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NANO TOPOLOGY INDUCED BY GRAPHS

NECHIRVAN BADAL IBRAHIM '*, ALIAS BARAKAT KHALAF 2, §

ABSTRACT. The aim of this paper is to introduce new subgraph types related to given
subgraphs of a graph G. Specifically, these are termed c-subgraph, i-subgraph, and b-
subgraph of a subgraph H from G, denoted as cp, im, and by, respectively. The paper
explores various properties and results concerning these new subgraph types and their
complements under certain binary operations. Additionally, it introduces a new type
of nano topological space known as a nano graph topological space, defined in terms of
these new subgraph types. The study also investigates properties of nano closure and
nano interior subgraphs.
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1. INTRODUCTION

The study of graph product was introduced in 19** century, some new operations (prod-
ucts) on graphs are defined to obtain new graphs and some properties and applications
of them are discussed. Many papers of graph operations introduced new techniques or
methods to create new types of graphs or subgraphs [4, 5, 6, 7, 13].

In 1982, Pawlak [12], introduced the theory of rough sets , defining a rough set as an
extension of set theory where a subset of a universe is described by a pair of ordinary sets
referred to as lower and upper approximation. The notion of a Nano topology was intro-
duced by Thivagar and Richard [14] in 2013, and they presented a new type of functions
called Nano continuous functions and derived their characterizations in terms of Nano
closed sets, Nano closure and Nano interior. In [10], new forms of Nano topological spaces
were introduced using a neighborhood system of vertices for a directed graph. The authors
also explored the connection between directed graphs and Nano topological spaces, using
the human heart as a real-life example. They demonstrated the practical utility of this
study in addressing the blood flow system within the human heart. In [9], the authors
corrected certain results previously introduced by Thivagar et al. [15]. They also intro-
duced new forms of Nano topology and generalized Nano topology induced by graphs.
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Furthermore, they studied the approximations of various structures using relations that
could potentially find applications in quantum physics and superstring theory. In [8], the
authors introduced a new classification of Nano open sets, specifically Nano h,-open set.
The concept of Nano open mappings, continuous functions, and Nano h, homeomorphism
was proposed. The investigation of properties related to these functions was yielded some
remarks that have been supported by examples. In [1], the author introduced and stud-
ied the concept of Grill Nano generalized closed sets within the framework of Grill Nano
topological spaces. Additionally, presented the expansion of Nano generalized closed sets
through grills. In [11], discussed the graphical isomorphism for undirected graphs through
nano homeomorphism and also checked whether two undirected graphs have similar pat-
tern of connections. moreover, they formalised the structural equivalence of two kinematic
chains.

The main aim of this paper is to introduce novel types of subgraphs derived from
random subgraphs of a graph G. It explores the properties of these subgraph types and
investigates their relationships under specific binary operations. Additionally, the paper
introduces a new type of Nano topology called the Nano graph topological space, defined
in relation to these new types of subgraphs.

2. PRELIMINARIES

Definition 2.1. [2] A graph G comprises a non-empty set V(G) and possibly an empty set
E(G) consisting of subsets of elements from V(G). The elements within V(G) are referred
to as vertices, and those within E(G) are termed edges. The cardinality of vertices (or
edges) in graph G is termed its order (or size) and is denoted by p(G) (or q(G) ) respectively.

Definition 2.2. [2] In a graph G, when two or more edges share the same pair of different
end vertices, they are referred to as multiple (or parallel) edges. Denoting an edge with
end vertices u and v as e = uv. An edge with identical end vertices is termed a loop at
the shared vertex. A graph of zero edge is called an empty (null) graph.

Definition 2.3. [2] The removal of a vertex v from a graph G is a subgraph G — v of G
has the vertex set V(G —v) = V(G) \ {v} and the edge set of G — v consists the set of all
edges of G that are not incident with v. The removal of an edge e from G is a spanning
subgraph G — e has the edge set E(G —e) = E(G) \ {e}.

Definition 2.4. [2] The complement G¢ of G has the same set of vertices of G and any
two vertices are adjacent in G¢ if and only if they are nonadjacent in G.

A graph H is a subgraph from a graph G if and only if V(H) C V(G) and E(H) C E(G).

Definition 2.5. [12] Let U be a non-empty set and R be an equivalence relation on U.
The pair (U, R) is said to be the approzimation space. Let X C U and R(x) denotes the
equivalence class determined by x, then

(1) The lower approzimation of X with respect to R is denoted by Lr(X) and Lr(X) =
Uzev{R(z) : R(z) C X}.

(2) The upper approxzimation of X with respect to R is denoted by Ur(X) and Ug(X) =
Ueer{R(x) : R(z) N X £ 6}

(3) The boundary of X with respect to R is denoted by Br(X) and Br(X) = Ur(X) \
Lr(X).

Definition 2.6. [14] Let U be a non-empty set and R be an equivalence relation on U.
If X C U, then the family Tr(X) = {¢,U, Lr(X),Ur(X), Br(X)} forms a topology on U
called the nano topology. The elements of TrR(X) are called nano-open sets.
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3. NEw TYPES OF SUBGRAPHS AND THEIR PROPERTIES

In this section, we present some new types of subgraphs generated by a given
subgraph of a graph G. Some properties and results of these new types of subgraphs and
their complements under some binary operations are investigate.

