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EXISTENCE OF SOLUTION FOR IMPULSIVE FRACTIONAL
¢-DIFFERENCE EQUATION OF IMPLICIT FORM WITH NONLOCAL
BOUNDARY CONDITION

P. KACHARI'!, J. BORAH?**, B. HAZARIKA?

ABSTRACT. This study examines the conditions needed for the existence of solutions
to an impulsive fractional g¢,--difference equation with the implicit form. The fractional
derivative we analyze in the problem is of the Caputo type, which involves a g-shifting
operator of the form ,¢4(u) = qu+ (1 — g)a. Here, nonlocal conditions are the boundary
conditions we take into account. Regarding the existence of solutions for the given prob-
lem, the result is obtained by means of Krasnoselskii’s fixed point theorem. In addition,
circumstances required for the Ulam-Hyers and Generalized Ulam-Hyers stability of the
impulsive problem are explored. Finally, we provide an example to demonstrate our
findings.

Keywords: quantum calculus, implicit, impulsive fractional g,-difference equation, non-
local boundary condition, Ulam-Hyers stability.
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1. INTRODUCTION

Fractional differential calculus has garnered significant attention from scholars in recent
times, primarily owing to its proven utility across several domains ( [1-3]). The existence
and uniqueness of solutions for fractional differential equations have been the subject of
considerable research in various academic domains, see ( [4-6]) and the references therein.
The g-difference equation was initiated in the twentieth century ( [7], [8]) and has got
significant attention in the recent years. The origin of the fractional g-difference calculus
can be found in the works by Al-Salam [9] and Agarwal [10]. Afterwards, plenty of
study has already been done on the existence and uniqueness of solutions to fractional
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g-difference equations for initial value and boundary value problems ( [11-17]).

Tariboon et al. [21] developed a concept in fractional q calculus in terms of a shifting
operator ,¢q(u) = qu+ (1 — ¢)a and the terms g-integral and g-derivative were redefined.
In addition, the Riemann-Liouville g-integral as well as g-derivative were defined, and the
existence of solutions to the impulsive fractional q differential equation of first and second
order was discovered. Depending upon the g-shifting operator Ahmad et al. [22] proposed
the expression for the Caputo fractional g-derivative and found the conditions for existence
of the solution of the following impulsive problem with anti-periodic boundary condition:

(. Dgra)(t) = F(t,z(t)) t€ J.- C[0,T], t#t,

r(th) = x(t,) + Ry, I 2(ty)) r=1,2,...,n

t,Dg,x(t}) =t,_y Do, x(ty) + Ri(1,_ Lo/~ x(t;)) r=1,2,...,n
2(0) = —=2(T), (0Dgy2)(0) = (¢, Dg,x)(T),

where 0 =tg <t <te<... <t <tpt1=T7T,1<0,<2,0<¢q,<1,0<pr,vp, <1and
Jo =10,t1], J» = (ty,tr41] forr =1,2,...n.

Ahmad et al. [23] obtained the existence result of fractional g-difference equation with
Riemann- Liouville fractional derivative involving nonlocal boundary condition of the fol-
lowing problem:

(i, DI x)(t) = F(t,x(t)) t € Jp C[0,T],t #1,
(e, Lgr @) (87) = w(tr) + R (x(tr))
aty (Igy ) (0) = ba(T) + 3o ity Lo w(tirn)),

where 0 =t) <t1 <te<...<tp <tpt1=T,0 <07 <1,0<gq- <1and Jy=1[0,t],
Jp = (tr,ty41] for r = 1,2,...,n. Also, existence result for nonlinear implusive g-difference
equation can be find on Yu et al. [24], Jang et al. [25], Agarwal et al. [26] etc.

