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IDEAL CONVERGENCE IN FUZZY METRIC SPACES

A. OR}, G. KARABACAK?", §

ABSTRACT. In this paper, the concepts of K—convergence, K-Cauchy sequences, K*-
convergence, and K*-Cauchy sequences in fuzzy metric spaces is proposed. Also, a few
fundamental properties of these concepts are investigated. Then, the concepts of C-limit
and KC-cluster points of a sequence in these spaces is defined. Afterwards, some of their
basic properties is examined. Finally, the need for further research is discussed.
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1. INTRODUCTION

Kostyrko et al. [11] have proposed the concept of ideal convergence (K—convergence)
in 2000, which is a generalization of the concepts of Cauchy and statistical convergence
[6], considering the ideal I of some subset of positive integers. Also, they have studied
the concept of convergence closely related to K—convergence (K*—convergence).

Definition 1.1. [11] A class of subsets K C P(E), where E is a non-empty set, is called
an ideal on E, if

(1) 0 ek,

(2) RUeK=RUUE€K,

3) (ReKANUCR)=UEeKk.

Definition 1.2. [11] K, is an ideal on E, is said to be a non-trivial ideal such that E ¢ K

and KK # 0. In addition, the ideal IC, which is a non-trivial ideal, is called an admissible
ideal, if {{a}:a € E} C K.

Definition 1.3. [11] A class of subsets ) # F C P(E), where E is a non-empty set, is
referred to as a filter on &, if

(1) 0¢F,
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(2) RRUe F=RnNUE€F,
3) (REFARCU)=UcF.

Remark 1.1. [11] The filter F(K) ={E\ S : S € K} on E is said to be the associated
filter with IC.

In the following part of the study, the ideal K is the ideal that satisfies the condition
K C P(N).

Definition 1.4. [11] Let (E,d) be a metric space, K be a non-trivial ideal, (aj) be
a sequence in E, and ay € E. Then, a sequence (a) is said to be ideal convergent
(K—convergent) to ag, if, for all n > 0,

A, ={k eN:d(ay,a0) > n} € K,
and is denoted by IC — klim ar = ag or ag LN ag as k — oo.
— 00

Remark 1.2. In Definition 1.4, convergence, in the Cauchy sense, means KC— convergence
if IC is an admissible ideal.

Definition 1.5. [11] Let (E,d) be a metric space, K be a non-trivial ideal, (ax) be a
sequence in E, and ag € E. Then, a sequence (ay) is called K*—convergent to ag, if there
exists a set

T={thh<ta<...<tp,<...}€FK)
such that

lim d(ay,,ap) = 0.
n—oo

Besides, Dems [5] has studied the concept of ideal Cauchy (K—Cauchy) sequences by
extending the concept of Cauchy sequences to ideals. Afterwards, Nabiyev et al. [16] have
suggested K*—Cauchy sequences. Also, they have proposed these sequences relation to
K —Cauchy sequences.

Definition 1.6. [16] Let (E,d) be a metric space, K be an admissible ideal, and (ay) be
a sequence in E. Then, a sequence (ay) is referred to as an ideal Cauchy (K—Cauchy)
sequence in E, if, for all mp > 0, there exists an K = K(n) such that

An:{keN:d(ak,aK) Z?]}GIC.

Definition 1.7. [16] Let (E,d) be a metric space, K be an admissible ideal, and (ay) be a
sequence in B. Then, a sequence (ag) is said to be a K*— Cauchy sequence in E, if there
exists a set
T={tih<ta<...<tp,<...}€FK)
such that
n,ginoo d(at,,at,) = 0.

Fuzzy set theory was defined by Zadeh [20] in 1965. Since then, it has been applied to
a variety of domains, including artificial intelligence, decision making, and image analysis,
where uncertainty is handled precisely through degrees of membership, providing a flexible
approach to problem solving. In particular, the concept of fuzzy metric spaces (FMSs) was
first explored by Kramosil and Michalek [12] as well as by Kaleva and Seikkala [10]. George
and Veeramani [9] have redefined the original definition of fuzzy metrics to construct
Hausdorff topology. Now, we recall some basic definitions.

Definition 1.8. [10] A binary operation { : [0,1] x [0,1] — [0,1] is referred to as a
triangular norm (t-norm), if, for all ai,as,az € [0,1],
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(1) a1daz = adar,

(2) a1$(azdaz) = (a1daz)das,

(3) a1{as < a1das whenever as < as,
(4) a1<>1 = 1<>CL1 = ai

are satisfied.