Definition 3.1. Let G = (V(G), E(G)) be a finite non-empty graph and H = (V(H), E(H))
be a subgraph from G. We say that S is a minimal subgraph of H if V(H) = V(S) and
E(H) C E(S). The family of all minimal subgraphs of H is denoted by Sj;.

Definition 3.2. Let G = (V(G), E(G)) be a finite non-empty graph and H = (V(H), E(H))
be a subgraph from G and let G), = GUG®, G and G° are subgraphs in G}. Let S; be the
family of minimal subgraphs containing H and S5 be a family of complements of members
of Sj, then we define the following concepts:

(1) The c-subgraph of a subgraph H in G is denoted by cy and defined as cy =
n{(S))°}.

(2) The i-subgraph of a subgraph H in G is denoted by iy and defined as ig =
O{(5)°}.

(3) The b-subgraph of a subgraph H in G is denoted by by and defined as by = ig—cq,
the operation” =" is the deletion of edges in cy from edges inig. Therefore, cy,ig
and by are subgraphs in Gy and Gy with these subgraphs is called subgraph space
and it is denoted by (Gp,Gy). The subgraph H from a graph G is called exact
subgraph in G if and only if cy = ig and is called rough subgraph in G if and only
if cg #ig.

Definition 3.3. If H is any subgraph of G, then we define the following:

(1) (cg)® =Gk —cp.
(2) (ig)° =G —ipg.
(3) (bu)* =Gk — by
(4) (Sp) =G — Su
(5) (Hg)® = Gy — Hy,
(6) G°=GL— G

Remark 3.1. Throughout this study, the symbols ¢ = ¢, = ¢pg = ¢pge and ¢y, = ¢y =
o are denoted to be the null graph of Gy, and the null graph of Hr = HUH€, respectively.

Definition 3.4. Let e = (u,v) be an edge in a graph G and let H be a subgraph in G, if
e € H, then H is called an open subgraph of e and H is called a closed subgraph of e if
e¢ H.

Example 3.1. (1) Consider the graphs G1, GS, Gk, and five selected subgraphs from
G1 are shown in Figure 1 and Figure 2, respectively.
The family of minimal subgraphs of H; fori=1,2,3,4,5 are obtained by using
Definitions 3.1 and 3.2 as follows:
(a) Minimal subgraphs containing Hy = {e1, e3,v1,v2,v3,v4} are: S1 = {e1,e2,€3},
Sy = {e1,e3,e4} and S3 = {e1,ez,€3,e4}.
Their complements are: (S1)¢ = {e4, €5, €s, €7, €8, €9,€10},
(S2)¢ = {ea, €5, €6, €7, €8, €9,€10} and (S3)¢ = {es, es, €7, €8, €9,€10}. Then, we
have
ca, = {es,eq,e7,€8,€9,€10}, im, = {e2,e4,€5,¢€6,€7,6€8,€9,€10} and by, =
{ea,e4}.
(b) Minimal subgraph containing Hy = {e1,e5,v1,v3,v4,v5} is: S1 = {e1,eq,€5}.
And their complement is:
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FIGURE 2. Five selected subgraphs from G in Figure 1.
(Sl) {€2a€37€67677687697610}
Then, we have cp, = = {eg, €3, €6,€7,€8,€9,€10} and by, = ¢.
(¢) Minimal subgraph contammg Hs = {e1,v1,vs3,v4} is: S1 = {e1,es}. And their
complement 1s:
(S1)¢ = {ea, e3, €5, €6, €7,€8,€9,€10}. Then, we have
CH, = iH; = {€2,€3,¢€5,¢6,€7,€8,€9,€10} and by, = ¢.
(d) Minimal subgraphs containing Hy = {e1,eq4,es5,v1,v2,v3,04,05} are: S; =
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(e)

{81763764765}; SQ = {61762764765} and S3 = {61762763764a€5}‘ And their
complements are:

(S1)¢ = {ea,eq,€7,e8,€9,e10}, (S2)¢ = {e3,eq,e7,e8,€9,€10} and (S3)¢ =
{es, e7,es8,€9,€10}. Then, we have

cr, = {e6,e7,€8,€9,€10}, im, = {e2,€3,¢€6,€7,68,€9,€10} and b, = {e2,e3}.
It is easy to get cuy, im, and by, of Hs in Figure 2 are given as cg, = ¢ and
iH5 = bH5 = le.

(2) Consider the graphs G2, G5, Gk, and selected subgraph H from a graph Ga are

shown in Figure 3.
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FIGURE 3. Graphs G2, GS, G}, and selected subgraph H from Ga.

Minimal subgraphs containing H = {ey, e4, €5,v1,v2,v3,v4} in Figure 3 are: S; =
{e1,e2,e4,e5}, So = {e1,e3,e4,65} and Sz = {e1,e9,€3,€4,e5}. And their comple-
ments are: (S1)¢ = {es, e}, (52)¢ = {e2,e6} and (S3)¢ = {es}. Then, we have
cg ={e6}, ig = {e2,e3,e6} and by = {ea, e3}.

