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NON-EXPLOSION AND PATHWISE UNIQUENESS OF STRONG
SOLUTIONS FOR JUMP-TYPE STOCHASTIC DIFFERENTIAL
EQUATIONS DRIVEN BY OPTIONAL SEMIMARTINGALES UNDER
NON-LIPSCHITZ CONDITIONS

M. HADDADI'*, K. AKDIM?, §

ABSTRACT. This paper is devoted to the question of the pathwise uniqueness and the
non-explosion property of strong solutions for a class of jump-type stochastic differen-
tial equations (JSDEs) with respect to optional semimartingales under non-Lipschitz
conditions. Optional semimartingales have right and left limits (ladlag) but are not
necessarily continuous, therefore, defined on unusual probability spaces. Some models in
financial and insurance mathematics which can be described by the jump-type stochastic
differential equations (JSDEs) are presented.
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1. INTRODUCTION

Optional semimartingales have been introduced by Gal’¢uk (see [14, 16, 17]), Lenglart
[22] and Mertens [23]. The first motivation of this paper is to bring attention to the theory
of semimartingales in a general framework where the semimartingales are optional. Such
processes have been studied in mathematical finance for portfolio optimization when the
transaction costs are not neglected, in particular the dual optimizer under transaction costs
is in general a ladlag strong optional supermartingale (see Czichowsky and Schachermayer
[13]). Recently, this direction received a new impulse mostly by the works of Abdelghani
and Melnikov [5, 1, 2, 4], Abdelghani, Melnikov and Pak [7, 6]. Apparently, this direction
attracts substantial attention and many works have appeared during the last couple of
years, to mention a few [20, 9, 21, §].
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The second motivation of this paper is to develop the theory of optional processes for
stochastic differential equations (SDEs), by studying the problem of existence and unique-
ness of SDEs driven by ladlag optional semimartingales. Specially, the study of Jump-type
stochastic differential equations (JSDEs), as natural extensions of SDEs, for their potential
applications to mathematical finance and physics. On the financial applications, Shreve
[24] and Tankov [25] have listed several financial models that can be modeled using JS-
DEs. As for the applications in physics, Chudley and Elliott [11] applied JSDEs to describe
atomic diffusion, which typically involves jumps between vacant lattice sites. For more
applications see [19, 27]. In addition, the important viewpoints on risk assessment and
market dynamics are provided by mathematical models (19, 9, 10]).

This work is a further extension of Gou et al. [19] for the optional framework. As in
[19], the first task of this paper is to provide a sufficient super linear growth condition
for ensuring the non-explosion of strong optional solutions for JSDEs. The second task
is to guarantee the existence and the uniqueness of strong solutions to JSDEs under non-
lipschitz condition.

As an example in this paper, we prove under some assumptions that the following JSDE:

X(t) =Xo - /0 X ()| In | X (s)ds + /0 VIXG)dB,
+/ \/|X(s)]]@(ds,du)+// VIX ()N (ds, du)
0 Jul<1 0 J|

u|<1
t t
+/ / ’y!u\X(s)NQd(ds,du)—i—/ Blu| X (s)N§(ds, du),
0 Jlul>1 0 Jlul>1

possesses a unique non-explosive strong solution.

The paper is organized as follows. The section 2 presents, in the first, some material
on stochastic processes on unusual probability spaces and their stochastic calculus is pre-
sented, covering important topics, such as, optional ladlag martingales, optional increasing
and finite variation processes and optional ladlag semimartingales. Also, the definition of
stochastic integrals with respect to optional ladlag semimartingales and elements of the
stochastic calculus of optional processes are presented. In the second, some necessary
preliminaries about JSDEs including assumptions and lemmas. In section 3, we prove the
main results which are the non-explosion and the pathwise uniqueness of strong optional
solutions for JSDEs under super linear growth and non-Lipschitz conditions. In section
4, some models in financial and insurance mathematics which can be described by the
jump-type stochastic differential equations (JSDEs) are presented.

2. PRELIMINARIES

2.1. Optional semimartingale process. Let us consider a complete probability space
(Q,F,F = (F), P), because F contains all P null sets. The space (Q,F,F = (F), P)
is unusual probability space, because the family F is not assumed to be right or left
continuous.

We use the following notation:

B(R) is the Borel o—algebra on R.

