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EXTRACTING TRIPLE CONNECTED CERTIFIED DOMINATION
NUMBER FOR THE STRONG PRODUCT OF PATHS AND CYCLES

G. MAHADEVAN!, S. KAVIYA"*, C. SIVAGNANAM?, §

ABSTRACT. A dominating set S of a graph G is said to be a triple connected certified
dominating set (TCCD - set) if for every vertex v € S, | N(v)N(V —S) | # 1 and (S) is
triple connected. The minimum cardinality of a TCCD - set is called the triple connected
certified domination number (TCCD - number) and is denoted by yrcc(G). The novelty
of triple connected certified domination number is which the certified domination holds
the triple connected in induced S. The upper bound and loweer bound of vrcc for the
given graphs is found and then proved that the upper bound and lower bound of yrcc
were equal. This article investigates the TCCD number for the strong product of paths
and cycles.

Keywords: Domination number, certified domination, triple connected, triple connected
certified domination, product graphs, cycle.
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1. INTRODUCTION

The graph H = (V(H),E(H)) under consideration is finite, simple, non-trivial and
undirected. A set [1] S C V(H) is termed a dominating set if every vertex not in S has a
neighbor in S. The minimum cardinality of a dominating set is known as the domination
number y(H). Following this, G. Mahadevan et al.[2][3] introduced the triple connected
domination number. A dominating set S is said to be a triple connected dominating
set if the induced subgraph (S) {If S is a subset of G's nodes, then the subgraph of G
induced by S is the graph that has S as its set of vertices and contains all the edges of
G that have both endpoints in S} is triple connected, i.e., any three vertices of (S) lie
on a path. The minimum cardinality of a triple connected dominating set is called the
triple connected domination number and is denoted by 7:(H). Recently, M. Detlaff et
al. [4] proposed a new parameter, a subset S C V(H) is said to be certified dominating
set if it is a dominating set and any vertex v € S does not have one neighbor in V — S.

! The Gandhigram Rural Institute- Deemed to be University, Dindigul, Tamil Nadu, India.
e-mail:drgmaha2014@gmail.com; ORCID:https://orcid.org/0000-0003-2438-1576.
e-mail: kaviyaselvam3001@gmail.com; ORCID: https://orcid.org/0009-0004-5606-6217.

* Corresponding author.

2 Mathematics and Computing Skills Unit, University of Technology and Applied Sciences- Sur,
Sultanate of Oman. e-mail: choshi71@gmail.com; ORCID: https://orcid.org/0000-0002-2370-310X.

§ Manuscript received: March 27, 2024; accepted: September 17, 2024.
TWMS Journal of Applied and Engineering Mathematics, Vol.15, No.7; © Isik University, Depart-
ment of Mathematics, 2025; all rights reserved.

1762



G. MAHADEVAN et al.: EXTRACTING TRIPLE CONNECTED CERTIFIED ... 1763

The minimum cardinality taken among all the certified dominating sets is known as the
certified domination number and is denoted by ~e,(H ). Building upon these concepts, the
authors in [5] introduced the triple connected certified domination number, and in [6], they
obtained the ypoc number for the strong product of a path and a path. A dominating set
S is said to be a triple connected certified dominating set (TCCD-set), with the condition
that every vertex ve S, | N(v) N (V —S) |# 1 and any three vertices of S lie on a path
in (S). If D is a TCCD-set of H with minimum cardinality, then the triple connected
certified domination number is yrcc =| D |. Let V(H) and E(H) represent the vertex
and edge set of H. Let P, denote the path on n vertices and C,, indicate the cycle of
length m. We introduced the concept of TCCD-number and provided exact values for
standard and particular types of graphs[5]. We also derived results for Cartesian, strong,
lexicographic, corona product of a path with a path and generalized TCCD numbers. We
show that the TCCD-set does not exist for the tensor product of graphs due to the failure
to satisfy the triple connected property[6]. Additionally, we examine distances in graphs
for various particular types. The power graph of a graph HY denotes what H has the
same vertices as in H and dy(u,v) < g, where H? is the square graph and H? is the
cube graph[7]. Many other researchers have recently focused on certified domination by
imposing conditions in induced S or V — S like connected certified domination.[8]-[10].
Our study includes results for the yroc number concerning the strong product of a path
and a cycle and a cycle. We observe that while a path Pjg and a cycle Cg have the same
number of vertices, the cycle has one more edge than the path, resulting in a lower yrco
domination number. The innovation of this article lies in the concept of triple connected
certified domination, where the certified domination ensures the interconnectedness of
the triple within the (S). The strong product combines the cartesian product [11] and
tensor product[12]. The strong product [13] G x H is the connected loopless graph with
V(G x H) =V(G) x V(H) as its vertex set and two vertices (g, h) and ¢, h’ are adjacent
g=¢ and h,h’ are adjacent,
in G x H if and only if { h=h'and g,q¢" are adjacent, This product is
g is adjacent to h and ¢’ is adjacent to h'.
also referred to as the AND or Normal product. Section 2 discusses the strong product of
a path P, and a cycle C, while Section 3 focuses on the strong product of two cycles C.
and Cs.