(3) Consider the graphs Gs, G§, Gy, and selected subgraph H from a graph Gs3 are
shown in Figure 4.
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FIGURE 4. Graphs G3, G5, Gj, and selected subgraph H from Gf.

Minimal subgraphs containing H = {va, v3,vs} in Figure 4 are: S1 = {es},
So = {eq} and Ss = {es,eq}. And their complements are:
(81)¢ = {e1,e2, e4,65, €6, €7, €8, €9, €10}, (52)° = {e1, €2, €3, €5, €6, €7, €8, €9, €10} and
(S3)¢ = {e1, ea, €5, €6, €7,€8,€9,€10}. Then, we have
cy = {e1, €2, €5, €6, €7, €8, €9, €10},
H = {e1,e2,€3,¢e4,€5,¢6,€7,¢8,€9,€10} and by = {e3,e4}.

The proof of the following relations among the above graphs, subgraphs and their
complements is straightforward.
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Remark 3.2. If H is a subgraph in G and it has minimal subgraph in G, then

(1) HUG® =Gy — H®.

(2) HHUG* =Gy — H.

(3) (G = (HUH®)) = (G, — H)N (G, — H®).

(4) cg UG =cg.

(5) g UG =ig.

(6) cg NG¢ = G°.

(7) ig NG° = G°.

Proposition 3.1. If H is any subgraph in G, then

(1) cHy - iH.

(2) by Cig.

(3) cyg Nig = cy.

(4) cgUig =cgUbyg =ig Uby =ig.

(5) cg Nbyg = ¢.

(6) ig Nbyg =by.
Proof. Follows from Definition 3.2. g
Proposition 3.2. (1) If H does not contain a minimal subgraph in G, then cp, ig

and bg does not exist.
(2) If H contains only one minimal subgraph in G, then cg = Gy — Hy, = ig and
b = ¢.

Proof. (1) Follows from Definitions 3.1 and 3.2.

(2) If H contains only one minimal subgraph Sy in G, that is Sy = H U H® = Hj,
and H contains only one complement minimal subgraph (Sg)¢ in G, so we have
N{(Su)°} = U{(Su)°} = (Su)¢ = G — Sug = Gy, — Hy, then by Definition 3.2,
CH:Gk—Hk:iH and bH:(b.

]

Proposition 3.3. If H contains more than one minimal subgraph in G, then cg = G —
Hk, iH = Gk — H and bH = (Gk — H) - (Hk)c

Proof. Let {S1,S9, ..., Sy } be the minimal subgraphs containing H and their complements
is the set {(S51)¢, (S2)¢, ..., (Sm)¢}. Then by Definition 3.2 (1), we have S,,, = HUH® = H} is
one of the minimal subgraph containing H in G. Therefore, (S,,)¢ = Gk, — Sy = Gy — Hp,
so (Sp,)¢ is a subgraph of all other complements of minimal subgraphs in G, then by
Definition 3.2 (1), we have cg = (51)° N (S2)° N (S3)¢ N ... N (Sp)¢ = (Sm)¢ = Gy — Hg.
If e is an edge in H, then e is also an edge in all minimal subgraphs containing H in
G, but e is not an edge in complements of all minimal subgraphs containing H, so by
Definition 3.2 (2), we have iy = Gy, — H. By Definitions 3.2 (3) and 3.3, we have by =
(G — H) = (G — Hi) = (G, — H) = (Hy)" O

Proposition 3.4. If H is a subgraph in G, then ig = cg U HC.

Proof. From Proposition 3.3, we have cg UH® = (G, — Hy)UH® = (G, —(HUH®))UH® =
(Gr —H)N(Gy— H)UH®=[(H°UG)N(HUG®)|UH®=[(H°N(HUG) U (G°N
(HUG)|UH®==H°UG® = Gy — H = ig. By Proposition 3.3, the result is hold. O

Proposition 3.5. Let G, G° and ¢ be subgraphs in Gy. Then the following statements
are true:

(1) cg = ¢ and iy = by = Gi,.
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(2) cg = ¢ and ig = bg = G°.
(3) CGe = Qb and iGc = ch =dG.

Proof. Follows from Proposition 3.3. O

Proposition 3.6. (1) H is an exact subgraph in G if and only if H contains only one
minimal subgraph.
(2) H is a rough subgraph in G if and only if H has more than one minimal subgraph
in G.
Proof. (1) Follows from Proposition 3.3 and Definition 3.2.
(2) Follows from Proposition 3.3 and Definition 3.2.
O

Proposition 3.7. Let Gy be a graph and H be a subgraph in G, then the following state-
ments are true:

(1) Cey = Ciy = oy = ¢
(2) icy = (cm)*.
(3) bey = (cm)©.
(4) digy = (irr)"
(5) biyy = (im)".
(6) ivyy = (bm)°
(7) oy = (bm)“
Proof. (1) Let S; be the family of minimal subgraphs of cy, iy and by, so one of

minimal subgraphs containing all other minimal subgraphs in Sg is G and (G)¢ =
¢, then by Definition 3.2 (1, 2, 3), we get the result.

(2) By Proposition 3.3, we have i.,, = Gj — cy and by Definition 3.3(1), we get
ey = G —cr = (cm)©.

(3) By subtracting (1) from (2), we get the result.