O(F) is the optional o—algebras on (Q,R™).

P(F) is the predictable o—algebras on (Q,R™).

M, is the set of the optional local martingale.

e M; . 1is the set of the right continuous local martingale.

. Mldoc is the set of the discrete right continuous local martingale.
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M. is the set of the left continuous local martingale.
V is the set of the optional finite variation.

S(F, P) is the set of optional semimartingales.

Sp(F, P) the set of special optional semimartingales.

A random process X = (X;), is said to be optional if it is O(F)-measurable. In general,
optional processes have right and left limits but are not necessarily continuous in F. For
an optional process we can define the following properties: X_ = (X;_)i>0 and X4 =
(XtJr)tZO, AX = (AXt)tZOa AX = Xt - Xt, and A+X = (A+Xt)t20, A+X = Xt+ - Xt.
An Optional semimartingale X = (X;) can be decomposed to an optional local martingale
and an optional finite variation

X=X+ M+ A

where M € My,., A € V. A semimartingale X is called special if the above decomposition
exists with a predictable process A. If X € S,(FF, P) then the semimartingale decomposi-
tion is unique.

By optional martingale decomposition and decomposition of predictable processes (see [16]
and [18]), we can decompose a semimartingale further to

X=Xo+ X"+ X9,
with X" = A" + M", X9 = A9 + M9 and M" = M¢ + M? where A" and A9 are finite
variation processes right and left continuous, respectively. M"™ € M  right continuous

loc
local martingale, M% € Mfoc discrete right continuous local martingale and M9 € Mj

a left continuous local martingale. This decomposition is useful for defining integration
with respect to optional semimartingales. A stochastic integral with respect to optional
semimartingale was defined by Gal'¢uk [18§],

t t t—
polX; = / psdXs = / ps—d X, + / gostg+, (1)
0 0+ 0

where

t t t
/ ps—dX] :/ ps—dM; —I—/ ps—dA
0+ 0+ 0+

t— t— t—
/ psd X7, _/ psdM], +/ psd AL .
0 0 0

The stochastic integral with respect to the finite variation processes or strongly pre-
dictable process A" and AY are interpreted as usual, in the Lebesgue sense. The inte-
gral fg 4 ps—dM; is our usual stochastic integral with respect to RCLL local martingale
where fot_ @sdMJ, is Gal’¢uk stochastic integral (see [16] and [18]) with respect to left
continuous local martingale. In general, the stochastic integral with respect to optional
semimartingale X can be defined as a bilinear form (¢, ¢) o X; such that

Vi = (p9)oXe=0¢ X[ +¢O X/,

t t—
o X = / oo dXT, 60X = [ ¢.dx7,,
0+ 0

and

where Y is again an optional semimartingale p_ € P(F), and ¢ € O(F). Note that, the
stochastic integral over optional semimartingale is defined on a much larger space of inte-
grands, the product space of predictable and optional processes, P(F) x O(F).
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Let us recall the change of variables formula for optional semimartingales which are not
necessarily cadlag. The result can be seen as a generalization of the classical [t6 formula.

Lemma 2.1 (Theorem 8.2. [16]). Let n € N. Let X be n-dimensional optional semi-
martingale, i.e, X = (X1,...,X™) is an n-dimensional optional process with decompo-
sition X* = Xk + M* + Ak —|— B*, for all k € {1,...,n}, where M* is a (cadlag) local
martingale, Ak is a right—continuous process of ﬁmte variation such that Ag = 0, and
B* is a left-continuous process of finite variation which is purely discontinuous and such
that By = 0. Let h(x) = h(z', ..., x") is twice continuously differentiable function on R™.
Then h(X) is a semimartingale, and for all t € R4,

n

1 o -
WX = h(Xo)+)_ | DFR(Xe)d(A" + M), + 5 DFD'R(X,_)d (M*e, M)
k=1"10:] 1<k,i<n /10:1]
+ > {h(Xs)—h(Xs)—ZD’c AX’“}JFZ )d(BF) sy
0<s<t k=1 [0,

+ ) {h(XS+)h(Xs) . th(xs)wxf},

0<s<t k=1

where DF is the differentiation operator with respect to the k-th coordinate, the process M*®
denotes the continuous part of MF.

