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SOME DIFFERENCE GRAPHS

M. A. SEOUD!, M. M. FARID?>*, M. ANWAR!, §

ABSTRACT. In this paper, we discuss difference labeling of various types of graphs, in-
cluding the star graph, the generalized butterfly graph, the bistar graph, the umbrella
graph, and the olive tree. Through our analysis, we demonstrate that these graphs are
indeed difference graphs. Additionally, we present difference labeling for several types
of snakes, such as the double triangular snake, the irregular triangular snake, the C,,—
snake, and the alternate C,,— snake. A unique difference labeling for the complete graph
K3 is enabled, as well as a full signature characterization of the star graph is obtained.
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1. INTRODUCTION

The notion of the autograph was introduced by G. S. Bloom, P. Hell, and H. Taylor
[1]. Harary [2] called the autograph a difference graph. S. Bloom, Hell, and Taylor [1]
have shown that the following graphs are difference graphs: trees, Cy,; Kp; Ky n; Knn—1,
star graph, pyramids, and n-prisms. Gervacio [3] proved that wheels W,, are difference
graphs if and only if n = 3;4, or 6. Sonntag [4] proved that cacti with girth at least 6
are difference graphs, and he conjectured that all cacti are difference graphs. Sugeng and
Ryan [5] have provided difference labelings for cycles; fans; cycles with chords; graphs
obtained by the one-point union of K, and P,,; and graphs made from any number of
copies of a given graph G that has a difference labeling by identifying one vertex of the
first with a vertex of the second, a different vertex of the second with the third and so on,
In [6], Seoud and Helmi provided a survey of all graphs of order at most 5 and showed that
the following graphs are difference graphs: K, for n > 4 with two deleted edges having no
vertex in common; K, for n > 6 with three deleted edges having no vertex in common;
gear graphs G,, for n > 3; P, x P, for m,n > 2; triangular snakes; C4-snakes; dragons;
graphs consisting of two cycles of the same order joined by an edge, and graphs obtained
by identifying the center of a star with a vertex of a cycle.
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In this paper, we proved that the complete graph with three vertices, the star graph,
the butterfly graph, the bistar graph, the umbrella graph,the olive tree, the double tri-
angular snake, irregular triangular snake, and alternate C,—snake are difference graphs.
Furthermore, we introduce a full signature characterization of the complete graph with
three vertices, the star graph .5, and we induced a new possible signatures of the star
graph S,.

The paper is organized as follows, the next section is devoted to some basic concepts.
Some difference labeling for some graphs are introduced in Section 3. In this paper we are
following the basic definitions and notations for graph theory as in [7, 8, 9, 10].

2. Basic CONCEPTS
In this section, we recall some basic definitions which are useful for this paper.

Definition 2.1. [11] A complete graph K, is simple undirected graph in which every pair
of distinct vertices is connected by a unique edge.

Definition 2.2. [11] A graph G is called a complete bipartite graph K, if its vertices
can be partitioned into two subsets Vi and Vo such that no edges has both end points in
the same subset, and each vertex of V1 (Va) is connected with all vertices of Vo(V1).

Definition 2.3. [12] A star graph S,, is a complete bipartite graph with one internal node
and n leaves.

Definition 2.4. [14] A generalized butterfly graph, BF,, is obtained by inserting vertices
into every wing with the assumption that the sum of inserted vertices to every wing is
the same. Then it has 2n + 1 wvertices and 4n — 2 edges. Let the vertex set of BF, be
V(BEF,) ={vi |1 =0,1,2,...,2n} and the edge set of BF,, be E(BF,) = {(vi,vit1) | i =
1,2,...,n—=1,n+1,....2n =1} U{(vo,v;) | i =1,2,...,2n}.

Definition 2.5. [13] A bistar graph By, is a graph derived by joining the centre node of
two-star graph Ki,, and K1, by an edge.

Definition 2.6. [13] An umbrella graph Up, , is the graph obtained by joining a path P,
with the central vertex of a fan F,,.

Definition 2.7. [6] A triangular snake T,, is obtained from a path P, by replacing each
edge of the P, by a cycle Cs.

Definition 2.8. [18] An alternate triangular snake A(T,,) is obtained from a path P, by
replacing each alternate edge of Py, by a cycle Cs.

Definition 2.9. [13] A double triangular snake DT, consists of two triangular snakes that
have a common path.

Definition 2.10. [18] An irregular triangular snake IT,, for n > 4 is the graph obtained
by the path P, with vertex set V(IT,) = V(P,) U{v; : 1 < i < n — 2} and edge set
E(IT,) = E(P,) U{uv;,viui1o: 1 <i<n-—2}.