(4) By Proposition 3.3, we have i;,,, = Gj — iy and by Definition 3.3(2), we get
iiH =G —ig = (ZH)C

(5) By subtracting (1) from (4), we get the result.

(6) By Proposition 3.3, we have i, = G} — by and by Definition 3.3(3), we get
in =G —byg = (bH>C.

(7) By subtracting (1) from (6), we get the result.

g

Proposition 3.8. Let Gy be a graph and Hy, Hs be two non-null subgraphs in G, if
H, C H,, then
(1) cm, Ccpy-
(2) ig, Cipg,-
(3) by, Cbp,.
Proof. (1) Let e € cpy, then e € N{Sf;,} and e ¢ Hj since Hy C Hy this implies that
e ¢ Hy but e € N{SE, }, thus e € cp, .
(2) Let e € ip,, then e € U{S%Q} and e ¢ Hj since H; C Ho this implies that e ¢ H;
but e € U{Sf }, thus e € ip,.
(3) Since H; C Ho, then ipy, —cmy, C ig, — cm, , so by Definition 3.1(3) implies that
br, € ba,-
]

Proposition 3.9. If H is any non-empty subgraph in G, then |bg| < |cy| < |ig| and
lca| = |im| if H contains only one minimal subgraph in G.
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Proof. Follows from Propositions 3.1 and 3.2. O

Proposition 3.10. If H; and Ha are subgraphs in G and |E(H1)| < |E(H2)|, then |cm,| <
ler |s lim,| < lim,| and |ba, | < |bm,|, equality holds if Hy and Hs are isomorphic subgraphs.

Proof. Follows from Proposition 3.8. O

Proposition 3.11. Let G be a graph and Hi, Ho be two subgraphs in G, then the
following are true:

(1) emynm, = ¢, Nem,.

(2) CH,UH, C ¢, Uch,.

(3) TH,UHy = tH, UiH,.

(4) iHl ﬂiH2 C iHlﬁHz-

Proof. (1) Since Hy N Hy C Hy and Hy N Hy C Ha, by Proposition 3.8(1), we have
¢, € emynm, and cp, C egynm,- Then ey, Nen, C ey, - (1)
Let e € cp,nm, implies e € N{(SH,nm,)¢} implies e ¢ Hy; N Hy implies e ¢ H; and
e ¢ Hy implies e € NSy¢ and e € NSy, by Definition 3.2 (1), e € ey nm, - (i4)
From (i) and (1), we get cgynm, = iy N CH,.

(2) Let e € ¢y, Ucp, implies e € ¢y, or e € ¢y, implies e € N{(Sy, )} ore € N{(SH,)“}
implies e ¢ Hj or e ¢ Hy implies e ¢ Hy U Hy by Definition 3.2(1), we have
€ € CH,UH,-

(3) Let e € im,um, if and only if e ¢ Hy U Hy if and only if e ¢ H; or e ¢ Ha, by
Definition 3.2 (2), we have e U {(Sm, )¢} or e € U{(SH,)¢} if and only if e € i, or
e €ip, if and only if e € iy, Uig,.

(4) Since Hy N Hy C Hy and Hy N Hy C Hy, then by Proposition 3.8(2), we have
tH, € tHnH, and iy, € iy nH,, hence ig, Nig, CignH,-

0

Remark 3.3. The equality and the converse of case (2) in Proposition 3.11 is not true
in general. From Example 3.1(1), let Hy and Hy be two subgraphs in a graph G1, we have
Hy ={ey,e3,v1,v2,v3,v4}, Ho = {e1,€5,v1,v3,v4,v5}, HHUH2 = {e1, €3, 5,01, V2, V3, V4, V5 },
CH, = {65, €g, €7, €8, €9, 610}, CHy = {62, €3, €g, €7, €8, €9, 610} and CH, UCH2 = {62, €3, €5, €6, €7,
es,eg, €10}, then the minimal subgraphs of Hy U Hy are: S1 = {e1,ea,es,es}, Sy =
{e1,e3,eq4,e5} and S3 = {e1,e9,€e3,e4,€5}, so their complements are:
(S1)¢ = {es,e6,e7,€8,€9,€10}, (52)° = {e2, €6, €7, €8, €9, €10} and (S3)¢ = {eq, e7, es, €9, €10},
then CH{UHy = {66, €7, e, €9, 810}.

Therefore, cp, Uch, C cHUH,, but cryum, & cay UcH,.
Also, the equality and the converse of case (4) in Proposition 3.11 is not true in general.
From Ezample 3.1(1), let Hy = {e1,es,v1,v2,v3,v4}, Hy = {e1,e5,01,03,04,05}, ipr, =
{e2,e4,e5,¢€6,€7,€8,€9, €10},
i, = {e2,e3,¢6,€7,€8,€9,€10}, HINHy = {e1,v1,v3,v4}, ig, Nimg, = {e2,¢e6, €7, €8,€9,€10}
and iy, nH, = {€2,€3,€e4,65,€6,€7,€8,€9,€10} then ig, Nip, C ignH, DUt iHAHy, & TH, N
1Hy-

Proposition 3.12. Let G be a graph and H be a subgraph in G, then the following are
true:

C C

= (CH ﬂiH) = (CH) .