2.2. Jump-type stochastic differential equations driven by optional semimartin-
gales. Consider the Lusin space (E,&), where E = (R\{0})U{6{}u {65} u{s{}u{s5}, o¢
and 67, i = 1,2 are Poisson point processes on Uy and Uy, € = B(E) is the Borel o—algebra
in E. Also, define the spaces

Q=OxR, xE, E=R, xE, £&=B(R)xE,

O(F) = O(F) x £, P(F)=P(F) x £.
It was shown by Gal’¢uk in [18] that there exist sequences (Sy,)n>1, (Th)n>1 and (Up)n>1
of predictable stopping times, totally inaccessible stopping times and totally inaccessible
stopping times in the broad sense respectively, absorbing all jumps of the process X such
that the graphs of these stopping times do not intersect within each sequence. On 2, let
Nid(w, ,,.) and N{(w, .,.), i = 1,2 four Poisson random measures defined on the o—algebra
B(R4) x B(E) that are associated with the sequences of stopping times that are associated

with X. On the o—algebra B(R) x B(E) we define the Poisson random measures by the
following relations,

N{(B xT) ZleF (Tn, 8%,),  N{(BxT) =Y 1pxr(Un, B,
N§(B xT) = ZleF (Sn:BE),  N{(B D)= 1pxr(Sn,5),

where B € B(R;) and T' € B(E), g = AX; if AX; # 0 and g = 6¢ if AXy = 0 for
i=1,2, 8] = ATX, if ATX; #0and ) =67 if AT X, =0fori=1,2.

For the measures Nid(ds, dz) and N{(ds,dz), for i = 1,2, there exists unique random
measures v{(du)ds and v§(du)ds, for i = 1,2, respectively, which satisfy fR\{O}(|x|2 A
1)Vij(d:c) < o0, for i = 1,2 and j = d, g, such that for any P(F)—function f; : RxU; — R,
for i = 1,2 and O(F)—function g; : RxU; — R :

e The process f(ir Ju. fi(X(s=),u)v¥(du)ds and fot_ Ju, 9:(X(s), 2)v{ (dz)ds for i =
1,2 is P(F)-measurable and O(F)-measurable respectively.
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e The following equalities

U / filX (s=), u) N (ds, d“)] = EU;/Uifi(X(s—),u)vf’(du)ds],
[/ / 9:i(X(s), w)NY (ds, du] = E{/OT/UiQi(X(S)au)V?(dU)dS}

are valid.

In this paper, we consider the following JSDE:

X(t):XoJr/t (X(s))dB, +/ (X ), u)N{(ds, du)

[ (X030 N s )+ /tb<X<s>>ds @)

/0 [ 5o (5) )N s )+ //Ug u)N§ (ds, du)

with E[|Xo|?] < oo, where
N&(dt, du) = N&(dt, du) — v (du)dt
N (dt, du) = NY(dt, du) — v (du)dt
are the compensated Poisson random measures of N{(dt,du) and N{(dt, du), respectively.

Definition 2.1. A process X (t) is said to be a optionl strong solution of (2) if it is Fy-
adapted almost surely for everyt > 0, where Fy = o ({ By}, {0%(t)}, {65(t)}, {6 (1)}, {05 (¢)})
is the augmented natural filtration generated by {B;}, {5%(t)}, {64(t)}, {6(t)} and {65(¢)}

which are independent of each other.

Lemma 2.2. Let Us be a subsets of Uy respectively, satisfying vd(Us\Us) < oo, v§(Us\Us) <
oo and consider the following JSDE:

X(t) = Xo+ / o(X(5))dB, + /0 (X (5=), w)N§(ds, du)

/ /Ul g1(X Ng(ds du) + /t b(X (s))ds
/0 [ RaX(5) )N s )+ / /U 92X (5), ) NE (ds, du).
(3)

Then (2) has an strong optional solution if (3) has an strong optional solution. Moreover,
the pathwise uniqueness of strong solutions holds for (2) if it holds for (3).