Example 1.1. [20] According to the Definition 1.8, the following operators are a t-norm:
(1) adb = ab,
(2) a$b = min{a,b}.

Definition 1.9. [9] Let E be an arbitrary set, { be a continuous t-norm, and U be a fuzzy
set on B2 x (0,00). Then, an FMS is the triplet (E,U,<), if the following conditions are
hold, for all an s,v > 0 and ay,a2,a3 € E,

(1) U(a17a270) > 0;
U(a1,a2,8) = 1< a1 = ag,
6(0‘17 az, S) = U(a‘Qv at, S),
O(a1,as, s +v) > O(ay, az, s)$0(az, as, v),
The function (U)aya, : (0,00) — [0,1], defined by (U)a,a, = O(a1,az,s) for all
s € (0,1), is continuous.

Example 1.2. [12] Let x)y = zy for z,y € [0,1]. Then, for all s > 0 and a,b € R, the
triplet (R, 0, <) is an FMS where

U(a,b,s) = (ela;bl)il.

Definition 1.10. [9] Let (E,U,<) be an FMS and a € E. Then, for all n € (0,1) and
s > 0, the set

(2)
(3)
(4)
()

D(a,n,s) ={beE:0U(a,b,s) >1—n}

s said to be the n—disc about a.

Definition 1.11. [10] Let (E, U, ) be an FMS, (ax) be a sequence in E, and ag € E.
Then, a sequence (ay) is referred to as convergent to ag, if, for allp € (0,1) and s > 0,
there exists ky € N such that k >k, implies

O(ag,ap,8) >1—mn

or equivalently

lim U(ak,ao, S) = 1,
k—ro0

. . (8}
and is denoted by U — khm ar = ag or a — ag as k — oo.
—00

Definition 1.12. [10] Let (E, U, <) be an FMS and (ay) be a sequence in E. Then, a
sequence (ay) is said to be Cauchy sequence in E, if, for alln € (0,1) and s > 0, there
exists ky, € N such that k, K > k, implies

O(ak,ak,s) >1—n

or equivalently
lim O(ag,ax,s) =1.
k,K—o00 ( ko OK )
Recently, Mihet [14] examined the concept of pointwise convergence, which is less strong
than Cauchy convergence. Furthermore, the concept of s— convergence has been proposed
by Gregori et al. [7]. Morillas and Sapena [15] have introduced the concept of standard
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convergence. The concept of strong convergence, which is stronger than Cauchy conver-
gence, was introduced by Gregori and Minana [8]. Li et al. [13] introduced the concepts
of statistical convergence and statistical Cauchy sequences in FMSs and analyzed their
fundamental properties.

The concept of convergence of sequences has always been a topic of interest in mathe-
matics, and much of the work in this area in the last 20 years has focused on the study of
fuzzy versions of fundamental concepts and properties of topology and functional analysis.
As a result of this motivation, researchers have studied ideal convergence and similar types
of convergence in various spaces [1, 2, 3, 4, 17, 18, 19]. With the same motivation, we
define the notion of ideal convergence, which is more general than statistical convergence,
in fuzzy metric spaces. The ideal convergence in FMSs is defined in this article, as a result
of previous research on this topic.

2. U(K)-CONVERGENCE AND U(K)-CAUCHY SEQUENCE

In this section, we propose definitions and theorems for JC—convergence and K—Cauchy
sequences in FMSs. Furthermore, we analyze some important characteristics. It must
be noted that in the remainder of the paper, unless otherwise stated, E is an FMS and
K C P(N). Also, the condition (AP) will be referred to in Definition 3.3 in [11].

Definition 2.1. Let K be a non-trivial ideal. Then, a sequence (ay) in E is referred to as
U(K)—convergent to ag, if, for alln € (0,1) and s > 0,
Agy={keN:U(ax,a0,s) <1—-n} ek,

K
and is denoted by G(K) — klim ai = ag Or ag M ag as k — oo. The element ag is said
—00

to be the K—limit of the sequence (ag).

Example 2.1.

(1) If choose K = Ky ={T C N : T is a finite set}, then K— convergence is the same
as Cauchy convergence in FMSs.

(2) If choose K = Ks = {T C N : §(T) = 0}, then K— convergence is the same as
statistical convergence [6].

Example 2.2. Let the class of Ty, which is an infinite set for all k € N, be a decomposition
in N. Then, K is an admissible ideal in N, where

K:{ACNIkENBAQTlLJTQU---UTk}.

