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SOLVABILITY OF AN INVERSE COEFFICIENT PROBLEM FOR A
TIME-FRACTIONAL DIFFUSION EQUATION WITH PERIODIC
BOUNDARY AND INTEGRAL OVERDETERMINATION CONDITIONS

J. J. JUMAEV'*, D. K. DURDIEV?, Z. R. BOZOROV?, §

ABSTRACT. This article studies the inverse problem for time-fractional diffusion equa-
tions with periodic boundary and integral overdetermination conditions on the rectan-
gular domain. First, we introduce a definition of a classical solution, and then the direct
problem is reduced to an equivalent integral equation by the Fourier method. Existence
and uniqueness of the solution of the equivalent problem is proved using estimates of
the Mittag-Leffer function and generalized singular Gronwall inequalities. In the second
part, the inverse problem is considered. This problem reduces to the equivalent integral
equation. For solving this equation the contracted mapping principle is applied. The
local existence and uniqueness results are proven.

Keywords: time-fractional diffusion equation, periodic boundary conditions, inverse prob-
lem, integral equation.
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1. INTRODUCTION

Periodic boundary conditions (PBCs) are a set of boundary conditions which are often
chosen for approximating a large (infinite) system by using a small part called a unit cell.
PBCs are often used in computer simulations and mathematical models. The topology of
two-dimensional PBC is equal to that of a world map of some video games; the geometry
of the unit cell satisfies perfect two-dimensional tiling, and when an object passes through
one side of the unit cell, it re-appears on the opposite side with the same velocity (see
[1, 16, 36]).

The PBCs arise from many important applications in heat transfer, life sciences [2, 4, 20,
26, 27]. In these papers, it was proven the existence, the uniqueness and the continuous
dependence on the data of the solution and we will develop the numerical solution of

diffusion problem with periodic boundary conditions.
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Various statements of inverse problems on determination of thermal coefficient in one-
dimensional heat equation were studied in [20, 21, 39, 40, 24, 33, 35]. It is important to
note that in the papers [20, 21] the time-dependent thermal coefficient is determined from
nonlocal overdetermination condition data. Besides, in [5, 17, 18] the coefficients of the
heat equations are determined in the case of nonlocal boundary conditions

The papers [7, 11, 19, 37, 38] investigated the inverse problem of finding diffusion
coefficients in one and multi-dimensional time-fractional equation. Under some assumption
on the data, the existence, uniqueness, and continuous dependence on the data of the
solution were shown.

The problem of determining the kernel k(t) of the integral term in an integro-differential
heat equation were studied in many publications [6, 8, 9, 12, 13, 14, 15, 25, 34], in which
both one- and multidimensional inverse problems with classical initial, initial-boundary
conditions were investigated. The existence and uniqueness theorems of inverse problem
solutions were proved.

In the present work, time-fractional diffusion equation is used with initial, periodic
boundary conditions for the determination of coefficients. The existence and uniqueness
of the classical solution of the problem (1)-(4) is reduced to fixed point principles by
applying the Fourier method.

2. FORMULATION OF PROBLEM

We consider the initial-periodic boundary problem for the fractional diffusion equation

Ofu — gy + a(t)u = f(z,t)g(t), (z,t) € Dr, (1)
u(z,0) = ¢(x),x € [0,1], (2)

U(O,t) = U(Lt)v ua:(ovt) = ux(lvt)a 90(0) = 30(1)7 ()0/(0) = (p/(l),t = [O, T]v (3)
where 07 is the Caputo fractional derivative of order 0 < o < 1 in the time vari-
able (see Theorem 3.1), a(t),g(t),t > 0 are the source control terms, f(z,t) is known
source term, ¢(x) is the initial temperature, T is arbitrary positive number and Dp :=
{(z,t):0<2x<1,0<t<T}).

The problem of determining a function u(x,t), (z,t) € Dy, that satisfies (1)-(3) with
known functions a(t), g(t), f(x,t) and ¢(z) will be called the direct problem.