Proof. If v{(Uy \ Uz) = 0 and v{(U; \ Uz) = 0, the lemma is trivially valid. Therfore we
suppose that 0 < v{(U; \ Uz) < oo and 0 < /(U \ Uz) < co. We assume that (3) has a
strong optional solution {xo(t)}. Let {Sg : k = 1,2,---} be the set of jump times of the

Poisson process
t t
tr—>// Ng(ds,du)+/ / NY(ds, du).
0 U2\U3 0 U2\U3
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It’s clear that Sy — 0o as k — oo. For 0 <t < 57 set y(t) = z(t). Suppose that y(t) has
been defined for 0 <t < Sj; and let

Xo =y(Sk) + /{Sk} . fl(y(Sk—),u)NQd(ds,du) + /{Sk} /U2 g1(y(Sk), u)NS (ds, du). (4)

By the assumption there is also a strong solution {zx(t)} to

2(t) = Xo+ [y o(@(s)dB(Sk + 5) + [y fyy, fr(w(s=), u)N{(Sk + ds, du)
+ Jo J, 1(2(s), u)NY (Sk + ds, du) +f0 (s))ds
—i—fg ng fa(z(5—), u) NS (S), + ds, du) + fo ng ga(x(s), u) N3 (S + ds, du).
()
For S <t < Sky1 we set y(t) = xp(t — Sg). By (3) and (5) it is not hard to show that
{y(t)} is a strong solution to (2). On the other hand, if {y(¢)} is a solution to (2), it

satisfies (3) for 0 <t < S; and satisfies (5) for Sy <t < Sk41 with X given by (4). Then
the pathwise uniqueness for (2) follows from that for (3) and (5). O

As in [19], let us consider the following assumptions:

Assumption 2.1. Assume that there exists a continuous, non-decreasing and concave
function p: [0,00) — [0,00) such that p(xz) > 0 for x > 0 satisfing

ds
/0”)(8)_00. (6)

It is clear that the following functions satisfy (6):

p(x) = z(x > 0); plx) =—zxnz(0 <z < é);
p(x) =zIn(—Inz)(0 <z < é); plx) =1—-2"0<z < %)

Assumption 2.2. Suppose that there exists a non-decreasing and continuously differen-
tiable function Y :[0,00) — [1,00) satisfying
(i) lim Y(z) = 4o0;
T—00

[0 ds .
(ii) /0 m = 400,

(iii) 2xb(x)+ya(x)|2+/U | fr(z—, w)|Pvi(du) + ; |91 (, w)Prf (du)

+2 \fQ(x—,u)|2I/§i(du) + 2/ ]gg(x,u)|2ug(du) < k[sz(xQ) +1] for all z € R,
U. U.
wheregk >0 is a fixed constant. ’

It’s clear that the following functions satisfy Assumption 2.2:
Y(z)=Inz (x>e); YT(z)=Inzln(nz) (z > ?).
Assumption 2.3. Assume that there exists a constant §o > 0 such that, for any z,y € R
with 0 < |z —y| < do,
(i) max {(z — y)(b(z) — b(y)), lo(z) — o (y)I*} <|z — yI*~*p(|z — y|*);
(ii) fy, max{|fi(z,u) — fi(y,w)|* |z —y|*7" - [f(z,u) = fily, w) i (du) < p
(iii) [y, max{|fo(z,u) = fo(y, w)|*, |z —y|*" - | fola,w) = faly, w)[}v8(du) < p(lz —y[*).
(v) fy, max{|gy(z,u) — g1(y, w)|* |z —y[*~" - g1(z,u) — g1(y, w) [} (du) < p
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(v) [y, max{|gz(z,u) — g2(y, uw)|*, [ — y|*7 ! - [ga(z, u) — ga(y, w)|}r3 (du) < p(jz — yl|*).
Where 0 < a < +00 is a fized constant and p is defined in Assumption 2.1.

In order to prove our results, we need the following lemmas.

Lemma 2.3. ([15]) Suppose that X (t) € R is an optional process of the following form:
dX(t) =b(t,w)dt + o(t,w dBt—i—/(b (t,u,w)N (dt du) + /qﬁg (t, u,w)N? (dt, du),

where

Ni(z) = Ni(dt, du) — vi(du)dt, if |u| < c;
| Ni(dt, du), if lu| > ¢

for some ¢ € [0,+00). Let f € C*(R?) and define Y (t) = h(t, X(t)). Then Y (t) is again
an optional process and

2
Ay (t) = %(t,X(t))dtJrg (t, X(t))[b(t,w)dt+a(t,w)d3t]Jrégz(t’X( ))g Z(t X))t
+/u@{h( X(t=) + 64(0,0)) = (e, X () - (8 X0 ))¢d(t,U)}Vd(du)dt

|
! - _% 9(t,u) prI(du
n /|u<c{h(t,X(t)+¢>(t,u)) ML X(0) — D1, X (1) )} (dwat

+/R {h(t,X(t) + gt u)) — h(t,X(t))}Nd(dt,du)
—I—/R{h(t,X(t)+¢9(t,u))—h(t,X(t))}Ng(dt,du).

