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ON RELATIVE UNIFORM CONVERGENCE OF FRACTIONAL
DIFFERENCE SEQUENCE OF FUNCTION RELATED TO ¢, SPACE

D. DIKSHA'*, B. C. TRIPATHY?, §

ABSTRACT. In this article, we define the notion of relative uniform convergence of
fractional difference sequence of the function space r.mg(A%,p), where p > 0. We
established many attributes of ,,me (A%, p), including solidity, symmetry, complete-
ness, convergence-free, sequence algebra, and convex characteristics. The relative uni-
form fractional difference of p— absolutely summable, bounded, convergent, null se-
quence of function spaces was also introduced. These are represented by the notations
Lo(AY)s Loo(ATL), c(ATY), co(AY,), and their relationship to the space rumg(A%,p) is
reviewed.

Keywords: Relative uniform convergence, Fractional difference sequence, Sequence space,
Completeness, Convexity.
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1. INTRODUCTION

The spaces of all sequences of functions are represented by w; and null sequence of func-
tions by @¢. These notations have been used throughout the study.

After introducing the concept of difference sequence space, Kizmaz [14] investigated the
difference sequence of function spaces £ (A), c(A), and c¢o(A) in the following ways:

X(A)={(zp) Ew: (Azp) € X},

where X = o, ¢, co and Az, = 2, — Tp41, for all n € N.

The above spaces are Banach spaces with the normed defined by,

|Zlla = [z1] + sup | Az, |.
n

Et and Colak [9] expanded on the idea by adding the spaces £oo(A*), c(AF), and co(AF),
where (AFz,) = (A 1z, — AF 1z, 1), for all n,k € N.
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Later, Et and Colak [9] modified these sequence spaces to the case of integral order m
using the operator A™, and that can be expressed in the following manner:

m

m. . ml
k=0

Recently, Baliarsingh [1] generalized the above difference operator by introducing the
fractional difference operator A“, where

LN (=D)"T(a+1)

for all
lea—k+1) Znh, foralln €N,

and I' denotes the gamma function.

Some generalized concepts on fractional difference operators will be used in this arti-
cle. The idea of a sequence of functions convergent uniformly relative to a scale function
was initially suggested by Moore [15].

Chittenden [3] provided the following definition of the relative uniform convergence:

The value of the inequality

|f (@) = ful2)] < elp(z)]

holds uniformly in x on the compact domain D for each small positive constant . This
means that for every n > n., there exists an integer n..

The function p(z) is the scale function defined on the same compact domain D.
Numerous additional scholars, including Demirci et. al. [4], Demirci and Orhan [5], Sahin
and Dirik [23], Devi and Tripathy ([6], [7], [8]), as well as others, looked deeper into the
idea.

One may refer to the Kamthan and Gupta [13] for more information on the fundamentals
of sequence spaces and summability theory. Some other researchers such as Paikray et al.
[22], Jene et al. [11], [12] are worked on summability theory.

In 1960, Sargent [24] proposed the m(¢) space, which is closely connected to the ¢, space.
He looked at a few m(¢) space characteristics. Subsequently, the space m(¢,p),p > 1 was
created by Tripathy and Sen [26], who examined some of its fundamental features. This
space generalises the space m(¢).

A few geometric characteristics on the convexity of the space ,,mg(A®, p) were also es-
tablished. We established the norm of the space ,,mg(A%, p) in this article, which are
normed, linear, Banach spaces having an extra property of convexity of the norm. The
notion of modular spaces was first presented by the Japanese mathematician Nakano [20].
Numerous other researchers, including Tripathy and Esi ([25]), Musielak and Orlicz ([17],
[18]), Musielak [16], Musielak and Wasak [19], and others, also studied modular space.

In view of relative uniform convergence of a sequence of functions, several works have
been done by the many researchers for Difference operator under usual convergence. How-
ever, we have considered the fractional order difference operator to establish certain new
results based on topological and geometrical properties.

2. DEFINITIONS & BACKGROUND

Definition 2.1. A sequence of functions specified inside a compact domain D of real
numbers is called fractional difference convergent of order a relatively uniformly convergent
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on D or RUFD-Convergent if for a given F > 0, there exists an integer ng = no(F)
such that the inequality

C(2) = A%Gal@)] < Flu(e),

where

o (a+1)
A% (@ Zw k+1)Cn+k(a:), forallneN, z € D.

The space of all RUFD-Convergent denoted by ,,w(A%).