In recent years, the Ulam-Hyers stability anaysis of nonlinear g-fractional differential equa-
tion gets a lot of attention from the researchers. Ulam-Hyers stability can be defined as
an exact solution near the approximate solution of the differential equation with minimal
error. For the recent work on Ulam-Hyers stability on fractional g-difference equation
one can see ( [27-29]) and reference therein. Also, several research works in the field of
implicit fractional difference equations are currently being conducted ( [19,20]). Abbas
et al. [30] investigate conditions for existence, uniqueness and Ulam-Hyers-Rassias stability
of solution of the initial value problem

(“D7x)(t) = F(t,2(t), (“Dgx)(t)), t € [0, T]
z(0) = xo.
Motivated by the above results, we work on the following problem

(6. Dgra)(t) = F(t,2(0), (6 Dgra)(®), ¢ € Jr . = [0,T],t 41,
z(th) = x(t,) + pr(x(ty)), 7=1,2,...,n. (1)
CLl’(O) + bx(T) = Z?:O Cix(ni)7 Mo € [t07t1]7777‘ € (tTatT‘+1] r= 1727 XL

where 0 = tg < t1 <ty < ... <ty < tpy1 =T, Jo = [0,t1] and J, = (L, t,41] for all
r=1,2,....n.

fng: is the Caputo ¢,-fractional derivative with «,. order, a,b, cg,c1,..., ¢y are real con-
stantsandn € N,0 <o, <land0<gqg.<1lforr=0,1,2,...,n, F: JXRXxR— R and
pr : R=>Rr=12 ... n.

We try to find the conditions for existence of solution of the problem and also try to find
conditions for Ulam-Hyers and Generalized Ulam-Hyers stability of the problem.
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The research paper is structured as follows: In section 2, we covered some fundamental
definitions, characteristics, and lemmas. The criteria for the existence of the solution of
the problem (1) are covered in the next section. In section 4, conditions for Ulam-Hyers
and Generalized Ulam-Hyers stability are derived. In section 5, a example is provided to
verify the outcomes.

2. PRELIMINARIES

We begin this section by reviewing some fundamental g-calculus properties [21].
The g-shifting operator define as ,¢4(u) = qu + (1 — g)a, satisfy the following relations

(1) a¢2( ) =1, o <(1n)( ) =a ¢n_1( (bq( u)) forneN;
2) alu—v) =1, alu— ><p> 177 (4 —a 6i(v), peNU{oo};

)@ (@) M
(3) a(u—v)g"” =u 2 0 T 6T (o) acR, n#0.

In the interval [a,b], the g,-derivative of a function f is defined as

_ f() = Fadq, (1)) _
(aDq, [)(t) = 1— gt i a) t # a and (o Dy, f)(a) = limi—a(aDq, f)(2).
The higher order g,-derivative is defined as

(aDg, f)(t) = £(t) and (aDg f)(t) = aDg." " (aDg, f)(t), n€N.

For two functions, f and g, on the interval [a,b], the g,-derivative of their product and
division is

Dy, (f9)(t) = f(t)aDq,9(t) + g(adq, (t))aDq, f(t)
= g(t)aquf(t) + f(a¢q7~ (t))aqug(t)

and
_ 9(0)aDa, F(1) + F(1)a Dy (t)
g 9(t)g(adq, (1) ’

where ¢(t)g(adq, (t)) # 0.

A function f on the interval [a,b] has a g,-integral that is defined as

(alg )t /f odyys = (t—a)(1—q,) Zf Dt t e [a,b].

The higher order ¢,-integration is defined as
(o (&) = f(t) and (I] )(t) = ol) " alg, f(t) for meN.

For the interval [a,b], the ¢,-integration by parts formula is,

/ £(5)aDa,9()adg,s = (FO) (DL — / 9(a (5))a Dy £(5)adl

These operators, .1, and Dy, , are covered by the calculus fundamental theorem, which
is,
(aquanrf)(t) = f(t),
furthermore, if f is continuous at = = a, we get
(algaDq, f)(t) = f(t) — f(a).
Now we recall the definition of Riemann-Liouville g.-integral, g,-derivative and Caputo
fractional g,-derivative and the properties satisfied by these operators [22].
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Definition 2.1. Given a function f defined on |a,b] and ¢ > 0. The g, Riemann Liouville
ingtegral of fractional order o is defined as

t _ AN G
(uI F)(t) = / alt ‘ﬁqT((a)))qr f(8)adq,s and (I3 f)(t) = f(t) t € [a,b].

Definition 2.2. Consider a function f defined on [a,b] with o > 0. The definition of the
order o of Riemann Liouville fractional q,-derivative is

(aDg £)(t) = (DZLIT7f)(t) and (DY f)(t) = f() t € [a,0]
provided that the lowest integer larger than or equal to o is [o].