In the next, for any f € C™(R), we will replace 8% f(z) by D™ f(z) for convenience.

Lemma 2.4. ([19]) Let u(t) and g(t) be non-negative continuous functions, and f(t) a
non-negative continuously differentiable and non-decreasing function for all t > 0. Fur-
thermore, suppose that p : [0,4+00) — [0,400) is a non-negative and non-decreasing con-
tinuous function with
p(t)—0<:>t—0and/ ﬁzoo
o4 P(8)

Then the inequality

implies the inequality

utvze oui) + [ gsas).
where

t o ds
Q(t)—/o ) vt > 0.

Moreover, if f(t) =0 and |g(t)| < +o0, then u(t) = 0.
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3. MAIN RESULTS

Theorem 3.1. Under Assumption 2.2, the solutions for JSDE (2) have no finite explosion
time.

Proof. Define the follwing function

¢<x>:exp{/oxﬁélj’+1}, >0

$0) = 9o) g 20 )=o)t =N <o,

Then ¢(x) is a concave function with ¢(x) — 0o as © — co. Moreover,

DWe(a?) = ¢'(a?) - 20, DPo(a?) = 26/(a?) + ¢"(a?) - 4a”.
Since ¢"(x) < 0, we know that

¢(y) < ¢(x) + (y — 2)¢'(x), Va,y € [0,00).

We have

Consequently,
¢ (X (s=) + f1 (X(5-),u))?) = ¢(X?(s—)) = DV ((X*(5-)) - fi(X(5-),u)
< ¢'(XP(s—)) [2X (s—) f1(X (s-)) + fT (X (), u)] +
— ¢'(X?(5-))-2X (s—) 1 (X (s—), )
= ¢ (X ()T (X(57),u).
Similarly, we get
¢ (X (s) + g1 (X(5),u))?) = ¢(X?(s)) = DV (X*(5)) - g1(X (5), )
< ¢ (X%(5)g* (X (s), ).
Let X be a solution to (2) and 7 its lifetime. If we define the stopping time 7r as
tr:=inf {t > 0:|X(¢t)| > R},

it is clear that 7 tends to 7 as R — oo.
From Lemma 2.3, we have

E [¢(X?(t ATr))] = E[6(|Xo|*)]
+E L/O R D(1)¢(X2(s))b(X(s)) + ;'72(X(3))D(2)¢)(X2(8))ds]
e[ [ 606+ A0 g
— DW (X2 (=) ) f1 (X (s—), u)y‘li(du)dsj|
+E |:/ TR/U =)+ fo(X (s ),u))2) _ ¢((X2(5_))Vg(du)d$:|
| [ ollX0)+ a0 - o)
—-p® (|X2(8)|) L(X(s), u)l/g(du)ds]

vef [ 6 (X6 + mx.07) - X))
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< E[6(|X0)| J+E[ / (@ (X)) [2X (DX (5)) + 02 (X())] +
+2(X2(s))6" (X2 (s / & (X (5—) | (X (5 ), ) P (du)
§(X(5))gn (X (), ) P4 (d u>) ds]

Ui
+E[ / ’ j ¢>’<X2<s—>><2X<s—>f2<X<s—>,u)+f§<X<s—>,u>>u§<du>ds}
E| [ [ X000 + B0 s
< E[6(|X0)|?] + E [ [T e Rxee) 2]
Fa(X2 ()8 (X2 ()02 (X () + | &(X2s=)|Fu(X (5=, ) Pvil(du)

v
/¢ (X*(9))]g1(X (s),w) "0 (d ))ds]
ve[f [ SR+ (s ]
+E [/OWR . ¢'(X?(9))(2]g2(X (), w)]* + Xz(s))yg(du)ds}
< E[¢(|Xo)[] + E [ /OtATR (6 (X2(5)) [2X (s)D(X () + 0*(X (5))]
¢ (X2 (s=))|f1(X (s-), w) v (du)