In the inverse problem, it is required to determine the coefficients a(t), g(t),t > 0, in
(1) using overdetermination conditions about the solution of the direct problem (1)-(3):

/1 wi(x)u(x, t)de = hi(t), i=1,2, = €][0,1], (4)
0

where w;(z), hi(t),7 = 1,2 are given functions.

In heat propagation in a thin rod in which the law of variation h;(t) of the total quantity
of heat in the rod is given in [19]. This integral condition in parabolic problems is also
called heat moments which are analyzed in [21].

Let C*%(Dr) be the class of functions that are 2— times continuously differentiable
with respect to x in Dy for which a continuous derivative 0 exists.

Definition 2.1. The triple of functions {u(z,t),a(t),g(t)} from the class C**(Dr) N
CH0(Dr) x C[0,T] x C[0,T] is said to be a classical solution of problem (1)-(4), if the
functions u(x,t),a(t) and g(t) satisfy the following conditions:

(1) the function u(x,t) and its derivatives Ofu(x,t), uzz(z,t) are continuous in the
domain Dy ;

(2) the functions a(t), g(t) are continuous on the interval [0,T];
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(8) equation (1) and conditions (2)-(4) are satisfied in the classical sense.

Throughout this article the functions ¢, f, w; and h; (i := 1,2) are assumed to satisfy
the following conditions:

(A1) p(z) € C2(0,1); ¥ (2) € L2(0,1); ¢(0) = ¢(1); ¢'(0) = ¢'(1); ¢"(0) = ¢"(1);
P (0) = ¢®(1);

(A2) <x ) € O(Dr) NC> (Dr); fidh(w,1) € La(0,1); - f(0,2) = F(1,6); f1(0,1) =
fe(Lt)y [ (0,8) = fin(1,0);

(43) In(t) € CHO.T) wilw) € C2[0, 1] wP(@,t) € Lo(0,1); [ wilz)p(z)dr =
ha(0): wi(0) = wi(1); Wi(0) = wi(L); w!/(0) = w/(1),i = 1,2.

In the next section, we recall basic definitions and notations from fractional calculus,
which will be used in the future.

3. PRELIMINARIES

Theorem 3.1. [30, pp. 93-94]. Let 0 < o < 1. Also let u(z,t) € C’g:g(b;r). Then the
Caputo fractional derivatives 8§, yu(x,t) is continuous on [0,T] : 9, ,u(x,t) € C(Dr). It
has, the form
t
86“+’tu(x,t) = Ij(ll—oz)/o (t— T)a%ﬁ’ﬂdﬂ 8&+,tu($,t) = w(x,t).
Moreover,
ag+,tu(xa 0) - 83+,tu<x7T) =0, fOT’ «Q ¢ {07 1}7

where I'(+) is the Euler’s Gamma function.

Two parameter Mittag-Leffler function. [30, pp. 40-42] The two parameter
Mittag-Leffler function E, g(z) is defined by the following series:

Fuol®) = 2 Bk )

where «, 8,z € C with R(«a) > 0, R(a) denotes the real part of the complex number « .

Proposition 3.1. [30, pp. 40-45]. Let 0 < oo < 2 and € R be arbitrary. We suppose that
K is such that ma/2 < kK < min{m,wa}. Then, there exists a constant C' = C(a, B, k) > 0
such that

|Eaﬂ(2) <

‘—ma

Proposition 3.2. [30, pp. 40-45] For 0 < a < 1, t > 0, we have 0 < E,;1(—t) < 1.
Moreover, E, 1(—t) is completely monotonic, that is

k < larg(z)| < .

dn
(=" Fan(=t) 20, VneN.
Proposition 3.3. [30, pp. 40-45] For 0 < a < 1, n > 0, we have 0 < E, o(—n) < ﬁ

Moreover, Eq (—n) is a monotonic decreasing function with n > 0.