Remark 2.1. The Cauchy convergence in FMSs means K-convergence, if K is an admis-
sible ideal.

The following theorem presents, well-known in Cauchy convergence, which gives whether
the following expressions satisfy at ideal convergence:
I. Every constant sequence {ag, ag, ..., ag, ...} is convergent to ag.
I1. The limit of converge sequence’s can be determined by uniquely.
III. Each subsequence of the converge sequence converges to the same limit.

Theorem 2.1. Let (ay) is a sequence in E and agp,a; € E.

(1) Ewvery constant sequence {ag, ag, ..., ap, ...} is B(K)-convergent to ay.
(2) IfB(K) — klim ar = ag and O(K) — klim ay = ay are provided, then ap = a.
—00 —00

(3) If K contains an infinite set and G(K) — klim ap = ag is satisfied, then sequence
— 00

(ar) has a subsequence (by) that does not O(K)-converge to the element ag.
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Proof.

(1) It is obvious that every constant sequence {ay, ag, ..., ag, ...} is O(K)-convergent to
ag.

(2) Suppose that O(K) — lim ax = ag, O(K) — lim ax = a1, ag # a1. Choose s > 0

k—o00 k—o00

and n = %, (k = 2,3,...). Hence, from Remark 1.1 and assumption, the sets
Hy :N\A: {k eN: U(ak,ao,s) >1 _77}7H2 :N\B: {k eN: U(akvalvs) >
1 —n} e F(K), and so Hy N Hy € F(K), too. Therefore, there is an m € N such
that

O(am,ap,8) >1—n and O(am,a1,s) >1—mn.

From this U(ag, a1, s) = 1 which is a contradiction to ag # a;.
(3) Assume that K = {k; < k2 < ... < kp < ...} € N is an infinite set and it is
contained in K. Put

N\K={ti<ta<...<tp <...}.

Since K is an admissible ideal, N can not belong to K, and so N\ 7' is infinite.
Define the sequence (ay) as follows

ap, ifkeK,
ag 1= .

ar, ifkeN\K.

Obviously U(K) — klim ar = ap. In addition, the subsequence (ay,) of (ay) is sta-
— 00
tionary and therefore U(K) — li_>rn at, = a1 (see proposition (1)). Hence, sequence
n—oo
(ax) has a subsequence that does not U(K)-converge to the element ay.
O

Definition 2.2. Let K be an admissible ideal. Then, a sequence (ay) in E is referred to
as O(K)— Cauchy sequence in E, if, for alln € (0,1) and s > 0, there exists a K € N such
that

Asp=1{k e N:U(ay,ax,s) <1—n}ek.

Theorem 2.2. Let K is an admissible ideal. Then, every O(K)—convergent sequence in
E is an O(K)—Cauchy sequence in E.

Proof. Let ag € E and G(K) — klim ar, = ag. Then, for all n € (0,1) and s > 0,
—00

Agn={keN:0U(ax,a0,s) <1—n}ek.

Given the definition of admissible ideal, there exists a K € N such that K ¢ A, ,,.
Let
B ={keN:0U(ag,ax,s) <din)}
such that §(n) = (1 —n)O(1 —n) and K ¢ Ay ,,. Considering the following inequality

O(ag,ax,8) >0 (ak7a07 %) QU (@K7a07 g) :
Therefore, if k € B, then

o) =01-nd(1l—n)>0 (ak,ag, ;) 0 (aK,ao, ;) .

Moreover, U(ag, ag, s) > 1 —n satisfies because K ¢ A . Therefore, U(ay, ap,s) < 1—1,
then k € A,,. In this case, B C A,, € K for all n € (0,1) and s > 0. Hence, (ay) is a
U(K)—Cauchy sequence. O
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Definition 2.3. Let K be an admissible ideal. Then, a sequence (ax) in E is called G(K*)-
convergent to ag € E, if there exists a set

T={t1<ta<...<tp,<...} €FK)

such that
lim O(ay,,a0,s) =1, (1)

n—oo
K*)

and is denoted by O(K*) — klim ay = ag or ay U(—*> ap as k — 0o.
—00
Theorem 2.3. Let K be an admissible ideal. Then, O(K*) — klim ay = ag implies that
—00
O(K) — lim ax = ap.
k—o0
Proof. Let G(K*) — klim ar, = ap. Hence, thereisaset T =N\K ={t; <ta <... <ty <
—00
...} € F(K) such that (1) holds. Then, K € K.
Let n € (0,1) and s > 0. By (1), there exists a k;, € N such that U(ag, ag, s) > 1 —n for
k> k,. Put A, = {k € N:U(ax,ap,s) <1—n}. Then,
As,n QKU{t17t27"'>tk’n}' (2)
Since K € K and K is an admissible ideal,
KU {tl,tg,...,tkn} ek
and hence A;, € K. O

The following Example 2.3 states that the converse of Theorem 2.3 does not always
hold.