2. TCC DOMINATION FOR STRONG PRODUCT OF PATH AND CYCLE

This section covers various outcomes concerning the strong product, culminating in the
determination of precise values for yrcc on paths and cycles. Let V(P x Cy) = {vp,v4 ¢
1 <p<nl<qg<stand E(PxCs) = {vpvg vpy1vg 1 1 < p < r—1,1< ¢ <
s}U{vpvg vpvgy1 11 <p <11 <qg<s—1}U{vpu; vpvs : 1 < p <r}U{vpvg Upyr1vg41 -
1<p<r—1,1<qg<s—1}U{vpvg vpt1g-1 : 1 <p <71 —1,5 < q <2} U{vpv1 vpt10s
1<p<r—1}U{vpvs vpy1v1 : 1 <p <r—1} of P x Cs.

Observation

(1) Since Py x C is disconnected, then ypoo(Py x Cy) is impossible.
(2) If s > 3, then ypoo(Pe x C5) = s — 2.
(3) If s > 3, then ypoo(Ps x Cg) = s — 2.
(4) If s > 3, then ypoo(Py x C5) = s.

(5) If s = 31,5 > 6, then yrce(Ps x Cs) = 4.
(6) If s =31+ 1,5 > 7, then yroc(Ps x Cs) = 3[5] + 5] —2.
(7) Ifr =3l +2,r > 5, then yrco (P x C5) = 4|5 + 3.
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(8) If r > 6, then

57 +2|£] if r=4l,
BEIE if r=41+1,
vreo(Prx Co) =9 51 Lo(fr) J 1y ifr—aito,
5{£1+2L%J+1 if r=41+ 3.

(9) yrec(Pro x Crp) = 29.

Theorem 2.1. If r > 7, then ypoco(Pr x Cr)

(s —2)7+35)] +3[5] +1 if r=8lI,
(s —2)|5] +6+6|5) if r=8l+1,
(s=2)[71+3l5] +3(l5] —1)+1 if r=81+2,
_ ) (s=2)[7] +6]35] if r=38l+3,
(s —2)7 +6[5] +1 if r=28l+4,
(s=2)[5+3l5] +3([5] -1 +7 if r=81+5,
(s —2)[7]+6|5]+2 if r=8l+6,
| (s =2)[7] +3[5] +3([5] — 1) if r=8l+T1.