Lemma 3.1. (Gronwall inequality.) [28],[32, pp. 188-210]. Let m(t) € Clto,T|(to €
Ry =1[0,00),T < 400) and suppose that

/t(t —8)" 'm(s)ds, t € [to, T

m(t) < mo‘f—m o

Then we have
m(t) < moEy1(L(t —1to)7), te [to,T],
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where mgy and L are nonnegative constants, v € (0,1).

Theorem 3.2. [30, pp. 135-144]. The solution T'(t) € AC|0,T] of the linear nonhomo-
geneous fractional problem

1 T(t) + AT (t) = f(t), t€(0,T], A>0,
T(0) =c,
where f € L'[0,T], is given by the integral expression

t
T(t) = cEaa (—A%) + / (t— T)O‘_lEma(—)\(t — 7)) f(r)dr.
0
We will use these facts everywhere in this article.

4. DIRECT PROBLEM

The use of the Fourier method for solving problem (1)-(3) leads to the spectral problem
for the operator given by the differential expression and boundary conditions

X"(x)+ XX, (z) =0, z€(0,1), X,(0)=X,(1), X (0)=X'(1),n=0,1,2,.... (5)
In [3], it is known that the system of eigenfunctions
1, cos A1z, sin A1, cos Aox, Sin Ao, ..., cOS Apz, Sin A\, ... (6)

where A\, = 27n (n = 0,1,...), is a basis for Ly(0,1). That system is eigenfunctions of
spectral problem (5).

Since the system (6) form a basis in Ly (0, 1), we shall seek the u(z, t) of classical solution
of the problem (1)-(3) in the form

u(x,t) = Z U1n (t) cos \pz + Z Uap, (t) sin A\px, Ay, = 27n, (7)
n=0

n=1

fx,t) = Z fin(t) cos Az + Z fon(t) sin Ay,
n=0

n=1

where

1 1 1
uio(t) = / u(z, t)de, uip(t) = 2/ u(z,t) cos \pzdzr, up(t) = 2/ u(x,t) sin A\pyzde.
0 0 0

1 1 1
fio(t) :/0 f(z,t)dz, fin(t) = 2/0 f(z,t)cos \pzdz,  fon(t) = 2/0 f(z,t)sin \yzde.

Then, applying the formal scheme of the Fourier method for determining of unknown
coefficients u1o(t) and win(t) (i :=1,2;n = 1,2,...) of function u(zx,t) from (1) and (2),
we have

9%uio(t) = —a(t)uio(t) + g(t) fro(t), (8)
u10(t)|t=0 = ¥10, 9)
OUin (t) + Apin (t) = —a(t)uin (t) + g(t) fin(t), (10)

uin(t)‘tzo = Pin, 1= 1727 n = 1727 ceey (11)
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where
1 1 1
Y10 = / o(z)dz, P, = 2/ o(x) cos Adpxdz, o, = 2/ o(z) sin \pzdx.
0 0 0

According to Theorem 3.2, the solutions of problems (8),(9) and (10),(11) satisfy the
following integral equations

uio(t) = p10 + F(la)/o (t =) (fro(r)g(r) — a(T)uro(7))dr, (12)
and
uin(t) = SOinEa(_)\Zta)‘i‘/o (t_T)a_lEa,a(_)‘z(t_T)a)(g(T)fin(T>_a(T)uin(T))dT- (13)

Estimating the functions wuio(t), uin(t), we obtain the integral inequalities:

t¢ a _
o0 < lorol + prepsloliiol + 12 [0 rye=ang(riar
(a+1) (@) Jo
o
|win(t)] < lpin| + WHQHHmeJF
ol / a1 ‘
- t— ; d =1,2 =12 ..
oy [ = el =12, n=1.2..0)
where ||g|| = max,co.17(9(t)], lal| = max,co.r|a(t)]. Applying Gronwall’s Lemma 3.1.,
from last inequalities we obtain the following estimate
tCM
[ui0(t)] < (lro] + Mot )||9||Hf1o||) o(llallt®), (14)
t (0%
i (t)] < { lin] + Mot )HgHHme a([lallt®). (15)