NN N N
T~ W N+~
S e e N
NN N TN S

O

T
~— N —

o
cCccc—~
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(6) (ca)*N(ig) = (cpUin)® = (ig)°.
(7) (er)®N (bu)° = (cg Ubp)*

(8) (ig)°N(by)® = (ig Uby)® = (ig)°.
(9) (ew)N(ig)° N (ba, )¢ = (in)°

Proof. (1) Let e € ige, then e ¢ H® so e € H, therefore e ¢ N{(Sk)°}, then e €

(NSF;)¢, hence e € (cq)°.

(2) Let e € (cy)¢U (ig)¢ implies that e € (cy)®Ue € (ig)°, by Definition 3.3, we
have e € (G, — cy)Ue € (G —ipg) implies e € (G — cy) U (G, — ig) implies
e € (G — (eg Nig)) implies e € (cyg Nig)° and ¢y Nig = cy. Then, e € (cy)°.

(3) Let e € (cg)® U (by)¢ implies that e € (cy)®Ue € (by), by Definition 3.3, we
have e € (G — cg)Ue € (G — by) implies e € Gy, — cg) U (G — by) implies

e € (G — (e Nbp)) implies e € (cg Nby)¢ and cg Nby = ¢p. Then, e € G.

(4) Let e € (ig)°U (byr)¢ implies that e € (ig)°Ue € (by)¢, by Definition 3.3, we have

ec (Gk—z’H)Uee (Gk—bH)
imlpies e € (Gk - ’LH) U (Gk — bH)
implies e € (Gk — (ZH N bH))
implies e € (i Nbg)©.
And ig Nby = by. Then, e € (bH)C.
(5) Let e € (cg)€ U (ig)° U (by)© implies that e € (cyg)¢Ue € (ig)°Ue € (by)
Definition 3.3, we have e € (G, —cg)Ue € (G, —ig)Ue € (G, — by)

implies e € (G, — cg) U (G —ig) Ue € (G, — by)
implies e € (G, — (cg Nig))Ue € (G, — by)
implies e € (G, — (eg Nig)) U (G — bpr)

implies e € (G, — (cg Nig Nbg))

implies e € (cyg Nig Nbg)©.
And cg Nig Nby = ¢y. Then, e € Gy,

¢, by

The proofs of cases (6, 7, 8, 9) are the complement of the proofs of cases (2, 3, 4, 5),

respectively.

O

Proposition 3.13. Let Gy be a graph and Hy, Ho be two subgraphs in G, then the

following are true:
(1) (em Uem)® = (cr,)" N (e,

C

)
.

(2) (cm, Nen,)® = (cmy) U (cm,
(3) (imy Uim,)® = (im, )N (im,)°
(4) (ig, N3)¢ = (im,))° U (ZHQ) :
(5) (bm, Ubp, ) = (le) (bm,)°.
(6) (bH1 N sz) (le) (bHQ)C'

Proof. (1) Let e € (cg, Ucm,)©, by Definition 3.3, we have
if and only if e € (Gy, — (cm, Ucp,))
if and only if e € (G, — cm,) N (Gk — cm,)
if and only if e € (G, — ¢, ) and e € (Gy, — cp, ), by Definition 3.3, we have
if and only if e € (cq, )¢ and e € (cq,)°¢
if and only if e € (¢, )¢ N (cm,)C.

(2) Let e € (cm, Ncm,)¢, by Definition 3.3, we have

if and only if e € Gy, — (cH, Ncwy)
if and only if e € (G — cu,) U (G — cH,)
if and only if e € (G, — cp, ) or e € (Gy, — cm, ), by Definition 3.3, we have
if and only if e € (¢, )¢ or e € (cm, )¢
if and only if e € (cy,)° U (ch,)©.
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The proofs of cases (3) and (5) are similar to the proof of case (1) and proofs of cases
(4) and (6) are similar to the proof of case (2). O

4. NANO GRAPH TOPOLOGICAL SPACE

In this section, we introduce a new type of nano topological space called nano graph
topological space in terms of new types of subgraphs indicated in Definition 3.2. The nano
closure and nano interior subgraphs and their characterizations are investigate.

Definition 4.1. Let G = (V(G), E(G)) be a finite non-empty graph and H = (V(H), E(H))
be a subgraph from G. Let 7¢,(H) = {¢, G, cu,im,bu} is a topology on Gy, called nano
graph topology with respect to H, if satisfies the following axioms:
(1) Gk, ¢ € 16, (H).
(2) The union of subgraphs of any subcollection in 1¢, (H) is in ¢, (H).
(3) The intersection of subgraphs of any finite subcollection in 7q, (H) is in 7q, (H).
That is, (G, 7, (H)) is called nano graph topological space and ¢ is represented the
null graph of Gy. The subgraphs of the nano graph topology 7q, (H) are called nano—open
subgraphs in ¢, (H) and the complement of each nano-open subgraph in ¢, (H) is called
nano—closed subgraph in ¢, (H).