Example 2.3. Let (R,|.|) be a metric space and xy = xy for all z,y € [0,1]. Then, for
all s >0 and a,b € R, the triplet (R, U, <) is an FMS where

S
U(a, b, S) = m

Put the FMS (R,U,<) and K = K (see Example 2.2). Assume that ag is accumulation
point of R. Then, there ezists a sequence (ay) in R such that klim U(ak, ag,s) = 1. Define
—00

bpom d TRET o o
ao, if k¢ T

Choose s > 0 and n € N such that % <n forn e (0,1). Thus,
1 n
Agy={k e N:U(by,ap,s) <1—n} C {k: € N: U(bg,a0,8) <1-— n} - UTZ
=1

Hence, according to the concept of ideal As, € K and so B(K) — klim b, = ag. Now,
—00
assume that O(K*) — klim b, = ag. Then, there exists a set T' = {t; < ta < ...t} € K
—00

such that
lim O(by,,ao,s) = 1.
k—o0
treT

Using of the concept of ideal IC, there exists a |l € N such that
TCThUulyU...UT;.

But by notation used in proof of Theorem 2.3 and Tj41 € N\ T, by, = l—i%l for infinitely
many of k’s. As result, klirn U(by,, ap,s) =1 can not be true.
— 00
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Theorem 2.4. Let K be an admissible ideal, (ay) is a sequence in B, and ag € E.

(1)

(2)

Proof.
(1)

If the KC ideal has the condition (AP), then O(K) — klim ar = ag implies G(K*) —
—00

lim ar = ag.
k—o0

IfE has at least one accumulation point and G(KC) — klim ax = ag implies G(K*) —
—00

lim ay = ag, then K has the property (AP).

k—o0

Let ay m ap and K has the condition (AP). Hence, for all n € (0,1) and s > 0,
the set

Agy={keN:U(ax,a0,s) <1—n} e k.
Put

1
T = {keN:U(ak,aoaS) < 2},

-1 l
Tl:{kGN:<U(ak,ao,S)§l+1
S

l
Obviously T, NT,, = @ for I # nand T; € K (I = 1,2,...). Since K satisfies

(AP), there are sets S,, C N such that, for all n € N, T,,AS,, is a finite set and

}forlzz

oo
S = S, € K. It suffices to prove that
n=1
lim U(ak,ao, S) = 1, (3)
k—o0
keT

where 7' = N\ S. Let p € (0,1) and s > 0. Choose a m € N such that = < 4.
Then,
m+1
{k € N: U(ag,ap,8) <1—pu} C U T,.
n=1

m—+1
From the additivity of K, |J T,, € K. Since, for all n € N, T,,AS,, exists a finite

n=1
set, there is a k, € N such that

m—+1 m+1
U SN (kuy00) = | T N (s, 0).
n=1 n=1

m+1 m+1
If k¢S for k> ky, then k¢ |J S,. Hence, k ¢ |J T). Since
n=1 n=1

m+1
{k € N: U(ag,a0,s) <1—pu} C U T,

n=1

ke {k € N:U(ag,a0,s) >1— pu}. Consequently, (3) hold.
Suppose ag € E is an accumulation point of E and U(K) — klim ar = ag implies
—00

O(K*) — klim ar = ap. Hence, there exists a sequence (ax) of distinct elements of
— 00
E such that ai # ag for any k and klim U(ag,ap,s) = 1. Let {T1,T>,...} be a
—00

disjoint class of nonempty sets in K. Define a sequence (by) in the following way:
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by = aj if k € Tj and by, = ag if k ¢ T}, for all j. Let n € (0,1) and s > 0. Choose
n € N such that % < 7. Then,

Agy = {k €N:U(bg,a0,8) <1—n} CTHUTU---UT,.
Hence, As, € K and so UO(K) — klin;o b = ag. By virtue of our assumption,
U(K*) — klg]élo br = ag. Therefore, there exists a set S € K such that N\ S € F(K)

and

Jim - G(b,, a0, 5) = 1. (4)
kn€N\S

Put S; =T; NS, for j € N. Then, S; € K, for all j € N. Moreover, flej =
j=
SN EleJ C S and thus fjl Sj € K. From (4), for all n € (0,1) and s > 0,
j= j=
{kn € N: U(bg,,a0,5) <1—n} CN\S
has a finite number of elements. By
Ay CTiUTU---UT,
the set T; NN\ S is a finite set. Then, there exists a k, € N such that
T; C(TynS)u{ng,ng, -, ng,
Hence,
T;AS; CT;N(NAS)

and we have T;AS; is finite.