Using equalities (8), (10) and (14), (15) we obtain estimates for 0%uio(t), 0%uin (t) :

0%u10(t)] < llall([¢10] + Mot ! )Hg!lllfwl\) a(llallt™) + llgllll froll,

te
|0%uin(t)] < (X + [|a])) <\s0m| Tt )Ilgllllme> a(llallt®) + llgllll finl]-
Thus we have proved the following lemma:

Lemma 4.1. For any t € [0;T] the following estimates are valid:

uro ()] < ([p10] + (T )HgHHfloH) a(llallT),

\um<t>|s(|som|+ (T )HgllemH) L (lallT),

|0%u0(t)| < [lall([¢10] + (T )H9H||f10H) a(lallT*) + llgllll froll,
IOO“Uzn(t)I<(A2+Hall)<|wm|+ (T )Ilglllfm||> a([lallT) + [lgll[] fin I
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Formally, from (7) by term-by-term differentiation we compose the series

oy 0+u x,t) Z gy u1n (t) cos Ap + Z 00 u2n (t) sin Apz, (16)
n=0 n=1

Ugy (T, 1) Z/\ uin(t) cos \pz — Z)\2uQn t)sin A\, z. (17)
n=0 n=1

In view of Lemma 4.1, if following series converge then the series (7), (16), and (17) to be
converge for any (z,t) € Dp

o)

C1 ) (A3lin] + A2 finll),

n=1

where the constant C4 depends only on T, «, ||al], | g]|-
We hold the following auxiliary lemma:

Lemma 4.2. If the conditions (A1)(A2) are valid then, there are equalities

1 .
Pin = Agwﬁf’?, finlt) = Sz fin (1 =1.2) (18)
where

1 1
9051) = 2/ ¢ (2) sin A\, zdz, 9053) / ©®) () cos A\pwda,

/ a@% (x,t) sin Apzdz, / éi)x (x,t) cos Adpyxdx

with the following estimate:

S PP < 1ePlmons SO < 1PN aoxcpor (i =1,2).  (19)

If the functions ¢(x), f(x,t) satisfy the conditions of Lemma 4.2, then due to represen-
tations (18) and (19) series (7), (16) and (17) converge uniformly in the rectangle Dr,
therefore, function u(x,t) satisfies relations (1)-(3).

Using the above results, we obtain the following assertion.

Lemma 4.3. Let {g(t),a(t)} € C[0,T], (A1), (A2) are satisfied, then there exists a unique
solution of the direct problem (1)-(3) u(z,t) € C*>*(Dr) N CH°(Dr7).

Let us derive an estimate for the norm of the difference between the solution of the
original integral equations (12), (13) and the solution of this equation with perturbed

functions a, g, @in, fin. Let w(t), (i := 0,1,2) be solutions of the integral equation (12),
(13) corresponding to the functions a, g, Pin, fin; i-€.,

To(t) = Gio + F(la) /0 (t = 1) (Fro(r)3(r) — a()ino(r))dr, (20)

Uin(t) = @“mEa(—/\Qto‘)Jr/o (t=7)""" Baa (=N (t=7)*) @(7)in(T) +3(7) fin(r))dr. (21)
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Composing the difference u;, — uin with the help of the equations (12), (20), (13) (2 )

and introducing the notations u;, — Ui = Uin, 6 —a@ = @, § — § = G, fin — fm = ?m,
obtain the integral equation