Definition 2.11. [13] A C,,—snake is the graph obtained from a path P, by replacing each
edge of the P, by a cycle Cy,.

Definition 2.12. [13] An alternate Cp,—snake A(C,, — snake) is the graph obtained from
a path P, by replacing every alternate edge of the P, by a cycle Cy,.

Definition 2.13. [13] An Olive tree (T}) is a rooted tree consisting of k branches where
the it" branch is a path of length i.
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3. NEw RESuULTS

In this section, we will recall the definition of a difference graph and an important
proposition, its proof due to Bloom et al. in [1], and then will prove our main results.

Definition 3.1. [2] A graph G(V, E) is called a difference graph if there is a bijective map
f from V to a set of positive integers S such that xy € E if and only if |f(x) — f(y)| € S,
and S is said to be the signature of G.

Proposition 3.1. [1]

i) Vertex label values s and 2s belong to adjacent vertices (first type),
ii) Vertex label values r and t belong to vertices adjacent to a vertex labeled r + t
(second type),
iii) No other adjacency occur in difference graphs.

Proof. (i) and (ii) are obvious. To prove (iii), note that if the vertices with labels r and
r + t are adjacent, then |(r +t) — r| = t belongs to S. Hence, either ¢ = r and we have
an edge of the first kind, or ¢t # r and |(r +t) —r| =t € S, i.e., we have an edge of the
second kind. O

Corollary 3.1. Let S be the signature of a difference graph G, then

i) For all s € S, s €{2a,§,a+b,|la —b|} for somea,bc S.

ii) The minimum label must be § or |a —b| for some a and b € S.

iii) The maximum label must be 2a or a + b for some a,b € S.

iv) The degree of the vertex with the maximum label s is odd if and only if it is adjacent
to a vertex labeled by 3.

Proof.

i) The proof of this case is straightforward, using Proposition 3.1.

ii) Let ¢ be the minimum label in G and let the vertex labeled by ¢ be adjacent to
the vertex labeled by a, hence a — ¢ € S. Therefore, either a —c=cie. c= g, or
a — c="b for some b € S, which implies that ¢ = a — .

iii) Let ¢ be the maximum label in the G and let the vertex labeled by ¢ be adjacent
to the vertex labeled by a, hence ¢ — a € S. Therefore, either c—a = a i.e. ¢ = 2a,
or ¢ —a = b for some b € S, which implies that ¢ = a + 0.

iv) We have two types of labelings in the Difference graph. In case of the first type,
the vertex with maximum label is adjacent to a vertex labeled by 3, therefore it
shares 1 in the degree of the vertex with maximum label. So, the statement is
done. In case of the existence of second type, since the vertex with maximum
label is adjacent to two vertices such that the sum of their labels is s, it shares
multiples of 2 in the degree of the vertex with maximum label.

0

Theorem 3.1. The complete graph K3 is a difference graph with a unique signature form
S ={3a,2a,a}, where a is a positive integer.

Proof. Let uy be the vertex with the maximum label A. Then, Corollary 3.1 implies that
the label of the vertices ug and usz must be {a, A — a} . Without loss of generality, one can
assume that A — a > a. Therefore, A—a—a = A — 2a € S. Consequently, A — 2a = a,
which gives A = 3a. Then, the labels of u;, us and ug will be {a,2a,3a} . O

Theorem 3.2. The star graph S, is a difference graph. Moreover, S is a signature of the
star graph Sy if and only if it has one of the forms:
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i) If n is even, then
S = {a,bl,a—bl,bg,a—bg,...,b%,a—b%}

with @ = max{s : s € S} is the label of the vertex of degree n and the difference
between any two elements in S — {a} does not belong to S, or

S = {4@,2a,a,bl,2a—bl,bg,2a—bg,...,bn;Q,Qa—bn;z}
2 2

with 2a is the label of the vertex of degree n and the difference between any two
elements of S — {2a} does not belong to S.
ii) If n is odd, then

sz{2a,a,b1,2a—bl,b2,2a—bz,...,bL_l,Qa—bL_l}
2 2

with 2a = max{s : s € S} is the label of the vertex of degree n and the difference
between any two elements of S — {2a} does not belong to S, or

5= {2a,a,b1,a—bl,bg,a—bg,...,b%l,a—b%l}

with a is the label of the vertex of degree n and the difference between any two
elements of S — {a} does not belong to S.