Proof. Let S1 = {vp,vg : p=8l+0o0r 8 +1o0or8l+7,7<p<r—2gq=1}.5
{vp,vg :p=8l+3o0r 8l +4o0r8l+5,3<p<rqg=s},5 ={vyv,:p=8+2,j
20},84 = {vp,vg :p=8l+3,¢g=20+1,3<qg<s—1},8 = {vp,v, : p=8l+6,6
p<r—34q=2}S ={vpvg :p=8+76<p<r-3qg=2+13<gq
s—1},87 = {vp,vg :p =1 —2,9 = 3,5,6} U{vp,vy : p =1 —1,9g = 2,4,6}, 53
{vp,vg :p=8l4+30r 8 +7,7<p<r—7q=2}J{v,_5v},S = {vp,v5 : p
8lor8l+4,g=3,8<p<r—6}U{v,_¢,v3}, 510 = {vp,vg : p=8l+20r8l+6,¢=75,6
pleqr—3}, 511 = {vp,vg:q=5,p=8lor 8l+1o0r8+2,8 <p<r—2} 512 ={vp,vq:Dp
8l+4 or 8l+50r81+6,12<p<r—6,9g=1}U{vp,v5:¢q=1,p=2,6,r—4,7r—3,r—2,1i
r—2},53 ={vp,vg:p=1—06,g=3,4,6U{vy,vg :p=71—7,¢=>5}U{vp, v 1
r—>5,q=1}U{vp,va :p =r —1,5} U{vp,v5 : p = 2,7 — 1,7 — 2,7 — 3} U {vp, v :
p=3,7r—1}U{ve,vs} U{va,v1} U{ve,v1}, 514 = {vp,vg : p=8l+20r 81+6,2<p<
r—>5,q =20} U{v,—1,v2},S15 = {vp,vg : p=8l4+30r8+7,3<p<r—-5¢=21+1,3<
g < s—1}U{v,—3,v4},516 = {vp,vg : ¢ =5,p=8+30or 8l +4o0r8+53<p<
r—1}U{v,—2,v5}, 517 = {vp,vg: q=1,p=8lor 8l+10or 81+7,7T<p <r—4}U{vp,vg:
g=s,p=r—3,r=2},S8s={vp,vg:q=s—1L,p=r—1Lr—4}U{v,,v,:q=3,r—4<
p<r—1} 89 ={vp,vy:q=2L,p=8l4+20r 8 +6,2<p<r—2)} 50 ={vp,v,:¢=
20+ 1,p=8l+30r 81+ 7,3<p<r—-2}U{vpvg:p=r—12<qg<s—1},85 =
{vp,vg:q=s,p=8l+3 or 8l+4or 8l+5}U{vp,vg:q=1,p=8lor8l+1or8l+7,7<
p<r—1} 80 ={v,v,:q=2L,p=8l+20r81+6,2<p<rtU{vpvg:qg=20+1,p=
8l+30r8+7,3<p<r}Sum={vpvg:p=8or8+1or8+2,qg=s58<p<
r—1yU{vp,vg:q=1,p=8l+40or 8l +50r 846,12 <p <r—2} 5y = {vy,v, :
q=2lp=8l+3o0r8 +7 (mod8),3 <p <r}n{us,ve}, %5 = {vp,vg:q=3p=
8lor8l+4,4<p<r—1}U{vp,v,:q=5,p=8+20r81+6,2<p<r—1} 5=
{vp,v1 : p=2,6}U{vp,v2 : p=5,7r—1}U{v,v5: ¢ =4,T}U{v,—2,u5} U{v,_1,06}, S27 =
{vp,vg :p=8l4+20r81+6,2 <p<r—>5,¢q=20}U{vy,v,:p=28l+3or8l+7(mod8),3 <
p<r—>5,¢q=314+1,3<q<s—1},S={vp,v4:q=s,p=8+3 or 8l+4or8l+5,3 <
p<r—4}U{vpvg:q=1Lp=8lor8l+1or8l+77<p<r}U{v_4,v:q=
2,5,6}, 5% = {vr—3,v5: ¢ =1,4,5} U{v,_2,v5: ¢ =1,3,5} U{v, — 1,04 : ¢ =2,5,6}.
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(S1U52U53US4US5USGUS7 if r=8I,
Ss U Sg U S19U S US12U S5 if r=81+1,
S14 U S5 U S16 U S717 U Si8 if r=8l+2,
Then S = S19 U S99 U S9q ifr=8l4+3o0r8l+7,
So1 U Sag if r=8l+4,
So3 U Soyq U Sos U Sog if r=81+5,
[ S27 U Sas if r=8l+6,
clearly S is a TCCD-set of P, x Cy and hence 'yTCc(PT x Cs) <
(s —=2)7 +3l5)] +3[51 + if r=8l,
(s—2)L£j+6+6LJ if r=8l+1,
(s—=2)[7]1+3[5] +3(lg] -1 +1 if r=8+2,
18] = (s—2)[ﬂ+6LJ if r=8l+ 3,
(s—2)F+6[5]+1 if r=8l+4,
(s —=2)[7] +3l5] +3(lg] —1)+7 if r=81+5,
(s —=2)[7] +6[5] +2 if r=8l+6,
(s —=2)[51+3[5]1 +3([5] — 1) if r=81+T.
Assume a TCCD-set D C P, x (s exists of cardinality
(s —=2)7 +3[5] +3[5] if r=8l
(s—=2)[7] +6+6 ng—l if r=81+1,
(s =2)[7]1+3l5]+3(lg)] —1) if r=8l+2,
_ ) (s=2)[7]1+6|5] -1 if r=8l+ 3,
atmost =0 (o 9)r'y 61| if r=8l+4,
(s =2)[7] +3l5] +3(lg] —1)+6 if r=8+5,
(s—=2)[7]1+6|5]+1 if r=28l+6,
(5—2)(§1+3[§1+3([£1—1) 1 ifr=8l+7.
whose subgraph induced (D) is not either triple connected or certified. Then we have
(s—2)7+3l5) +3[5]+1 if r=38I,
(s —2)| 5] +6+6[5] if r=8l+1,
(s =2)[7]1+3[5] +3(lg] -1 +1 if r=8+2,
_ ) (s=2)[7] +65] if r=8l+ 3,
yreo(Pr x Cs) >d+1 = (s—2)r+6]2) 1 iFr—sld
(s —=2)[7] +3l5] +3(lg] —1)+7 if r=81+5,
(s —2)[7] +6[5]+2 if r=8l+6,
| (s=2)[71+3[5]1+3([g] — 1) if r=8l+T.