Definition 2.3. Consider a function f defined on [a,b] with o > 0. The definition of the
order o of Caputo fractional q,-derivative is

(505, H() = @I~ @D ()
provided that the lowest integer larger than or equal to o is [o].

Lemma 2.1. Given a function f defined on [a,b], let o,v > 0. Then

1. oIy (a1 £)(t) = (15 () 5

2. o D7 (13, )(t) = (1) .

Lemma 2.2. Assume that n € N and o > 0. Then, the equality stated below is true:
n—1 (t _ a)o—n—i—k

A7 DGO = D5 G 00 = 3

Lemma 2.3. Let 0 € RT \ N and n € N. Then, the equality stated below is true:

(anrf)(a)-

(t— a
12 (D7 f)(t DE f)(a).
¢ FQT k + qT
The operator /7 and ,Dg , satisfy the followmg two equation:
Ly (v+1) _
D% (t — v __ qr t— v—o.
a Q'r'( a) qu (1/ o+ 1) ( a)
r 1
aIgT(t o CL)V — q’l‘(]/ + ) ( o )V—l—o.

Lo (v+0o+1)
We define PC(J,R)={z : J — R | x is a continuous map everywhere, with the exception
of a certain t,, where z(t;}"), x(t;) exist and z(t;) = z(t,) for each r=1,2,...n.}. Define
||| o= sup;c s |2(t)], then (PC(J,R),||.||) is a Banach space.

Theorem 2.1 (Krasnoselskii’s fixed point theorem). Let M be a subset of a Banach space

X that is closed, bounded, convex, and nonempty. Assume that P and @ are two operators.
Then,

(a) Pt+Qs € M whenevert,s € M

(b) P is compact and continuous map

(c) Q is a contraction mapping

then there exist u € M such that w = Pu+ Qu.

Let for y € PC(J,R) and € > 0, consider the following inequalities,
(5. Dgry) () — f(t,y(t), (5, Dgry) (b)) < €
(&) —y(t) — pr(y(te))| < e

where t € [to,t1] or t € (tp,tr41] for r=1,2,...,n
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Definition 2.4. If there is a real number C' > 0 such that for every ¢ > 0 and every
solution y € PC(J,R) of inequality (2), there exists a unique solution x € PC(J,R) of the
problem (1) such that, for t € J it satisfy

ly(t) — =(t)] < Ce.
then the problem (1) is said to be Ulam-Hyers stable.

Definition 2.5. If there is a real function ¢ € C(RT,RT ) with ¢(0)=0 such that for every
€ > 0 and every solution y € PC(J,R) of inequality (2), there exists a unique solution x €
PC(J,R) of the problem (1) such that, for t € J it satisfy

ly(t) — ()] < ¢(e).
then the problem (1) is said to be Generalized Ulam-Hyers stable.
Remark: By definition it is obvious that definition (2.4) implies definition (2.5).

3. EXISTENCE OF SOLUTIONS

The integral form of the equation (1) and the conditions needed for the existence of the
problem’s solution will be determined in this section.

Theorem 3.1. FEzxistence of solution for impulsive fractional q.-difference equation of
implicit form with nonlocal boundary condition If F € AC (J x R x R, R), then a
solution of (1) is x € PC (J,R) if and only if for t € [to,t1] ort € (ty,trs1], r=,1,2,...,n

z(t) :Zdj(t gj] NEI(; +Zdjﬂj Z gg]G )(nj)
j=1
r—1
- %W;’:G)(T) + > (6, 1g) G)(tj40) + Z pi(x(ty)) + (. 157 G)(t)  (3)
j=0 J=1

where G(t) = F(t,z(t),G(1)) , A = a+b-)""_¢; and dj = 21]71

n.

forallj =0,1,2, .