Example 2.1. Consider a sequence of functions ((,(z)) defined by

(o) = { T Jorz £
" Oa fOT’ Tr = 0’
then
D I (a+1 " '
Aacn( ) — Zk 0 (le(a Ic—f—l)) {1+ (n+k)2} fO’/“ x 75 0;
0, forx =0,
for o = %

(n?+2n + 3)x
2(n? +2n+2)(1+n?)’

A2(y(z) =

It is obvious that A%(Cn(m)) is uniformly convergent in relation to the scaling function

p(x), which is defined by
x, or x # 0;
() = { fora 7

0, forx=0.
Hence, the space (() € ruw(A%).

Some RUFD-Convergent sequence of function spaces are denoted by X(A%,) and de-
fined as follows,

X(AZ) ={(¢) € rw(AY) : (AL, Gr) € X, relative uniform w. r. t. pu(z), for all z € D}.

In this article, we introduced some RUFD-Convergent sequence of function spaces as
follows:

tp(A7,) = {(Cn) € ruw(A%) Z |AYGu ()P < }—’M( )‘}

(o(A%) = {<<n> € (M%) : sup|A%,(2)] < ﬁru<x>|} ,

n>1
N A i [AG@)
(8 = {(6) € eo(a®) s i Sl
. A i [AG@)
CO(Aru) - {(Cn) € ru (A )nlﬂoo |M($)‘ 0}

The spaces mentioned above have a norm value,

IICIIA%ZSEEIQ(@M(@H sup A%y () ()]

zeD,neN



1664 TWMS J. APP. ENG. MATH. V.15, N.7, 2025

Definition 2.2. The relative uniform convergence of fractional difference m(¢) sequence
of functions connected to ¢, space or RUFDm(¢)-convergent 18 represented by

rumg (A%, p) = {(Cn) € ruw(A%): sup ZW"Cn I < Flule )!}

s>1,0€€s,x€D ¢s neo

The definition of the space rymey(A®, p) implies that,

(1) If s =1 and then ,umy(AY,p) = rulp(A%, D).

(2) If s=n and p =1 then rymy(A®) = ruloc(A)
We presented a new function space sequence that we named relative uniform convergence
of fractional difference. Sequence of functions n(¢) or RUFD, ) -convergent is shown
as

P
ung(A,p) = {(@) & (A% sup {Z A% |A¢n} < f\umr},
MmES(Cn), x€ED

where S((,) represent the rearrangement of ((,).

Definition 2.3. A sequence space Zy C wy is said to be convergence free if (n,) € Zy,
whenever (¢,) € Zf and (u(z) =0 = n(x) =0, onxz € D.

Example 2.2. The space cog is a convergence-free space.

Definition 2.4. A sequence space Zy € wy is said to be solid or normal if ((,) € Zf
implies (nn) € Z¢, for all (n,) with |n,(x)| < |Cu(2x)|, for alln € N and all x € D.

Definition 2.5. A sequence of functions space Zy C wy is said to be a sequence algebra
if there is defined a product x on Zy such that

(gn)v (7771) € Zf - (Cn) * (nn) € Zf.

Definition 2.6. A subset Zy C wy is considered as symmetric if (¢,) € Zy = ((r(n)) €
Zs, where w is a N permutation (one may refer to [2]).

Definition 2.7. Let K = {k1 < ky < k3 < ... < ky...} C N and (¢,) € wy. Then the
K -step space of the sequence of function space Zy is defined by

V2
K = Ak (@) € wy: Gal@) € Zf}.
Definition 2.8. A canonical pre-image (nn,(x)) of a sequence (¢,) € Zy, where K-step
Z; . . .
space Nyl is considered, is defined by

0, otherwise.

Definition 2.9. A sequence of function space Zy is said to be monotone if it contains the
canonical pre-images of all its step spaces.

Definition 2.10. If Z; € wy is sequence space, then
(1) Zy is called convex, if (Cn), (Mn) € Zf, M+ X2 =10 >0, Ao >0 = A\i(p +
)\2’!7” € Zf.
(2) Zy is called balanced if and only if ¢, € Z¢, |\ <1 = A, € Zy.
(3) Zy is a called absolutely convex if and only if Cu,mn € Zy, |M| + X2l £ 1 =
)\1Cn + )\27771 € Zf
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Definition 2.11. [20] considered the definition of modular space as follows:
Suppose X is a linear domain. Then Q2 : X — [0,00) is a modular function if
(1) Qz)=0iff xt = O.
(2) Q(01z) = Q(x) for all scalar a with 61| = 1.
(3) Q01 + d2y) < Qz) + QUy), forall xz,y € X and 01,62 > 0, [01| = |d2] = 1.
Further, the modular Q is called convez if
(4) Q01 + d2y) < 51Q(x) + 529(y) holds for all z,y € X and all 61,02 > 0 with
01+ 09 = 1.