Tio(t) = Bro + F(la) / (t = 7)1 (fro(r)g(r) + G(r) Fro(r))dr—

1

0 /O (t — 1)L @(r)uro(7) + G(F) (7)) dr,

in(t) = BuBaa (<Xt + [ (6= 1) B (Xt = 1)) 9 i+
0
4 [ =) B (X = 1) G0 Fin ()T~
0
- /O (b= 1) B (—A2(t — 7)) @(r)tin (r)dr—

t
[ (= 1 B (<X~ 1) () (22)
0
from which, are derived the following linear integral inequalities for [wio(t)], |Tin(t)] :

t* frollllgl 1 folllig]
Ia+1) Ia+1)

Gl [y e o
P(a)/oa ) o () dr.

| fanlll9] L El il
T(a+1) ' D(a+1)

oy Nl [ e
s (19l + ol Ealale®) + 5 [ =) ()

Using the Lemma 3.1 from last inequality, we arrive at the estimate:

+

[@10(t)] < [P0l +

[af[t*

t o
oty (1ol + gyl ol Ealale) +

[@in(8)] < [ | +

[al[t*

t* 1 frollllgl . frolllig]

Eo®) < {ul+ T 0%y T Tarn
fale & L p (e
4y (lorl + g ol Aol ) Ealalle™) b Ea( 1), (23)

_ _ N Fanllllgll | I fanllllg ]
[@in(£)] < Pin| + MNa+1) + MNa+1) +

[l ( ) o } ~
- t) v E ). 24
Tat1) |pin| + ( )Ilgllllme a(llal[t®)  Ea(llallt™) (24)
In next section it is studied the inverse problem as the problem of determining of
functions a(t), g(t) from relations (1)-(4), using the contraction mapping principle.
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5. SOLVABILITY OF INVERSE PROBLEM

Let us multiply (1) by w;(z), (i = 1,2) and integrate over x from 0 to I

/Ol wi(2)0fu(x, t)dx — /Ol Wi (T)ugpdz + a(t) /Ol wi(z)u(z, t)de =

!
— o) [ wi(a) (@00, i= 1.2, (@,1) € Dr.
0
After integrating by parts, in view of conditions (2)-(4) and (A4), we obtain the equality
! !
%, i)~ [ o @ule,)dn + alOhi() = 9(0) [ i@ flode, =12 (25)
0 0

Solving the system (25) with respect to the unknown functions a(t) and g(t), we obtain
the following integral equations with respect to the unknowns:

2
1
g(t) = INO) Z (—=1)7h;(t )[80+ P (t) Zuln (t; a; g))\kaln Zuzn (t; a; g))\2w,(€2)n]
(26)
RS (2)
_ 2 2
)= 35 ;1(—1) OIC N0 z%uln (t;0; 9)\2wi2) — 21% (tas 9]\, |
& " -
(27)
where
A(t) = ha(t)Fa(t) — hao(t) F1(2); me Wkin + Zf2n wion; k=1,2;

1 1
Wikin = 2/ wi () cos(Anpx)d; w,(fl)n 2/ wi(z) cos(Apz)dz.
0 0

1 1
Whan = 2/ wi () sin(Anx)dz; w,g)n 2/ wi(z) sin(Apz)dz.
0 0
The main result of this work is presented as follows:

Theorem 5.1. Let (A1)-(A3) are satisfied. Then there exists a number T* € (0,T), such
that there exists a unique solution a(t), g(t) € C[0,T*] of the inverse problem (1)-(4).

Proof. We consider the operator equation
Y = Afy]. (28)

where 1) = (11,19) := (a(t); g(t)) is unknown vector function. The components (A1, A2)
of A are defined by the right hand sides of equations (26), (27):

[Zuln (t;a;9) Wm —|—Zu2n (t; a; g)w,gQ)n] (29)

M) = doa (1) + At)

1) hj( {Zuln (t;a;9) wg) +Zu2n (t; a; g)w]gz)] (30)

n=1

Ralu)(t) = bt Ai

wMM*MM
—~
|
\_/
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Let 9o := (%01, go2), where

2
Yor(t) = AL z]_: ()95 1 (2),
k#j
1 2
Yo2(t) = A Z (—1)7 1 (£)85 oha(2).
(ny

Consider the functional space of vector functions ¢ € C(Dr) with the norm given by
the relation