Proof. In the interval [to,?1], let x(t) satisfy the equation (1) then, consider G(t) =
(¢, D% x)(t) integrating both side of the equation (1), we get

z(t) = x(0) + (415, G)(1)

and G(t) = F(t,z(t),G(t)).
At t =tq, we get

z(t1) = 2(0) + (1o Ig) G) (t1)-
Using the equation (1), we get

2(t]) = 2(0) + (1 g0 G) (1) + p1(2(t1))-

Similarly, in the next interval (¢1, t2], we have,

o(t) = x(t) + (0 15, G)(1).
Putting the value of z(t]) in the above equation we get,

2(t) = 2(0) + (1o Lgy G)(t1) + pr(x(t1)) + (0 L5} G)(2).
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then we have,

1
2(t5) = 2(0) + 3 (,I3C tz+1+sz
=0

So, for t € (to,t3], we have

Z (tiy1) + iﬂi(ﬂf(ti)) + (115, G)(B).
For t € (t,, tr41], the integral from will be, -
0+ S (I G ) + Zp@ D) + (LI C)(1) (1)
=0
where G(t) = F(t, 2(t), G(t)). So, for t = T,
z(T) :x(0)+nzl(l ITG) (tiy1) +sz ti)) + (e, L G)(T).
=0

Putting the value of x(no), ac(m) ..., (ny) in the equation (1), we have,

az(0) + bx(0) + bZ (tig1) + 0 pila(t:) + (i, Igr G)(T)
i=1
:(Zci) chl tj—1 gjillG )(t5) +Z Zcz pj(x(t;))
=0 7j=1 i=j 7j=1 i=j
+ Z ¢ Iq; G)(ny)
Jj=
n U n Ci
:Zdj tj—1 qf 11G +ngp] ) + Zj( qu G)(UJ)
j=1 7=0
(I3 )(T).
A
Putting the value of z(0) in the equation (4), we get the integral form (3).
The converse part of the theorem is followed by direct computation. O

We consider the following assumptions:
(A1) F is a continuous function.
(A2) There exist m, p,d € C(J,RT) such that,

[F'(t, 2, )| < d(t) + p(t)]x] +m(t)]y|
and p* = maxeg|p(t)], d* = mazxeg|d(t)], m* = maxeg|m(t)|.
(A3) There exist a constant M’ > 0 such that for ¢,s € J,

Ion(8) = pe(s)] < Mt

and p(0) =0 forr =1,23,...n
(Ad)
O ldil +n)M’ < 1.

1=0
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(tj—t;- )7 = el (i =) bl (T —tn)™
O PRI Ak VG ol 1] + o
Z ’ Fq;‘ (j—1+1) jgo |A Fq;-(aj +1) | Al Ly, (on+1)

j=1
S (1 — )%
+ I A
= qu (O’j + 1)
where A = max {M} for all r = 0,1,2,...,n. Then,
n
PA < {1 = (O |di| + n)M'H1 —m").
=1

(A6)There exist constant N, Q > 0 such that,

|F(t,z1,91) — F(t,22,92)| < N|xy — 22| + Qly1 — ¥2|-
(A7)

N n
Am + O ldil + n)M’ < 1.
=1

Theorem 3.2. If the equation (1) satisfies the assumptions (A1)-(A6), then the interval
[0, 7] contains the solution to the equation (1).

Proof. Let the operator J defined from PC(J,R) to PC(J,R) such that,

(Jz)(t) = (Sz)(t) + (Tx)(t)
where S, T are two operator from from PC(J,R) to PC(J,R) which are defined as

t) = Z djpj(x(t;)) + Z pi(x(t;))

@)(t) = 32 dile, I7ONE) + 3 D IO ny) — 2, 1 C)(T)
j=1 Jj=0

r—1
+ D, 15 G)(tj41) + (1. 17 G)()
j=0
where G(t) = F(t,z(t),G(t)) for t € [to,t1] or t € (ty,tp4q] forallr =1,2,...n

Step 1: S is a contraction map.
Let z,y € PC(J,R), t € [to,t1] or t € (L, tr41] for r=1,2,...,n. Then we get,

|(Sz)(t) )] < Z\d lpj(= y(t)) |+Z|py pi(y(t;))]
< O ldsl + )Mz = ylloc.
j=1

Using the assumption (A4) we get, S is a contraction map.
Step 2: T is a compact map.
(i) T map bounded set to bounded set.
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Consider a bounded set Br which defined as Bp = {z € PC(J,R) : ||z]|c < R}. Let,
u € Br we have,

1% 1 . |cj‘ 0j ’b| On
Tu(t) !<Z|d! ti11a s (g)|)+jZ;|A(thqj |G (n;)]) + |A|( I G(T))
r—1
+ 3 (1,14 1G(#5)]) + (. 77 G ().
j=0

By using the assumption (A2) we have,

[E(t, (1), G(1)| < d(t) + p#)|2]co + m@OG ()]0

G(t < —.