3. MAIN RESULT

Theorem 3.1. Assume that p > 0 and o > 0 are real numbers, then the norm of
the space ruymey(A®, p) is denoted by H.Hrum¢(Aa7 p) and defined by

€] mg(ae, py = sup |G (2)]|u(z)|+
zeD

sup {;Z |Aa<n<m>u<w>\p}p , 1)

s>1, 0€€s, z€ED neo

for1 <p<oo. The
space rymg(A®, p) is Banach space with this norm. The space rumgy(A®, p) is also
complete p-normed space by the p— norm

Iq

rum(Ae,p) = sup [C1 (@) ()P +
zeD

1
sup —
s>1,0€€s, z€D (bs

Z A () p(x) [P, for 0 <p < 1. (2)

neo

Proof. Let (¢,) and (n,) € rumg(A®, p), then there exist F1, Fy such that

1
1 P -
sup { Z \Aagn(x)ul(a;ﬂp} <JFi1, 1 <p<oo,

z€D, s>1, oc€&s (;55 neo
and

1 P
sup —Z|Ao‘nn($),u2(x)|p < Fa, 1 <p< oo,
z€D, s>1, 0€&; ¢s neo
where 1 (z) and pa(z) are two scale functions on a compact domain D respectively.
Consider the two scalars d1, d2, then we have

7
sup {1 D 1A% (B1Ga () + 5277n(9«"))|p} < max(Fy, Fa) max(|pi ()], [p2(x)]),
weD, s21, octs | s 2o
for 1 <p < .

Hence, (01¢, + 021n) € rumg(A®, p).

Therefore, ,my(A%, p) is a linear space.

By using the norm (1), it is obvious that .,mg(A®, p) is a normed linear, for 1 < p < oo
and a p—normed space by the p— normed (2), for 0 < p < 1.

We now establish the completeness of ,,mg(A%, p).

Let (¢*) be a Cauchy sequence, where (¢*) = (¢%) = ((¢]), (¢3),...) € rume(A%, p),
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for each i € N. 3
Then for considering F > 0, there a positive number ng € N such that
16" = Il umg(ae, p) =sup i () = ¢ (2)]|u(2) |+
zeD
1

sup {; S 1A% (G (@) — <z<x>|ru<w>|p}

z€D, s>1, o€&s neo
< F, for all i, > ng. (3)

implies (¢1)22; and (A®(%)%°, are Cauchy sequences in D with respect to the scale
function u(z), for x € D. '
Let (¢})52, converges to ¢; and (A®(},)°, converges to ¢, for all n € N.
i.e.,
lim ¢i(z) = ¢1(z) and lim A®CY(z) = (,(z), forallmn €N, = € D.
1—r 00 1— 00

Taking limit as j — oo in equation (3), we get

sup [G{(@) — @)l lu) + s {;SZ\Aa«ﬁ;(x)—@(z))mmyf“}p< 5

€D, s>1, oc€&s neo

for each n > ny.

= ||C"—Cj||mm¢(Aa7p) < F, forall n > ng, z € D.

Hence, (¢! — (n) € rume(A%, p). ' '
As pymg(A®, p) is a linear space, we can conclude that (¢,), (¢}, — Cu) € rume(A®, p),
it consequently follows that,

(¢a(2)) = (Gu(x) = (Gu(x) = Ga(w)), foralln €N, z € D.
Hence, ,,mg(A%, p) is complete for 1 < p < oo.
In the same way, we can demonstrate that for 0 < p < 1, ,ymg(A%, p) is complete
space p—normed by (2). O

The preceding theorem’s consequence is the proof of the following outcomes.

Corollary 3.1. The classes of function spaces rung(A®, p), X(AL,) are Banach spaces,
where X =4, ls, ¢, cp.

Theorem 3.2. The space r,my(A%, p) is a BK-space, for 1 < p < oo and any rational
number o = 3—; where ag > a1. But the space is not BK-space for a1 < as.