1] = max{ max |¢1(t)], max |¢2(t)[}.

te[0,7] te[0,T]
Fix a number p > 0 and consider the ball
" (g0, p) = {¥ : I — Yollcpor < p}-

Let us prove for an enough small T > 0 the operator A maps the ball ®7 (¢, p) into
itself. For this purpose, using the estimates (14),(15) for wui,, ug, respectively, we find
following estimates

[AL[)(8) = Yor (B)]]

< 2o > unn(Tiv ) + 3T i)

< 2900 [0l + sl ol +Z(|wm|+ a1l ) ] Ealval 7o)

[A2[1] () — dboa(t )II
Zum (T 913 2) +Zu2n (T 913 2)

2w0 h()

< 29000 o ol 33l + )||w1||rfm||>}anw?HTa),
I

i=1 n=1
where 6 = min{|A|} > 0, 0 = const., Fy =
L2, fo = |finll oy wo = llwillc2jo,1-
According to Lemmas 4.1 and 4.2, the above series is a convergent series. Note that the
functions occurring on the right-hand side in these inequalities are monotone increasing
with T, and the fact that the function () belongs to the ball ®7 (¢, p) implies the
inequality

k(e ko = max{[|hillcrjon},i =

191 < o+ [1oll (31)

Therefore, we only strengthen the inequality if we replace [[1]| in these inequalities with
the relation p + ||¢p||. Performing these replacements, we obtain the estimate

A1) = on (Ol < 292 (o0l + g5 e+ ool ol +

+1)

[e7

«

2 oo T
9> (Isomr st ||¢o||>|rfm||> | Eat(o+ ol 7).

2wo ho
o

[0}

T
I(a+1)

1281 = oo (Bl < =222 (a0l + = (p + ol Lol +



J. JUMAEV et al.: SOLVABILITY OF AN INVERSE COEFFICIENT PROBLEM FOR... 1545

303 (Il + gy o+ WD) ] B+ sl ).

i=1 n=1
These relations together with (23) and (24), (25) imply the estimates

[A[1(8) = o ()] = max{[[Ax[9](2) — Por (D], [[A2[¢](E) — Yo2(B)][} <

2F 2woh T
<max{ o, “’g“}[ﬂmu a0+ Il )+

55> (rsomr e uwmumn) | Bat(o+ 1ol T).

=1 n=1
Let T7 be a positive root of the equation

2F 2woh T
max{ §w07 w((s) 0}[(’9010\4- e +1)(p+||1/)0||)Hf10”)

55> (16l + a1y 10Dl ) [ EalGo + ol =

i=1 n=1
Then for T € [0,77] we have A[T/J] (t) € ®T (o, p).

Now consider two functions v (¢) and " (t) belonging ®7 (v, p) and estimate the distance
between their images A[](£) and A[¢)](¢) in the space C[0,T]. The function @, (t) corre-
sponding to ¢(t) satisfies the integral equation (20),(21) with the functions ¢, = &, and
fn = fn. Composing the difference A[Y](t) — A[@Z] (t) with the help of equations (12),(13),
(20),(21) and then estimating its norm, we get

IAL[](2) — M) <
< QFOWO <Z [ w1n (T3 15 2) — (T3 913 92) || + Z ([t (T; 415 2) — Tgn(T; @1;@2)“) <

n=1

2F, T T )
< owo{‘ o+ [ Frollll2] Il f1ollll¥ ]

=7 T(a+ 1) Tlat+1)

te T N
P 1) (910 oy 12l Ballal ™)+

A I8 e W 1 |
+ZZ{‘%"|+ Ta+1) | Tla+l)

i=1 n=1

HE ||Ta r « o o
a1y (2inl + 1o gy 1ealinl ) EalloalT) } Ea(ldalT). - (32)