Example 4.1. Consider the graph and subgraphs in Example 3.1(1), then the nano graph
topologies with respect to the subgraph H; for i =1,2,3,4 are given as

(1) TGk(Hl) = {¢7 GkacHlviH17bH1}'
(2) TGy, (HQ) = {¢7 Gk'7cH2}'
(3) e <H3) - {¢7 Gk,CH3}.
(4) TGy, <H4) = {¢7 Gk>CH4viH4abH4}'

Theorem 4.1. If 7, (H) is a nano graph topology with respect to a subgraph H from
G, then the collection fa,(H) = {Gk,cu,br} form a nano graph basis for 7q, (H) with
respect to H.

Proof. (1) Let U be a family of subgraphs in Sg, (H), then UU = Gj,.
(2) (a) For G and cp, let W = cp, since Gy, Ncyg = cp, then W C G N ey and
every vertices with incident edges in Gy N cy belongs to W.
(b) For Gy and by, let W = by, since W C G N by and every vertices with
incident edges in G N by belongs to W, so G Nbyg = by.
(¢) For ¢y and by, we have cg Nby = ¢.
Hence, fg, (H) form a base for 7¢, (H). O

Remark 4.1. Let 7, (H) be a nano graph topology with respect to a subgraph H from G,
then (1, (H))¢ is a topology on Gy, and is called the dual nano graph topology of 7¢, (H),
members of (1¢, (H))¢ are called nano closed subgraphs. Let K be subgraph in Gy, is a nano
closed subgraph in 1q, (H) if and only if Gy, — K is nano open subgraph in 7q, (H).

Example 4.2. The dual nano graph topologies of nano graph topologies in Example 4.1
are given as

( ) (TGk(Hl)) = {¢, Gk,{61,62,63,64},{61,63},{61,63,65,66,67,68,69,610}}.

(2) (164 (H2)) = {0, Gk, {e1, €, €51}

(3) (76, (H3))® = {0, G, {e1, ea}}.

( ) (TGk(H4))C = {‘ba Gk7{61762763764765}7{61764765}7
{61,64,65,66,67,68,89,610}}.

c __

In the following proposition, we introduce the types of nano graph topological space.
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Proposition 4.1. Let G be a finite non-empty graph and H be a subgraph from G, then

(1) Ifcg = ig # Gy # ¢, that is, H has exactly one minimal subgraph, then 7¢, (H) =

{¢,Gi,cu} and (1¢,(H))® = {9, Gk, S1}, where Sy is the only minimal subgraph
containing H.

(2) If cg = ¢ and ig = Gy, then 7, (H) = {¢,Gy} is the indiscrete nano graph
topology with respect to H and (1¢, (H))¢ = {¢, Gk }.

(3) Ifcy = ¢ and ipg # Gy, in this case we have if H = G, then 7q, (H) = {¢, G, in}
and (¢, (H)) = {9, G, (in)° = G}, if H = G°, then 7¢,(H) = {¢,Gy,in = G}
and (TGk (H))C = {¢7 Gy, (ZH)C = Gc}

(4) If cg # ¢ and ig = Gy, then 7, (H) = {¢, Gk, cu,bu} and (1¢,(H))¢ = {¢, Gy,
(cu)® =bu, (ba) =cu} ={¢,Gk,cH,bu}.

(5) If CH 75 iH, CH 75 ¢ and ’iH 7& Gk, then TGk(H) = {qb, Gk,CH,iH,bH} and
(ra ()" = {6, G, (car) = H U by, (in)° = H, (b)* = H U ez ).

In the following example, we illustrate the types of nano graph topological space indi-
cated in the above proposition.

Example 4.3. Let G be a non-empty finite graph with H and G, G¢ are subgraph in G
and Gy, respectively.

1) For type (1), see Example 3.1(2).

2) For type (2), see Example 3.1(1)(e).

3) For type (3), if H =G or H = G having more than one minimal subgraph in Gy,.
4) For type (4), see Example 3.1(3).

(5) For type (5), see Example 3.1(1), if H = H; or H = Hy.

Remark 4.2. A nano-open subgraph in (G, 7q, (H)) is said to be nano-clopen subgraph
if it is both nano-open and nano-closed subgraph in (G, 7q, (H)). In Proposition 4.1, we
have only two types of nano graph topological space each nano-open subgraph is nano-clopen
subgraph, first type, if c;p = ¢ and i = Gy and second type, if cy # ¢ and ig = G.

o~~~ o~

Let (G, 7¢, (H)) be a nano graph topological space with respect to a subgraph H in G
and W is a subgraph in Gj. We define the following:

Definition 4.2. The nano interior subgraph of W is defined as the union of all nano-open
subgraphs contained in W and it is denoted by Nintg, (W). That is, Nintg, (W) is the
mazimal nano-open subgraph of W.

Definition 4.3. The nano closure subgraph of W is defined as the intersection of all
nano-closed subgraphs containing W and it is denoted by Nclg, (W). That is, Nclg, (W)
s the minimal nano-closed subgraph containing W.

Theorem 4.2. Let (G, 7q,(H)) be a nano graph topological space with respect to a sub-
graph H in G. Let W be a subgraph in Gj. Then

(1) Gk — Nintg, (W) = Nclg, (G, — W).

(2) Gk, — Nelg, (W) = Nintg, (G, — W).