Ur
¢'(X%()|g1 (X (s), u)l2vi’(du)) ds]

Uy

+E/0 R j ¢/(X2(8—))2|f2(X(8—),u)|2u§l(du)d3}

+E_/O T8 U¢/(X2(s))2|g2( (5), ) 2w (du)d}

[ [iATR 2 20 257 l/d w)ds
+E_/0 REESY >2<d>d}

Ve "(X2(s))X2(s)vd (du)ds

e[ ] s

Since ¢ (x) <0, ng; 14 (du) < ng 14 (du) < M for i = d, g, by Assumption 2.2, we have
E [p(X>(t ATr))] <¢ (E[|X0|?]) +E {/0 ” ¢'(X2(5)) (M + 1E[X?(s)T(X?(s)) + 1]ds

=0 (BIIXo) + (M + )k | BID(X(5 ),

therefore by using Gronwall stochastic lemma ([2]), we get

E [¢(X3(t ATr))] < ¢ (B[ Xo[*]) H ML,
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Letting R — oo in above inequality, by Fatou lemma, we get
E [p(X*(t A T))] < ¢ (B[ Xo|*]) eF DL,

Letting | X (t A 7)| — oo, from (ii) of Assumption 2.2, we have ¢t — oo as E[|Xo|?] < co.
Therefore we have
P(r < o0) =0.

Consequently, the solutions do not explode in finite time. ]

Theorem 3.2. Under Assumptions 2.2 and 2.3, the pathwise uniqueness of strong optional
solutions holds for JSDE (3).

Proof. From the assumptions imposed on p, we get a strictly decreasing sequence {a,,} C (0, 1]
such that

(1) ag = 1;

(¢) lim a, = 0;

P

(u31) fan Sndr=n for every n > 1.
It’s clear that for each n > 1, there exists a continuous function p, on R such that

(i) pn(r) has a supported set (an, an—1);

.. 2 .

(zz) Oag ;zn(r) < s for every r > 0;

(#1d) [ pu(r)dr = 1.

We introduce the following sequence of functions:

Il o
r) = / / pn(u)dudv, r € R, n > 1.
o Jo

It’s clear that 1, is even and twice continuously differentiable (except at r» = 0) with the
following characteristics::

(@) ()] <1, 7 #0;
(i) 1im UYn(r) =1rl, r #0;

(“Z) 1/)”( ) > np(r)l(an Ap— 1)(T)7 r 7& 0.

Moreover, for each r > 0, the sequence {¢,(r)},>1 is non-decreasing. For each n € N, 1,,,
! and 4! all vanish on the interval (—ay, a,). We get for 0 # z € R,

d
D (|2]%) = —tn(|2|") = vy, (|2|*)aw]z|* 2

and
D (|2]*) = ¥ (|2|*) 2> 4 ¢y, (|2]*) (e — 1) |22

Next we assume that X and X are two solutions for (3) of the following forms:

X(t) :X0+/OtJ(X(s))dBS+/Ot . FL(X (5=), u)N{(ds, du) / /U 91(X(s), )N (ds, du)+
+/Ot b(X(s))ds—i—/Ot [ X () N ) + / /U g5(X (5), u) NS (ds, du)
and
X(t) :X0+/Ota()?(s))d35+/t 5 FL(X (5=), u)N{(ds, du) / /U (X N{(ds, du)+

/ ))ds + / [ R,V )+ / [ (R (s) Wy s, )
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for all t > 0, where z,7 € R. A, := X (t) — X(t) for all £ > 0 .
Defined _
Ss, = inf {t > 0: |Ay] > 8} = inf{t >0 |X(t) - X(2)] > 50} .

For R > 0, let

TR = inf{t >0: max{p?(t)y , yxw} > R} .
Then, by Theorem 3.1, we have 7p — o0 a.s. as R — oo. Denote ¢’ =t A 7r A S5, and

Ag = fi(X(s=),u) — fi(X(s—),u), i=1,2.

Ag, = gi(X(s),u) — gi(X(s),u), i=1,2.