Using the above inequality we get,

G H:z:l!ooer (tj —tj-1)7"
Tz)(t)| < g d;
|( | | | —m* )F‘I] 1(UJ 1+1)

J=1
Z lesl G HxHoo + d*)( g1 — b))%
]A\ 1— Fq](aj +1)
(T — tn)
Ly, (on+1)

[
+ o
4

p Hl'Hoo +d
1—

)

+Z p ||9U”oo+d* (tj+1 —t5)%
qu(O'j—l-l)

)

plz)loc + d*
NP loe T

+ X 1—m*

which implies that, |(Tx)(t)| < A(5=E *R+d ), So, T is a bounded map.

(ii) T is equicontinuous map.

Let x € PC(J,R) and 71,72 € [to,t1] or (¢, tr41] for r =1,2,...n. Also 71 < 79, then

(Tz)(r2) = (Tx) ()| < 72 = 1,04,(5)§7 VG5 }1,d, 5

T1

+ | o (r = 000, (D)5 = 6, (11 = 1,00, (9)) 57V HG ()], dg, )

tr

(r2 = ) = (r = 1))

_ Pl +
P‘Ir (UT>

- 1—-m

( )

as 71 — T2 then, we have (T'x)(m1) — (T'z)(m2). So, T is a equicontinuous map.

Using Arzela-Ascoli’s Theorem, we can determine that T is a compact map since it is
bounded and equicontinuous.

Step 3: T is a continuous map.
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Let xy,,z € PC(J,R) for m € N and x,,, — = in PC(J,R) as m — oo. So, we have,

(@r)(®) ~ (Tr) 1) < Z 10, 15 Z 1516 )
r—1
#1216 = G + X, 151G = Gty
=0

+ (1. 1y |G — GI)(2)
where Gon(t) = F(t, 2m(t), Gm(t)), G(t) = F(t, z(t), G(t)) and G, G € C(J,R).
Gm(t) = G(t)| = [F(t,zm(t), Gm(t)) — F(t, x(t), G(1))]
< Nlam(t) — 2(8)] + QIGm(t) — G(t)]-

So, we get,
N
1Gm = Glloo < 1= Qllﬂfm — 2o
Using the above inequality we have,
NA
T2 — Tl < 1_ Q”mm — 2| oo-

So, as z,, — x we have Tx,, — Tx.
So, T' is a continuous map.
Step 4: If x,y € Bgr then Sx + Ty € Br where R such that,

d*A

- <R.
(I —m*)(1— Zj:l |dj|M" — nM') — p*A
We have,
% - p* ||yl + d*
(524 0] < X 510 et)+ 3 e + NEULERS
. =
< R( d; M + A
jle )M+ A
<R.

So, Sx + Ty € Bpg.
So, by Krasnoselskii’s fixed point theorem, there exist a solution x € PC(J,R) of the
equation (1). O

4. ULAM-HYERS STABILITY

Suitable conditions for Ulam-Hyers as well as Generalized Ulam-Hyers stability of the
equation (1) is obtained in this section which is depicted through the following theorem.

Theorem 4.1. If the problem (1) satisfies assumptions (A3), (A6), and (A7), then the
problem is Ulam-Hyers stable, and as a result, it is also Generalized Ulam-Hyers stable.

Proof. Consider x be a solution of the equation (1).
Let € > 0 and y be a solution of the following inequality

|G Dgry) (@) — F(t,y(@0), (6, D5 v)(0)] <€ te CJ=[0,T]t#t
’y(t;‘r)*y( r)*pr( ( ))|<€ 7"—1,2,...,71
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Then, there exist 6 : [0, 7] — R*,0, € RT such that |0(¢)| < € and |6,| < € and it satisfy

(& Dgry)(t) = F(t,y(t), (5, Dgry) () +0(t), te . CJ=[0,T]t#t
y(tj):y(r)—'_pr(( ))+0 r=12,...,n

Then using theorem 3.1, the solution of the above problem is given by,

n n
t) = Z dj(tj—1ItZ?:1lH)(t) + Zdjpj tJ + Z :;JJH 77])
j=1 j=1

r—1
I ) + S ) ) + 3 pi 0l + I (D)