Proof. Let A% ((n —¢) — @y, as n — 00, then for a given F > 0 there exists ng € N such
that
A% (Cu(z) — () < F, for all n > ng, x € D.

sup [Gi(@) — ()| + sup {;SZ!A%(x)—cn(x))\p}p<fm<:c>r, ()

€D zeD, s>1, og€; neo

for all i > ng. From equation (4) it follows that
i (2) = Gu(@)] < Flp(x)|, for each i > ng, z € D.

From equation (4), taking s = 1 and n = 1, we have

\(({(w) —(1(x)) — %(Cé(x) — Ca(2))] < ‘;EW(UU)WL for each 7 > ng, x € D. (5)
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From equation (4) and equation (5) it follows that
. (8 ~ .
Gl@) = G < S Flu@)l(é1— 1), forall i = no, x € D.

= lim ¢ = (.
1— 00
Proceeding in this way inductively, we have
lim ¢! = ¢y, for all n € N.

1— 00
e}

Hence, »,mg(A%, p) is a BK-space, for 1 < p < oo, with the condition that ap > aq. O
For the next part of the theorem we consider an example as follows.

Example 3.1. Let, ((,) € rumg(A%, p) for a =3, from (4) and (5) we get,
i 2 ~ 1,
[G2(2) = Ga(2)] < SFu(@)l(dr — 1) = 71G3(2) — CGa(2))]
= lim ¢ # ¢ = lim ¢, # G-
1— 00 1— 00
Hence, the sequence of function space rymy(A%, p) is not BK-space when oy > ao.

Result 3.1. The class of the sequence of functions rymg(A®, p) is not solid in general.

The proposed result follows from the example that follows:

Example 3.2. Let us have a look at a sequence of functions ((,(x)), which are defined as

follows:
Cnl(w) = 22, fora #£0;
! 0, forx =0,
then DTty 5
o0 —1)'I'(a+ = ‘
Aacn(]j) = Z’L:O I'F(CM—Z+1) {1+(n+l)2}7 f()’[’ x # 0’
0 for x =0.

Let, ¢, =1, for eachn e N, p=1, a:%,
therefore,
(n? +2n+3)y/x

Az(y(r) = 2(n% +2n+2)(1+n?)

for eachn € N and x € D.

Subsequently, A%(Cn(:v)) is uniformly convergent with regard to the scale function p(z),
which is defined as follows:

_[vE gerato
ple) = {O, for x =0.

Hence, (A%Cn) € rumg(A%,p) .
Let us consider another sequence of function A, (x) be defined by,

M (z) = %, for x £ 0;
e 0, forx =0,

then for each n € N,

1, 1 0:
A%)\n(aj‘) = {TL + n(n+1) }7 fOT’ xT 75 ;
0, for x = 0.
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Hence, ()\%Cn) € rume(A®, p), with respect to the scale function pu(x) as specified by,

_[VE fora o
ple) = {0, for x =0.

Also, we have ]A%/\n(:c)] <1, foralln € N and x € D.
Then,

AZN A3 C(2) = —2 {1+ L L n 1 }~ <

4n(1 + n?) I+4n n24+2n+2 (n+1)(n?+2n+2) 4nS’

With regards to the same scale function p(x), the previously mentioned sequence of func-
tions is not uniformly convergent.

Therefore, (A2XaAZCa) € rumg(AZ,p).
Hence, Tum¢(A%,p) s mot solid.
Therefore the class of sequences (A \yA%Cy) & rume(A®, p) is not solid in general.

Result 3.2. The class of sequence of functions . mgy (A%, p) is not symmetric.
Using the example below, the result is obvious.

Example 3.3. Let us assume that, ¢, =1 for eachn e Nyp=1,a = %
Consider a sequence of functions ((,) defined by

Colz) = %,I # 0 and (,(0) =0, for each n € N.

_ z(n* 4 3n — 16)
- Sn(n+1)(n+2)
Following that, (A%Cn) € mm¢(A%,p) relative uniformly with respect to the scale function
pu(x) =x for x # 0 and p(0) = 0.
Now consider the rearrangement (A%nn) of (A%Cn) defined as follows,

3 3 3 3 3 3
Azn,(x) = (Az(a(x), A§§;7(:c),AiClg(a:),Aigl(:c),Aigm(x), ...... ).
Then, (A2n,) & rumg(A2, p).
Therefore, mm¢(A%, p) s not symmetric.
Hence, rymy(A%, p) is not symmetric in genaral.

A3 Co(2)

,x #0 and (,(0) =0, for alln € N.

Result 3.3. There is no convergence-free class for a sequence of functions r,me(A%, p).
Using the example below, the result is obvious.