Proof. (1) Let e € Gy — Nintg, (W), then e ¢ Nintg, (W), then any nano open
subgraph in 7¢, (H), say C containing e is not a subgraph in W, that is C'N
(G — W) # ¢, for every nano subgraph C in 7, (H) containing e, therefore
e € Nclg, (Gy, — W), then Gy, — Nintg, (W) C Nclg, (Gr, — W). Conversely, Let
e € Nclg, (G —W), then CN (G —W) # ¢, for every nano subgraph C' in 7¢, (H)
containing e, that is C ¢ W, then e ¢ Nintg, (W), therefore e € G, — Nintg, (W),
thus, Nclg, (G, —W) C Gy, — Nintg, (W). Hence G, — Nintg, (W) = Nclg, (G, —
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(2) Proof is similar to (1).
t

Remark 4.3. [t is easy to calculate the nano interior subgraph of subgraphs cpr, i and
by and their complements in a graph Gy in the five types of nano graph topology, while

the nano closure subgraph of our subgraphs in each type of nano graph topology is present
in the following corollary.

Corollary 4.1. Let (G, 7¢,(H)) be a nano graph topological space with respect to a
subgraph H from G. Then the following statements are true:

(1) If H has only one minimal subgraph in G (cg =ig # Gy # ¢). Then
(a) Nclg, (ca) = Gy.
(b) Nelc, ((cn)*) = (cn)"
(2) If cy = ¢ and ig = Gi. Then
(a) NCle (ZH) = Gk
(b) Nelc ((i11)°) = 6.
(3) If cg = ¢ and ig # Gy. Then
(a) NCZGk (ZH) = Gk
(b) Nelc, (1)) = (in)"
(4) If cg # ¢ and ig = Gy. Then
(a) Nelg (cxr) = (bu)"
(b) Nelc, () = (cn)"
(5) If cg #im, cg # ¢ and ig # Gy. Then
(a) Nelg,(cu) = (br)".
(b) NCle (ZH) = Gk
(c) Nelg, (br) = (cu)”.

Proof. Follows from Proposition 4.1 and Definitions 4.2 and 4.3. O

In the following theorems, we examine the nano interior subgraph and nano closure
subgraph of any subgraph in a graph Gg.

Theorem 4.3. Let (G, 7q,(H)) be a nano graph topological space with respect to a sub-

graph H from G, if H has only one minimal subgraph in G and W is a subgraph of G,
then

(1)
) C
Nintg, (W) = {0 W en €W
¢, otherwise.
(2)
(& N C C
Nchk (W) — (CH) ? Zf W = (CH) Y
G, otherwise.
Proof. (1) If ey € W, since 7, (H) has only one nano open subgraph cy contained

in W, so Nintg, (W) = cq.
If cy ¢ W, then 7¢, (H) has no nano open subgraph contained in W, so Nint¢, (W) =
b.

(2) If W C (cn)¢, then the dual nano graph topology (7¢,(H)))¢ has nano closed
subgraphs (cy )¢ and G}, containing W, so (cg)*NGy = (cu )€, hence Nclg, (W) =
(cr)®
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If W ¢ (cm), then the dual nano graph topology (7¢, (H)¢ has only one nano
closed subgraph G}, containing W, so Nclg, (W) = Gy,.
]

Theorem 4.4. Let (G, 7q,(H)) be a nano graph topological space with respect to a sub-
graph H from G, if cg = ¢ and ig = G and W is a subgraph of Gy, then

(1)

¢, otherwise.

Nintg, (W) = {

(2) Nelg, (W) = Gy.

Proof. (1) Since cyg = ¢ and iy = Gy, then 76, (H) = {¢, Gi}, then the only open

subgraph containing W is Gy, then Nintg, (W) = G, otherwise Nintg, (W) = ¢.

(2) The dual nano graph topology (7¢, (H))¢ has the only nano closed subgraph Gj
containing W, hence Nclg, (W) = Gy.

]

Theorem 4.5. Let (G, 7q,(H)) be a nano graph topological space with respect to a sub-
graph H from G, if cg = ¢ and ig # Gy and W is a subgraph of Gy, with more than one
edge, then

(1)

¢, otherwise.

o
Mm@qu%“ I

(2) If H =G, then

G, if WCGaG,

Gy, otherwise.

Nelg, (W) = {

(3) If H = G°, then

Ge, if W CG

G, otherwise.

Nelg, (W) = {

Proof. In case cg = ¢ and iy # Gy, we have H = G or H = G and 7¢, (H) = {¢, G, in}
and i1y = by.
(1) Similar to the proof of Theorem 4.4(1).
(2) In case cg = ¢ and ig # G, we have H = G or H = G°. if H = G, then
16, (H) = {¢,Gr,ig} = {¢, G, G} and the dual nano graph topology is of the
form (7¢, (H))¢ = {Gk, ¢, G}.
(3) If H = G°, then 7¢,(H) = {¢,Gk,in} = {¢,Gk, G} and the dual nano graph
topology is of the form (7¢, (H))¢ = {¢, Gk, G°}. Hence the proof is complete.