From Lemma 2.3, we obtain

E [Yn(|Ar|*)] = E / I{Asm{Dwnuwxb(ﬁ(s» ~B(X(s))+

1 2 @ e 2
#3010 (R(5) - a(x(s) s |

t/
+]E/O U{wn(IAerAflI“)*%(IASI“)*I{As;aO}Di/)n(lAs\“)Afl}V?(dU)dS

+/ {n(|As + Ap]") —%(IAsla)}Vﬁl(dU)dS]
0 Us

t/
+E /0 U {¢n(|As + A5;'1|a) — Vn(|As]") — I{AS¢0}D¢H(|AS‘Q)AQ1}Vf(du)ds

+/ {Wn(|As + A92|a) - wn(|AS|a)}Vg(du)d5]
0 Us

=L+ o+ s

Since
1 2

I <1, W) < s

by Assumption 2.3, we get

I(an,anfl) (r) ?

Ji <E /O I{AS;&O}{%(IASIO‘)I-a|~|As|a2()?(8)—X(S))(b(ff(S))—b(X(S)))

5 {082 A2 + Jala = D] 418 IA o (R(s)) - a(X(s»?ds}]

t/
<E| [ Tia i |Jal A28, P08 )
0

1 2
+ - ——— 1, a0, Ag|?|A272 4 la(a— 1 -ASO‘_Z} AP~ Aso‘]ds
A o (870787 + lala = D] 18 AP (184

Cu2|AS|oz
n
1 t/ a?a®_

< (|a(a -1+ |a|> E[/ p(A5|a)d8] + Ly
2 0 n

For .Jo, by Lagrange’s mean value theorem and the fact that |4} ()| < 1, we have the
following cases:

t/ 1 [e% [e%
<E /0 (lala =1)[+af) - p(jAs|%) + Lanan-1)(|As] )dS]
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Case I. For 0 < a < 1, since (A + B)*“<A® + B for all A, B > 0, we know that there
exists some & € [|Ag|Y, (|As| + [Af,|)¥] such that
Yn(|As + Ap]") = Un(|As]?) < On(|As]* + [A£ %) — ¥n(|As])
<Rl - [1As% + ALY — A4
< ’Afi‘a'

Case II. For 1 < a < 400, since (A+B)*~! < (227 24+1)(A* L+ B Y forall A, B > 0,
there exists some & € [min{A,, Ay + Ay} max{A;, A; + Ay, }] such that

Un(I18s + Ap ) = Ua(1As]*) < afdf, (1€2]%)] - €217 |As + Ap, = A
< a(|Agl+ 18414
< a2 2+ 1)(1 AN AL + A1),
where the second inequality follows from
0 < [6a] < max{|A],| A + Apl} < A +]Ag).

Thus, from Assumption 2.2

t/
Jr <E / 20(2°7% + 1)p(|As|*) + ap(|As]*) + 202772 + 1)p(| A5 *) | ds
0

/ ' p<|As|a>ds] .

J3 < (2% + 5)E

<a2*+5)E

Similarly for J3, we get

t/
/ p(|As|‘”)ds]
0

t/

E [in(|Av[%)] < p(a)E [ /O P(1A])ds

then
2«

a~a
—1
+ TZ‘ t,

where X
p(a) = Slala =D +lal + a2 + 10).

Since ILm Y (r) = |r|, letting n — oo yields
t/
Bl < )k [ oo

<] [ p(1uns )]

<pla) [0 (D5l s,

we get the last inequality from Jensen’s inequality. From using Theorem 3.1, Fatou’s
lemma and the monotone convergence theorem, we obtain
t

Bl Ainsy 17 < Jim BIA/ < p(0) [ (EBunsi, ) ds.

From Lemma 2.4, we get E[|AM560 |*] = 0 and so AtASso =0 a.s.
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On the set {S5, < t}, we have [Ap| > do. Observing that 0 = E[|As,, [*] = 66P{Ss, < t},
we have P{Ss, <t} =0 and hence A; = 0 a.s., which is the desired result. O

Theorem 3.3. Under Assumptions 2.2 and 2.3, JSDE (2) has a unique non-ezxplosive
strong optional solution.