1Aa[0](t) = A2[$](®)] <
< 2o (z Jean T 02) — o (530 + 3 [ (5 150) — T %;M) :

n=0 n=1
2howo (. T Fwolllall | Tl froll ]
< 5 {"Plo"" F(am—i— ) I‘(a+1)2 +
[l to .
iy (190 + oy o) Eallal T+
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2 & Ta!fm|||!1/)2|! T\ finlll[ 2]
+21;{‘ Pinl + +1) T+l

||E ||Ta re feY 0 e
Fos (el + a7 )H¢2H||me)Ea(H¢1HT BT (33)

Using inequality (14),(15) and the estimate (23) with 9] = ||v — || = max{|j¢) —
7#IH |12 — ¢2||} Yn = @np and f, = fn, we continue the previous inequality in following

form:
2Fowo [T | f1oll
Fa+ 1)

+

IAL[](t) = A [ @) <

Ta T T m
+a s (ol + gy el ol ) Ee \|¢1|Ta+zz{ bl

[e7

T T o o
a1 ol + Ty 1ol ol ) Ballen 7 } | Bl 7)) — Il (34

2h0w0 {T‘”‘Ilfm\l
I'a+1)

)||w2||||f10||) (I 7) +ZZ{T01'@
T T

e ol + Fia gy 10l nl)) Ba(loalT) H BalalT) e = 21 (35)

Because of 1(t) and 1(t) belong to the ball ®L(go, p), then for these functions takes
place the inequality (31). Note that the functions on the right-hand side in inequality (28)

+

1A2[$]() = Aa[](1)]] <

_l’_

+L(‘ |+ r
F(Oé+ 1) #10 (

at the factor |[¢|| is monotone increasing with 4|, ||#||, and T. Consequently, replacing

lv]] and ||¢| in inequality (28) with p + ||1o|| will only strengthen the inequality. In this
way, we obtain

2F0w0 [TawaH

A [w](6) — M [d](0)] < ot D)

_|_

T T
o (0 T

T“Hme
a+1

(o + IolDll ol Eal(p -+ o )T*) + ZZ{

67 (87

T T o o
i (el + mga oy O ol inll ) Eal(o o)) §| Balllp+ ol T) 21

2h0wc {T"llflo\l

lAalu](t) — Aold]()] < ot D)

e} 67

‘f‘m(ﬁplof +

(T+1)<"+W0‘>”f10\|> (o + o) T) +22{Ta!\ﬁnlll

67 e}

T T o o
i el + ma oy @ 9ol inll ) Eal (o o)) § | Balllp+ ol T) 2]

Hence,

IA[])(¢) — A[Y](2)]| < max

T
o (2 T

{2woFo 2OJ0h0} {Tw”floﬂJr

§ 796 F(a—i—l)

T Hme
a—i— 1

(o + IO ol Bl + ) + 33 {2

i=1 n=1
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T« T « 2N IA
e ol + mga oy 0 9ol inll ) Ea((o o)) § | Batllp+ ol T) 2]

Let T be a positive root of the equation

max ZWOFO 2w0h0 |:Ta||f10H+

) INa+1)
T T° ) L T finll
a1 o0l + gy (0 ool Ballo+ Iol)T) + 3>~ {5 1y +

i=1 n=1
« «

s (191 Ty oIl B+ 10 lDT™) Y] Bl o+ o] 7°) = 1

Because, it is a transcendental equation and on the right side the function is a monotonic
increasing function, besides (0,0) point belongs to the function. So, the above equation
has positive roots.

Then for T € [0,75) the operator A contracts the distance between the elements

W(t), P(t) € ®T (¢, p). Consequently, if we choose T* < min(T,T») then the operator A
is a contraction in the ball @T(¢0, p). However, in accordance with the Banach theorem
(see [[28], pp. 87-97]), the operator A has unique fixed point in the ball ®7 (¢, p); i.e.,
there exists a unique solution of equation (29). O
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