]
Theorem 4.6. Let (Gy,7q,(H)) be a nano graph topological space with respect a subgraph

H from G, if cig # ¢ and ig = Gy, and W is a subgraph of Gy with more than one edge,
then



N. IBRAHIM, A. KHALAF: NANO TOPOLOGY INDUCED BY GRAPHS 1533

(1)
ci, if cg CW,
Nintg, (W) = by, if by CW,
G, if W =Gy

(2)

(bH)Ca Zf w C cH,
Nelg,(W) =< (eg)¢, if W Cby,
Gy, otherwise.
Proof. Since cg # ¢ and ig = Gy, then 7q,(H) = {¢,Gj,cy, by} and the dual nano

graph topology is of the form (7¢, (H))¢ = {¢, Gk, (br)¢, (ci)°}. Then by Definitions 4.2
and 4.3, the proof of (1) and (2) it is obvious. O

Theorem 4.7. Let (Gy, 7, (H)) be a nano graph topological space with respect to a sub-
graph H from G, if cg # ig # G # ¢ and W is a subgraph of Gy, then

(1)
cg, if cu CW,
b, if bmw CW,
ig, if ig CW,
¢, otherwise.
(2) If W is the set of the edges not in cg, ig and by, then

(a) Nelg, (W Ucn) = (bm)°.

(b) Nelg, (W Uig) = G.

(¢) Nelg, (W Ubg) = (cm)°.

Nintg, (W) =

(3)

(bm)¢, if W Cecn,

Gg, if W Cig,
)C7 Zf w c bH7

NCle(W) _ ( )07 ’Lf W= (.CH)Ca

(im)e, if W =(in)S,

Gn), if W= (n)"

(cg)¢, if 3 eeW,eeby & e¢cq,

()¢, otherwise.

Proof. Proof of (1) follows from Definition 4.2.

Proof of (2), if W is the set of edges not in ¢, iy and by, then we have the following

cases:

(1) WUch = (bg)¢, then Nelg, (W Ucy) = (bg)°.

(2) WU ig = G, then Nclg, (W Uig) = Gy.

(3) WUbg = (cp)¢, then Nelg, (W Uby) = (cu)°.

Proof of (3), we have the following cases:

(1) If W C ¢y and W, ¢y are subgraphs in Gy, then G, — W C Gy, — ¢y, take the nano
interior subgraph of both sides we have Nintg, (Gy, — W) C Nintg, (Gr —cu), by
Theorem 4.2 this implies that G — Nclg, (W) = Gy, — Nclg, (cu), by Corollary
4.1, we have Gy, — Nclg, (W) = Gy, — (by)¢, then Nclg, (W) = (bg)°.
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(2) If W Cig, then Gy, — W C Gy — iy, take the nano interior subgraph of both sides
we have Nintg, (G, — W) C Nintg, (Gx —ig) by Theorem 4.2 this implies that
G — Nclg, (W) = G — Nclg, (im), by Corollary 4.1, we have G, — Nclg, (W) =
G, — G, then NCle(W) = G.

(3) If W C by, then Gy, — W C Gj, — by, take the nano interior subgraph of both sides
we have Nintg, (G, — W) C Nintg, (G — by) by Theorem 4.2 this implies that
G — Nclg, (W) = G — Nclg, (by), by Corollary 4.1, we have G — Nclg, (W) =
Gr — (cu)¢, then Nclg, (W) = (cu)©.

(4) For W = (cp)¢, W = (ig)¢ and W = (by)¢, the proof it is obvious.

(5) If at least one of the edges in W is in by but not in cp, directly from case 2(c),
we get the result.

(6) If W is not in the above cases, it is clear Nclg, (W) = (ig)°.

In the following example, the cases in Theorem 4.7 are illustrated.

Example 4.4. Consider the graph in Example 3.1 (2), we have cy = {es}, ig =
{ea,e3,e6} and by = {ea,e3}, then the nano graph topology is given by

76, (H) = {¢,Gr,{es}, {e2,e3,¢e6},{e2,e3}} and the dual nano graph topology is given by
(76, (H)) = {9, Gy, {e1, €2, €3, €4, €5}, {e1, e, €5},

{e1,e4,65,€6}}.

To illustrate cases in (2), let W = {e1,esa}, then Nclg, (W Ucy) = Nclg, ({e1,es,e6}) =
{e1,eq,e5,e6} = (bm),

Nelg,(W Uig) = Nelg, ({e1,e2,e3,e4,e6}) = {e1,e2,€e3,€4,€5,e6} = Gy, and Nelg, (W U
br) = Nclg, ({e1,e2,e3,e4}) = {e1,ea,e3,e4,e5} = (cu)°.

To illustrate cases in (3), the first siz cases are obvious, for other cases let W = {e1,es},
then Nclg, (W) = Nclg, ({e1,e3}) = {e1,e2,e3,eq,e5} = (cy)®, let W = {e1,e5}, then
Nclg,(W) = Nclg, ({e1,es5}) = {e1,ea,e5} = (ig)¢ and let W = {e4, e5}, then Nclg, (W) =
NCle({€4,65}) = {61,64,65} = (ZH)C

5. CONCLUSIONS

In this paper, we have introduced new types of subgraphs of a subgraph H from a
graph (G. We have also studied various topological properties and results related to these
newly defined subgraphs. Furthermore, we have presented a new type of nano topology
generated by these subgraphs and explored results related to nano closure and nano interior
subgraphs. Additionally, this study demonstrates the usefulness of investigating subgraphs
for creating various types of topological structures.
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