Proof. By using the result of Theorems 3.1, we get the existence of unique non-explosive
strong optional solution for (3). Then from Lemma 2.2, we obtain the existence of unique
non-explosive strong optional solution for (2). Indeed similar arguments can be found in
the proof of Theorem 2.8 of [27]. O

Example 3.1. As an application of Theorem 3.3, we will study one particular case:
As in [19], we consider the following JSDE:

X(t) =Xo - / 1X ()| In X (s)ds + / IX(s)]dB,
+ / VIXE)N{(ds, du) + / VIX ()N (ds, du)
0 Jlu|<1 0

lul<1

~—

+ [ t /u|>ﬂ'“'X(s)Ng(d8’d“)+ / t /ul>lﬁ|u|X<s>N§<ds,du>. (8

Here v and 8 are a positive constants, such that fIU\<1 |yul?v%(du) = 1 and

f|“|§1 |Bul?v9(du) = 1. For any x > 0, the coefficient b(z) = —x Inx satisfies Assumptions
2.1 and 2.2, and for any x > 0, the coefficient o(x) = \/x satisfies Assumption 2.2. Thus,
b(x) and o(x) are both non-Lipschitzian due to

lim &' (z) = lim o'(z) = +oo0.
z—0t xz—07t

Furthermore,
() —b(y)| = | [Y1+1ntdt] < [ 1 +nt] dt = b(|z — y])
forall 0 < z,y < %, and
(o(z) —o(y)? < |z —y]
for all x,y > 0. Thus, the coefficients of (8) satisfy Assumptions 2.2. By Theorem (5.3),
we know that (8) has a unique non-explosive strong solution.

4. EXAMPLES OF JSDES IN FINANCIAL AND INSURANCE MATHEMATICS

In the first, we give an example of financial model which can be described by the jump-

type stochastic differential equations (JSDEs) with respect to optional semimartingales
(see [3]).
The constant elasticity of variance (CEV) model was proposed by Cox and Ross [12].
It is often used in mathematical finance to capture leverage effects and stochasticity of
volatility. It is also widely used by practitioners in the financial industry for modeling
equities and commodities. Consider a modified version of the CEV model where the stock
price is said to satisfy the following integral equation,

Sy = pSAt + O'Sa.Mt, So = s,
t t—

Ay = t+/ / uud(ds,du)—i-/ / up?(ds, du),
0+ J|u[>1 0 |u|>1

t t—
M, = W, +/ / u(pd — v (ds, du) +/ / u(p?d —v9)(ds, du),
0+ J|u|<1 0 [ul<1
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where p and o are constants and the martingale M is a jump-diffusion process with left
and right jumps. W; is the Wiener process, u® — v is the measure of right jumps and
w9 — v9 is the measure of left jumps. For B € B(Ry) and I' € B(E) the jump measures
are defined as follows

p(BxT) = {(t,ALf)EBxF|t>OsuchthatAL§l7éO},
p(BxT) = {(t,ATL]) € BxT|t>0suchthat ATL{ #0},

where L¢ and L are independent Poisson random measures with constant intensities %
and 9 respectively and compensators v = 4% and v9 = y9¢.

In the second we give an example in mathematical risk theory which is the stochastic
model of risk in insurance (see [26]).
Let us consider a risk process whose flow can be summarized by the following equation

Ry =u+ By + Ny + Dy + Ly,

where u > 0 is the initial capital and By = Ny = Dy = Ly = 0.

The process B is a continuous predictable process of finite variation characterizing a sta-
ble flow of income payments including premiums and other sources, N is a continuous
local martingale representing a random perturbation, D and L are right continuous and
left continuous jump processes, respectively. The process L may model some substantial
gains or losses in returns on investment. The process D includes a sum of negative jumps
representing accumulated claims. In addition, D may also consist of jumps formed by
non-anticipated sharp falls or rises in returns on investment.

The risk process can be described by the jump-type stochastic differential equations (JS-
DEs). Consider an optional semimartingale R which is the risk process with the local
characteristics (a, (X€),v",19) and the following representation:

R = uta+X°+ / / z(u? — v (ds, dx) + / / x(p? —v9)(ds,dx) +
10,¢] J]z|<1 [0.¢[ J]e|<1

+/ / LL'/J,d(d&diU)—l—/ / axpd(ds, dz),
10,¢] J|z|>1 [0,t[ J]z|>1

a; = By —|—/ / v (ds, dx) —|—/ / xvd(ds,dx), (X, =(N),.
10,¢] J]z|<1 [0,¢] /x| <1
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