Example 3.4. Let us consider ¢, = 1 for alln € N, p =1, a = 1 and examine the
sequence of functions ((y,) that are defined as follows,

Cn(x) = %, foralln e N, xz € [1,2].

Then, ACp(x) = 5%, ~ 75 »for eachn € N,z € [1,2].

The above sequence of functions converges relatively uniformly with respect to the scale
function p(x) =z, for xz € [1,2].

Therefore, (Aln) € rume(A%, p).

We now examine the sequence of functions (n,) that are defined by,

N () = n’z, forx €[1,2], for alln € N.
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Then Anp(z) = —(2n + 1)z, for xz € [1,2], for alln € N.
But (An,) ¢ rumg(A%,p) with respect to the same scale function.
Hence, the classes of sequences r,mgy(A%, p) are not convergence-free in general.

Theorem 3.3. ,(A%) C ,umg(A%, p) C lo(AL,).

Proof. For ¢, = 1, for each n € N, £,(Ay,) = rumg(A®, p), for all n € N.
Therefore we can write
Cp (A

ru)

C rumqb(Aav p)'

«

Let us now assume that (¢,) € rume(A®, p). Afterwards, we have

Z |A“C, (2)[P < Flu(z)|, for some positive integer F.

neo

1
sup —
s>1, o€ &, z€D ¢s

Hence,
IAYC, ()P < Flp(x)|¢r, for all n e N.
Thus, (¢n) € loo(AS,)
— uma(A%, p) C Lo (A3,).
Therefore, the theorem is justified.
Result 3.4. Sequence algebra does not apply to the class of sequence of function
rumd)(Aaa p)'

The result is established by the example as follows.
Example 3.5. Taking two sequence of real valued functions ((,) and (n,) from the

space rumg(A%, p)that are defined on any compact domain D such that

(=1)"z

Cn(x) = and ny(x) = (—=1)"x, for alln € N, for xz € D.
1

Taking, ¢ =1 foralln €N, p=1, a = 3.
(=1)"z(n+2)
2n(n+1)

Then, (A%Cn) € mmqb(A%, p) and A%nn(x) = # with respect to the scale
function p(x) =z, for x € D.

A%Cn(x) = , forx € D, for alln € N.

But, A%CnAénn(x) = gf};}jﬁ% for all n € N is relatively uniform convergent with
respect to the scale function p(x) = 2%, for x € D.

‘ 1 1 1 1 1

i.e., (A2¢n), (A2n,) € rumg(Az, p) but (A2(,A2n,) & rumg(A%, p).

Hence, ruymy(A%, p) is not a sequence algebra.

Result 3.5. The classes of a sequence of function ,,my(A®, p) are not monotone.

The result is established by the example that follows.
Example 3.6. Let us consider (¢,) = x, for all n € N.

) z, forn is even;
Consider a sequence of function (yn(z)) = 5 J _ ’
x*, otherwise.

The sequence of function ((,) € rume(A®,p), w.r.t. the scale function u(x) defined
in a compact domain D. But (yn) # rume(A%,p) w.r.t. the same scale function.

1669
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Proposition 3.1. my(ru, p) C rume(A%, p) and the inclusion is strict.
Where mg(ru, p) denotes the spaces of relative uniform convergence of m(¢)
sequence of function.

Proof. The first part of the inclusion can be established using standard technique.

The following example is taken into consideration for the second portion of the
proposition.

ffl—’;, for x # 0;

0, forx =0.

Taking s =1,¢s =1 and p =1 then (Cn) € rumg(A%, p) with respect to the scale
function p(x) = 2™, where x € R and n € N.

But ((n) ¢ mg(ru, p), with respect to the same scale funtion.

Hence, rumg(A®, p) € mg(ru, p).

Example 3.7. Let (,(z) =

4. GEOMETRIC PROPERTIES

Theorem 4.1. The convexr modular space r,my(A%, p) has the modular

Q) = sup {; Z ‘Aacn(x)u(x”p}p , for 1 <p < o0.

s>1, o€€&s, x€D neo

Proof. Clearly, the space .,mg(A®, p) is a linear space.
Now we consider a function  : ,,mg (A%, p) — [0,00).
To check for conditions of norm:

(1) Clearly, 2(¢,) = 0 if an only of ¢, = ©.
(2) For any scalar §; with |6;| =1,

B =

Qb16a(x) = sup {;sDalAacn(x)u(x)P}

s>1, o€s, z€D neo

=lo1]  sup {;Z |Aa<n<w>u<x>rp}p

s>1, o€s, z€D neo
= Q(Ca(7))
3) Let (Cn), (Mn) € rume(A®, p) and 41,02 > 0 with d; 4+ do = 1. To prove
(3) n ¢

the convexity of the function we have,

Q01Cu + amn) = sup {1Z<61Aa<n<x>+62Aann>ﬂ<x>rp}

521, o€s, zeD | Ps g

hSA

<& sup {1Z\Aa<n<w>u<x>|p}

s>1, o€s, x€D 5 neo

B =

s>1, o€, x€D neo

+02]  sup ;Z | A% () () !p}
< 619(Cn) + 62Q(1n).
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Hence the space ,,mg(A%, p) is convex.
If in place of the above condition (3), the following condition (4 ) is hold,

(4) Q61 + damn) < 8EQ(En) + 05Q(ny), for 81,82 > 0,81 + 85 =1, € [0,1),
then the modular ) is called t—convex with ¢t = 1.

O
Theorem 4.2. The classes of sequence of functions space r,mgy(A®, p) is absolute
1-convex.
Proof. Let 0 <1 <1,V = {( = ((u) € wy : |[C]],,my(aa, py < 7} is absolute 1-convex
set for ((n), (M) € V and |A\i| 4 [A2| < 1, then
[IA1Gn + A2l ymyae, p) < (M| + [A2])r <.
O

Theorem 4.3. The classes of sequence of functuions space r,mg(A%, p) is absolute
conver.

Proof. Let us assume that, (¢,), (7,) € rume(A®, p) and [A| + |A2] < 1. Then,

B =

=sup [MGi(@) + Ao (@)[|p(z)| +  sup {¢s D 1A% NiGal@) + Agma (@) P }

zeD s>1, o€€s, x€D neo

3=

zeD zeD s>1, o€ls, x€D

<Sup\>\1<1( ()] + sup [Aom (@) [|p(2)] + [Aa]  sup {¢SZ!AaCn( )P }

neo

1
P
+ | A2 sup {¢ E | A7, (x }

s>1, o€s, x€D neo

<A1l sup |G (2)[[(@)] + | Xzf sup [m1(2)[[n(z)] + (1 = |A2])
zeD xzeD

3 =

an Aan p ’
szl,fézi’,m@{%z'“”'}+'A2’ 5 {%Z! n()l}

neo 5217 0—6637 .'ZZED n€o

<[Ax] sup |G (@) ()] + [Aof sup |m(z)]|u(z)] + (1 + |A2])
xzeD zeD

1 1
P
sup E A ()P + Ao sup g A%np(z
s>1, o€€s, x€D {¢s " ’521, o€s, x€D ¢s ’ "

neo neo

SIAlligglﬁ(w)Hu(w)\HAz\{igglm(w)Hu(w)H sup {¢s D A% ()P }p

s>1, o€, x€D neo

1 1
p
+ sup E A%ny (x + sup g A%Cy(x
s>1, o€s, x€D { ¢s ‘ " s>1, o€s, x€D ¢s ‘ "

neo neo
<0Q0.
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Hence the classes of sequence of function space ,,mg(A%, p) is absolute convex. O

Theorem 4.4. The space r,my(A%, p) is balanced.

Proof. Let (¢n) € rumg(A®, p) and |A| < 1, then

H)\Cn‘ ’Tumqﬁ(Aa: p)

1
1 p
= sp PG@lu@) +  sp $ S A G @)
zeD s>1, o€s, x€D ¢s neo
) v
— s @@ A s 4 ST AT ()
zeD s>1, o€ls, x€D QSS neo
. 1
< sup [Gu(@)||p(x)[ +  sup — > A (AGa(2)) P
xzeD s>1, o€€s, x€D ¢s neo
< F < .
Hence, the classes of sequence of function space ,,mg(A®, p) is balanced. O

5. CONCLUSIONS

In this work, we first obtained two new notions of relative uniform convergence of fractional
difference sequences of functions related to £)-space w.r.t. a scale function p(x) that are de-
fined by rume(A%, p), rung(A%, p). The purpose of this paper is to study some of its prop-
erties and identify the relationships with the spaces £,(A%,), loo(AZ,), c(AL)), co(A2).
This sequence of function space is specifically applicable for positive fractional difference
sequences of functions. Unfortunately, our notion does not give a guarantee of conver-
gence for negative fractional difference sequences of functions. This is the first paper on
this topic and is expected to attract researchers for further investigations and applications.
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