=0 j=1
n

Cj
+ di(e,_, 157 0)() +Z«9d +Z (4,137 0)(n;)
j=1

r—1

oD + S0 + Y00 + I 0

J=0 J=1

where H(t) = F(t,y(t), H(t)) and t € (ty,ty41] for all r =1,2,...,n. Now

n

ly( O < D1l Lg 5 H = G + ) |di M [y(t5) — 2 (t;)]

7=1 j=1
n 2 b ;
+Z '| 2G5 H = Gl ) + M(tanJIH—GI)(T)
=0
r—1
S GIDH — Gl ()
j:O
+ZM’|y )]+ (I H — GD(E) + e(A+ ) |dj| +n)
j=1
AN n
=y = ol £ 7 gl =l + (3 I+ Ay — oo

J=1

+ (A4 ldj] +n)e
j=1
= |ly — zll < Ce

where
(A+ 275 ldjl +n)
— ARG = Y M =M

So, the equation (1) is a Ulam-Hyers stable which also implies that the equation is also
Generalized Ulam-Hyers stable. O

5. EXAMPLE

We will provide an example in this part to show our results.
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Example 5.1. The impulsive fractional differential equation with implicit form below has
a nonlocal boundary condition.

T +49 T +49
(. DT @) () = t+ ba(t) + Gsin((§, DT ) (1), t€ J=[0,1],t ¢ {},3, 3}
2 r+2
zmmzxmo+@%%,u=g
1002(0) + (1) = 3x(mo) + j2(m) + j2(n2) + 32(13), M0 € [to,t1], 0y € (trs 1,
(5)
comparing (5) with the problem (1) we have o, = ’"iiég, gr = :I%, tr =7 forr =10,1,2,3.
a =100, b = 1, ¢y = %, c1 = i, o= i, c3 = 4, F(t,z,y) = t+ sx + &sin(y) and

pr(t) = %0 r=1,2,3. So F is a continuous function and satisfy the (A1) assumption.
Again,

t t .
[Ezy)l < [t + [5llal + \—Hsm(y)\
sm—m+fw

So, assumption (A2) is satisfied where d(t) = t, p(t) = t/2, m(t) = t/50 and d* = 1

p*=1/2, m* =1/50.

Since for k =1,2,3, p.(t) satisfied pp(0) = 0 and the Lipschitz condition with Lipschitz
constant K = 555, 155 810 respectively, so we choose M' = %. Now wusing the value of
M’ a,b, cgy, c1, co, c3 we get that (ZZZO |d;| + 3)M' = 0.0377 < 1 which implies that
assumption (A4) is also satisfied.

Using the property of g-gamma function i.e., if0 < ¢ <1 and1 <t < 2, then T'(t) < T'y(t),
we get,

3 3
Z tj—t] )% Zijtﬁl_t])
= 0] 1—|—1 A Faj—i-l)

2

b (T t]+1—tg

— A
+\Ayr0n+1 *JZ "+

— 1.0449,

which implies, p*A < 0.52245 < 0.9431 = {1 — (32, |di| + 3)M'}(1 — m*). Again for
x1,T2,Y1,y2 € R and t € [0, 1] we have,

t t .
[ (w1, 90) = F(twa, )| < glan — 2| 4 g5]sin(y) — sin(ye)|

<1| |+1\ |
—|r1 —x — Y1 — y2|.
=35 1 2 50y1 Y2

So, N =13 and Q = Since (5) satisfy the assumption (A1), (A2), (A3), (A4), (A5),
(A6), so there exist a solutzon of the problem (5) in [0,1].
Also,
N & 50
A—— i M’ <0.5224 — = <1,
1_Q+(;\d\+3) < 0.52245 x -+ 0.0377 = 0.5708

which implies that the problem (5) satisfy the assumption (A7). So the solution is Ulam-
Hyers stable as well as Generalized Ulam-Hyers stable.
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6. CONCLUSION

The conditions necessary for the existence of solutions to the impulsive fractional dif-
ferential equation given in equation (1) are obtained in this study. We also derive the
necessary conditions for the Ulam-Hyer stability and the Generalized Ulam-Hyer stability
of the problem. we illustrate our results with a example.
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