Proof. In [1], Bloom et al. proved that the star graph is a difference graph. More precisely,
in the case that n is even, they get the following signature

S:{Qn}U{2m—1:m§g}U{Qn—@m—l):mﬁg}’

and S U {4n} in the case that n is odd.

The backward direction is clear. It remains for us to prove the forward direction of the
given characterization. Let S be a signature of the star graph S, and let the set of vertices
of Sy, be {up,u1,us,...,u,}, where ug is the vertex of degree n.

i) Let n be an even integer. In the case that the label of the vertex ug is the maximum
label, say a, Corollary 3.1 implies that the vertices {u1, ug, ..., u,} must be labeled
by S —{a} = {bl,a —b1,b2,a — b, ... ,b%, a— b%} , where the difference between
any two elements in S — {a} does not belong to S. On the other hand, without loss
of generality, assume that u; be the vertex with maximum label A, then Corollary
3.1 implies that ug must be labeled by %. Since no vertex from wuo, us, ..., u, can

be labeled bigger than the label of ug (if that happened its label must be A which
is rejected), therefore ug will be the vertex with maximum label of the vertices

{ug, ug,us, ..., u,} . Since the number of elements of the set {us,us, ..., u,} is odd,
therefore Corollary 3.1 implies that the labels of the vertices {ug, us, ..., u,} will be
{%, b1, é — by, ba, % —bo, ... ,banz, g — banz} , where the difference between any

two elements in S — {é} does not belong to S. Replacing A by 4a, we get the
required form of S.
ii) The proof when n is odd is very similar to the proof of part ().

0

Note, the signatures of star graph introduced by Bloom [1] satisfy the first case when
n is even and the second case when n is odd in Theorem 3.2.

The following corollary introduces possible signatures - other than the Bloom’s ones -
induced by the signature characterization of the star graph .S, in Theorem 3.2.
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Corollary 3.2. the signature of the star graph S, Can take the following forms;
i) If n is even, then S = {4(n—1),2(n—1)} U{2m —1:m <n —1}.
ii) If n is odd, then S = {2n} U{2m —1:m < n}.

Proof. Tt is straight forward application of Theorem 3.2. O
Example 3.1. Difference labelings of the star graph Ss are illustrated in Fig.1

13 11

FiGURE 1. Difference labelings of Sg.

Theorem 3.3. The generalized butterfly graph BF,, is a difference graph.
Proof. Let the butterfly graph be described as indicated in Fig.2.

wy uo ul UD vnvenene Unp,

V0 U1 V9 U3 Um

FIGURE 2. Generalized butterfly graph.

The required labeling function f : V(BF,) — S C N is defined as follows:
f(wo) = 6,
) = 2,
fu) = 4+6i, i=0,1,2,...,n,
) = 3465, 7=0,1,2,...,m.
O

Example 3.2. A difference labeling of the generalized butterfly graph BFs is illustrated
in Fig.5.
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2 *\160% 22
3 //15\* 27

Ficure 3. A difference labeling of the generalized butterfly graph BF5.

Theorem 3.4. The bistar graph By, , is a difference graph.
Proof. Let the bistar graph B,, ,, be described as indicated in Fig.4.

U1 U us Uy Up,
T
uo
|
Vo
// \ \\
U1 V2 V3 V4 Um,

FIGURE 4. Bistar graph By, ;.

The required labeling function f: V( Bm’n) — S C N is defined as follows:
fug) = 2n,

(u;)) = 20—1, i=1,2,...,n,

(vj)) = 2n+ji(2n+2), j=12,....m,

(vo) = f(up)+ f(vm)=4n+2m(n+1).

Example 3.3. A difference labeling of the bistar graph Bs 5 is illustrated in Fig.5.

|
223/4/2\*70

FIGURE 5. A difference labeling of Bs 5.

Theorem 3.5. The umbrella graph Uy, , is a difference graph.

1691
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Proof. Let the umbrella graph Uy, ,, be described as indicated in Fig.6.

Un—1

FIGURE 6. Umbrella graph U, .

The required labeling function f : V(U ) — S C N is defined as follows:
f(uo) = 2,

(u;)) = 20—1, i=1,2,...,m,

(vo) = [f(uo)+ f(v1) =4m+2,

(v;) 2L 4m, j=1,2,....,n—1.

1 3 5 7 9
\\ | //
2
|
22
|
20
|
40
|
80

FIGURE 7. A difference labeling of Us 4.

