 5" (03(s)))ds]
< [t 2(p1(8))) — ha (b 2 (£ (9)]

Uit (pa(1)) / (t — $)g1(5,2(5), y(3(5)))ds
— fi(t 2 (9a()) / (t — $)g1(5,2(5), y(i3(5)))ds]
Uit (9a(8)) / (t — 5)g1 (5, 2(5), y(ps(5)))ds

— fi(t 2 (9a()) / (t — $)1(5, (), 5" (93(5)))ds]
< It 21 (1) — Bt 2" (S ()]

+ [f1(t; 2(p2(t))) —fl(faw*(m(t)))l/o (t = s)lg1(s,2(s),y(w3(s)))| ds
+ |f1(t733*(902(t)))|/0 (t = 5)[g1(s,2(s), y(w3(s))) — g1(s,27(s), y" (w3(s)))] ds
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< ki(®)]z(er(t) — 2 (1(1))]

+ Li()]x(p2(t) — 2% (p2(1))] /0 (t = 8)[ Gor +ma(s)(|z(s)] + [y(w3(s))])] ds

+ (ILa(@)]|2* (p2(8))] + F2) /O(t—S) ma(s)|z(s) —a"(s)] + [y(w3(s)) — y" (pa(s))] ds
< k(@)|z(e1(t)) — 2 (e1(t) + 2" (p1(t)) — 27 (1(2))]

+ Li(®)|2(p2(t) — 2% (p2(D)I[ Go + [lma[([lz]] + HyH)]/O (t —s) ds

+ ([Lallll=] + F1) /O(t—S)\ml(S)IHx(S) —27(s)] + [y(ws(s)) — y™(wa(s))]] ds
< Fllflz(er(®) =2 ()] + |27 (r (1)) — 27 (1 (1)]

2
+ (1Ll (p2(t)) — 2% (p2(t)] [ Gor + l[mall(ll=]] + IIyH)]%

+(HL1||H96‘*||+F1)||m1||/0 (t = s)[lx(s) —z"(s)] + [y(ps(s)) — y" (3(s))]lds.

If we take the supremum over t € J, we get

Iz — ™[] < \[E[Mlle — ™[] + 2" (p1(2)) — 2™ (1 (£))]]

* T2

Lz = 27 Go + [ImlI(z ] + llyID] =
T2
+ ULl + B)limllle — 27 + lly =yl

In a similar manner, one can drive that

ly —y*[I < IEllly — vl + [y (1(2) — y*(1(2)]]
T2 T2
+ I LNlly — y*|I[ Go + IImHHwII]7 + (LNl + E) |l — x*llj-

Hence
|u—u*| =z — 2" + ly — "l
<[kl lz = 2|+ lly — y* || + 2" (e2(t) — 2" (@1 ()] + [y (1(2) — y™ (7 (1))]]
T2

+ LIz = 2"l + lly = ][ Go + Imlllllll + llyl] =

T2
+ "+ Ny 1]+ E) el [l = 271+ lly = v"ll 5

< &l = wll + 2 (e1(8) — 2™ (£T()] + [y (er(1) — ™ (21 (0))]]

T2 T2
+ 1L Jw — u*[[[ Go + [|m]| Hu\l]7 + (LI | + F)|lm[[|w — u*\l;
<Nkl [l = w* || + 2% (1 () — 2* (1 ()] + |y (1) — y* (01 ()]
T2 T2
+ 1L lw — w*|[[ Go + Hml!r]; + (I L[lr + F)[m|[|u — u*ll7
T2 i
< [IIkll + (ILIIGo + Fllm|| + 2||L\|||m||)7] |u — ||

+ k2" (p1(8) — 2" (1O + [y™ (#1(8) — ¥ (LT ()]
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However, based on the continuity of solutions x* and y*, we get

lp1(t) —pi()] <0 = [27(p1(t) — " (1 (1))] < e,
= |y (p1(t)) — y* (¥ (1))] < ea.

Then
&l[[ex + €2]
lv =] < =7 <
1= [lIEll + (IZIGo + Fllm| + 2[|L|[m]]) 5]
This implies that the solution of the CSHDE (2) continuously dependent on . O
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