O

Theorem 2.5. IfE has no accumulation point and K is an admissible ideal, then K- and
K*-convergence are the same.

(K
Proof. Let E has no accumulation points, K is an admissible ideal, and ay L) ap. Hence,
there exists s > 0 and 7 € (0,1) such that

B(ag,n,s) = {b € E:0U(b,ag,s) >1—n}={ao}.
K*
Also, thanks to Theorem 2.3, it suffices to prove that ay M ag as k — oco. Now, from
the assumption {k € N : U(ag, ap,s) <1—n} € K. Hence,

{k e N:U(ag,a0,8) >1—nt={keN:ap =ap} € F(K),

IC*
and obviously ag M agp. ]

Theorem 2.6. Let K be an ideal which satisfies the condition (AP). Then, the following
situations are equivalent:

(1) B(K) — klim ax = ag,
—00
(2) There exist b = (b),c = (cx) € E such that a = b+ ¢, klim U(bk, a0,s) = 1 and
—00
suppe € K, where suppc = {k € N : ¢}, # Og}.
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Proof. Assume that O(K) — klim ap = ag. In that case, by Theorem 2.4, there exists a
—00
set T € F(IK), T ={t1 <t2 <...<t<...}such that klim UO(ay,,a0,s) = 1. Put the
—00

ag, keT,
bk = F (5)
agp, kEN\T.

It is clear that klim O(bk, ag,s) = 1. Further, let ¢y = ap—bg, k e N. {k€N:¢; #0} € K
—00

is satisfied, because

sequence b = (by) € E as

suppc ={k e N:xp Ay} CN\T € K.

In addition, suppc € K and by (5), a = b+ ¢ is wrote.
Now, let b = (bx) and ¢ = (c) be two sequence in E. This sequences satisfy a = b + ¢,
klim O(bg,ag,s) =1 and suppc € K. It must be proved that
— 00

U(K) — klggo ax = ap. (6)

Assume that T'= {t; € N: ¢, =0} C N. T' € F(K) is satisfied, because suppc = {ti €
N:¢, #0} € K. Hence, a,, = by if k € T. Therefore, it is obtained that there exists a set
T ={t1 <ty < ...} € F(K) such that

lim O(at,,ao,s) = 1.
k—o0
tr €T

By Theorem 2.4, (6) is hold. O

Definition 2.4. Let K be an admissible ideal. Then, a sequence (a) in E is said to be
O(K*)-Cauchy sequence in E, if there exists a set

T={ti<te<...<tp<...}eFK)

such that
lim O(ay,,at,,s) = 1. (7)

k,p—o0
Lo tp€T

Theorem 2.7. Let IC be an admissible ideal. If a sequence (ay) in E is a U(K*)-Cauchy
sequence in E, then it is a U(K)-Cauchy sequence.

Proof. Assume that (a) be a U(K*)-Cauchy sequence. Hence, there exists a set
T:N\K:{tl <t2<...<tk<...}e]-"(/C)
such that, for all n € (0,1) and s > 0, ty,t, > k;, implies G(ay, , at,,s) > 1 — .

Choose N = tg, 1. Then, for all 5 € (0,1) and s > 0,
ty > ky = O(ag,,an,s) > 1 —.
It must been note that K € K and

Asp =1k € N:U(ar,an,s) <1 -} CKU{t1 <tz <... <t} (8)
From here
K U{t <t2<...<tkn}€IC.
Hence, the sequence (ag) is a K—Cauchy sequence. (|

Theorem 2.8. Let K be an admissible ideal. Then, O(K)— Cauchy sequence in E implies
that O(K*)— Cauchy sequence in E if and only if the ideal K has the condition (AP).
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Proof. Let a sequence (a) be a U(K)—Cauchy sequence in E and the ideal K has the
condition (AP). Hence, there exists a K such that, for all n € (0,1) and s > 0,

{keNU(akva’KaS)Sl_n}EK
Choose
J—1 ,
T; = kGN:U(ak,amj,s)>T for j=1,2,...,

where m; = K(jj;l) For j =1,2,..., T; € F(K) is obvious. Since K has the condition
(AP), then by Lemma 4 in [16] there exists a set T such that T' € F(K) and T'\ T} is finite
for all j.