Theorem 3.6. The double triangular snake DT, is a difference graph.
Proof. Let the double triangular snake DT, be described as indicated in Fig.8.
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/\/\/\ /\

\/\/\/ \/

Ficure 8. The double triangular snake DT,,.

Un+1

The required labeling function f: V(DT,,)) — S C N is defined as follows
flu)) = 37 Loon=G=D Gy —12 . n+1,
flv)) = 5-37L.on=t =12 ... n,
flw) = 37t.2n7t i=12...n
]

Example 3.5. A difference labeling of the double triangular snake DTy is illustrated in
Fig.9

120 180 270

/\/\/\/\

108 162

\/\/\/\/

FI1GURE 9. A difference labeling of DT5.

Theorem 3.7. The irregular triangular snake IT, is a difference graph.

Proof. Assume that the irregular triangular snake T}, is described as indicated in Fig.10.
The required labeling function f : V(IT,)) — S C N is defined as follows:

flu)) = 2",i=1,2,...,n
fv)) = fuy)+ fujp2) =5-27 ,i=1,3,5,...,n—3,
flwg) = flon) + flopge) =572, i=1,2,...,n =3,
(wn—-3) = flvn-3)+ f(un).
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A\VAVANS

Ul ........

ANAVAVA

FiGUrRE 10. The irregular triangular snake IT},.

Example 3.6. A difference labeling of the irreqular triangular snake 1Ty is illustrated in

VAVAVAN
\NAVAV

Ficure 11. A difference labeling of ITg.

Theorem 3.8. The C,,—snake is difference graph.
Proof. Let the C,,—snake be described as indicated in Fig.12

u2 — U3 — — —|

/ \ / \ / \ / \

Ul U4

/ s/ \ / \ / \

) U

FIGURE 12. C,,—snake.

The required labeling function f : V(C,, — snake) — S C N is defined as follows:

flu)y =2 1+2 )l i=o01,2,.
where j = rem(i,n — 1) is the remainder of ¢ when it divided by n — 1. O

Example 3.7. A difference labeling of the Cg— snake is illustrated in Fig.185.
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/2 93 2% @07 22317 2% .72 2317

2 \24 2-1{ >.17 2.4 24172
/ e N

20 17 17 17

FicUre 13. A difference labeling of Cg—snake.

Theorem 3.9. The alternate C,,—snake A(C,, — snake) is a difference graph.
Proof. Let the alternate C,, —snake be described as indicated in Fig.14.

U3 — Ug —

SN RN

U2 us

/ S N

Up — U1 Up —

FIGURE 14. Alternate C,,—snake.

The required labeling function f : V(A(C, — snake)) — S C N is defined as follows:

Flu) =2t v onylel, =012, ..
where j = rem(i,n) is the remainder of ¢ when it divided by n. O

Example 3.8. A difference labeling of the alternate Cs—snake A(Cs— snake) is illustrated
mn Fig. 15

N PN PN
22 & 23.9 25.9 24 .92 20. 92

20 2! 219 229 22,92 23,92 9393 2493

FIGURE 15. A difference labeling of A(C5 — snake).

Theorem 3.10. The olive tree OTy, is a difference graph.

Proof. Assume that the olive tree described as indicated in Fig.16. The required labeling
function f: V(OTy) — S is defined as follows:

f(root) = 3,

f(v1) = 6,

fvi) = 341071 i=23,...,n,
fluij) = 271107 j=1,2,...,i— 1.
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=

U1 V2 U3 V4 Un

| | | |

V2.1 V3,1 V4,1 Un,1
| | |

V3,2 V4,2 Un,2
| |

V4,3 Un,3

U.n,nfl

FIicure 16. Olive tree OT,,.

O
Example 3.9. A difference labeling of the olive tree OTs labeling is illustrated in Fig.17.

3
// ‘
6 13 103%003
| | | |
10 102 103 104

| | |
2-102 2-102 2-10%

4-10°  4-10*

8. 10%

FicURE 17. A difference labeling of OTs5.

Theorem 3.11. The complete bipartite graph Ks 4 is not a difference graph.

Proof. There are many cases which are too involved. The reader can contact the second
author for details. O

4. CONCLUSIONS

In this paper, we have discussed the idea of difference labeling applied to different
types of graphs, such as stars, butterflies, bistars, umbrellas, and olive trees. Additionally,
we’ve introduced new difference labeling for various snake graphs like the double triangular
snake, irregular triangular snake, C,,— snake, and alternate C,,—snake. We’ve also devised
a unique difference labeling for the complete graph K3 and demonstrated all forms of
difference labeling of the star graph.
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