Suppose that n € (0,1) and n € N such that n > % Hence, there exists i(n) such that
k € T, and m € T, for all k,m > i(n), where k,m € T. Therefore, U(ag, am,,,s) > ”T_l
and U(am, am,,s) > =L for all k,m > i(n). In that case,

Olaks s 5) = O (@, @iy 5 ) OO (ams a5 ) > (L=m)O(1=n) = d(n) for m, k > i(n).

Consequently,
lim O(ag,am,s) = 1.
k,m—o0
k,meT

0

Theorem 2.9. Let K be an admissible ideal. If a sequence (ay) in E is a O(K*)—convergent
sequence, then it is a G(K*)— Cauchy sequence.

UO(K*
Proof. Let ay, iGN ap. Then, there exist aset T = {t; < te < ... <t < ...} € F(K)

such that
lim O(ay,,ao,s) = 1.
k—o0
treT

Considering the following inequality
S
U(atka atpv 5) 2 (§) (atka ap, 5) <>U (atp7 ap,

it is clear that

S

>) > =m0 —n) =)

lim O(ay,,at,,s) = 1.

k,p—o0
Consequently, there exists a set T' € F(K) such that klim O(ay,,as,,s) = 1, ie., the
7]7*>OO
sequence (ag) is a U(K*)— Cauchy sequence. O

3. O(K)—LmmiT PoINTS AND U(K)-CLUSTER POINTS

In this section, some introductory definitions, theorem, and proposition of the O(K)—limit
point and the U(K)—cluster point in the FMS are presented.

Definition 3.1. Let K be an admissible ideal, a = (ay) be a sequence in E, and ag € E.
(1) An element ag is said to be a O(K)-limit point of a, if there is a set

T:{t1<t2<...}¢lC

and
lim O(ay,,ao,s) =1
k—o00
treT

and the set of all B(IKC)-limit points of a sequence a is denoted by O(KC)(Ay).
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(2) An element ag is called a O(K)-cluster point of a, if, for all n € (0,1) and s > 0,
{k e N:U(ag,a0,s) >1—n}t ¢ K
and the set of all B(K)-cluster points of a sequence a is denoted by G(K)(Ty,).

Proposition 3.1. Let K be an admissible ideal and a = (ay) be a sequence in E. Then,

O(K)(Aq) € B(K)(Ta).
Proof. Let ag € G(K)(Ag), then there exists a set T = {t; < t2 < ...} ¢ K such that
lim O(ay,,ao,s) = 1. 9)

k—o0

Take s > 0, n € (0,1). According to (9), there exists k, € N such that for t; > ky,,
U(at,,ap,s) > 1 —mn. Hence

T\ {tl,tg,.. . ’tkn} C {k eN: U(ak,ao,s) >1-— 77}
and thus {k € N : U(ag, ap,s) > 1 —n} ¢ K which means that ag € G(K)(Ty). O
Theorem 3.1. Let K be an admissible ideal. Then, the set U(K)(Ty,) is closed in E.

Proof. Let b € B(K)(I'y), n € (0,1), and s > 0. Then, ag € B(b,n,s) NO(K)(I'y). Suppose
that 6 € (0,1), s > 0 such that

B(agp,d,s) C B(b,n,s).

Hence,
{k € N:U(ap,ar,s) >1 -6} C{k e N:U(b,ax,s) >1—n}.
Consequently, {k € N: U(b,ax,s) >1—n} ¢ K and b € U(K)(T,). O

4. CONCLUSIONS

This study examines the notion of ideal convergence, which extends both statistical con-
vergence and Cauchy convergence in FMSs. It employs George and Veeramani’s definition
of an FMS [9]. Hence, this definition makes it possible to analyze the convergence of sta-
tistically non-convergent sequences. Additionally, this paper examines U(K)*—convergent
and U(K)—Cauchy sequences, along with U(K)*—Cauchy sequences, and analyses their
fundamental properties. Furthermore, it defines U(K)-limit points and U(K)—cluster
points in FMSs while exploring the correlation between these concepts.

In further work, we also believe that rough convergence in an FMS can be defined using
the concepts and results presented here, and its basic properties can be studied.
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