Hence the result follows.

Theorem 2.2. Ifr >8, r=41 and s # 4l,s < r — 4 then
'YTCC(PT X Cs) = {

Proof. Let S1 =

S _43p = 377}7 SQ

]-a 5} U {Up» V2

{Up’vq :
= {Up’vqu P
cp =4,6}, S3 = {vp, v, :

(s —
(s -

)7 +6[%] +3
2)7+3l5] +3(lg) 1) +3 if r=8l+4.
q=2,4<q<s—-3,p=2,6}U{vpy,
= 2,6} U{vp,vg_1 :

1765

if r =8I,

tq=21+1,3<¢q<
p=3,7 U{va,v5} U{vp,v1 : p=
gq=s,p=8+0o0r8+1or8+28<p<

r—2}U{vp,vg:p=8l+4o0r2l+50r8+6,12<p<r—2,qg=1}, Sy ={vp,v4:p=

A4142,10<p<r—2,g=20+1,3<qg<s—-2}U{vp,vg:p=41+3,11<p<n-—-1,q=

21,2 <qg<s—1}, 55 =

{vp,vg:q=20,4<q¢<s5—-2,p=2,6} U{vp,vy:¢q=204+1,3<

¢g<s—1,p=3,7}U{va,vs}, S¢ = {vp,v1 :p=1,6}U{v—p,vo:p=4,6}U{v,,vy:p=
8l+0o0r8l+1or8l+2,8<p<r—2,q=s}, S7=
p<r—2q=1}U{vp,

{vp,vg : p = 8l+4 or 81+5 or 81+6,12 <
p=4+210<p<r—-2¢=20+13<q<s—3}
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Sg ={vp,vg i p=4+3,11 <p<r—-1¢=20,2<qg<s—4}, Sg = {vp,v4 : p =
A14+2,10<p<r—2,g=s—-2}U{vp,vg:p=41+3,11 <p<r—1,g=s—1}.

B S1USyUS3U Sy if s is odd, .
Then S = { SsUSsU Sy USsUSe if s is even, clearly S is a TCCD-set of P, x Cj

and hence yroo (P, x Cs) <

S| = (s —2)7 +6[5] +3 if r=38l,
N 2)% gl +3(lgl —1)+3 ifr=80+4

Assume a TCCD-set D C exists of cardinality

P. x Cy
_f (s=2)7+6|5]+2 if r=38lI,
at mOStd_{ (5—2)f +3[2] +3(|5]—1)+2 if r=81+4,
whose subgraph 1nduced (D) is not either triple connected or certified. Then we have

. (8— £J+3 ’Lf’l“:8l,
yroc(Br x Cs) 2 d+1 —{ (s—2)7 +3[2] +3(1L] — 1) +3 if r=8l+4.

Hence the result follows. ]

Theorem 2.3. Ifr >9,r =41+ 1, s # 4l and s = 3l then

48 (S—Q)L%J
((1 3)+1 if r=8l+1, r#9,
rroe(Prx C) =9 oy (18 ) 2; LEJ if r=9,
3 (S—Q)L%J
+3(lg) =1 +3(lgl —2)+1 if r=81+5.

Proof. Let S1 = {vp, vy : ¢ =201,4 < q¢<s—-3,p=2,6}U{vy,v5:¢g=204+1,3<¢q<
s—4,p=3,7} So={vp,v52:p=H+2,1<p<r}U{vp,vs_1 :p=4+3,1<p<
r}U{ve, v} U{vp,v1 :p= 1,5 U{vy,ve i p=4,6}, S3={vp,vg:p=414+2,10<p <
r—4,g=21+1,3<q¢<s-3}U{vp,vg:p=41+3,11<p<r—4,q=2,2 < q < s—4},
Sy =A{vp,vg:q=5p=84+00r8l+1or8+2,8<p<r—2}U{v,v,:q=1p=
8l+4o0r8+50r8+6,12<p<r—2}, S5 ={vs,v1}, S = {vp,v5:¢q=31+2,2<¢q<
s—lp=r—1,r—2}U{vp,v,:¢=3l+1,4<¢<s—-2,p=r—2}U{vp,v3:¢q=3,3<
g<s—3,p=r—3} Then S =5,USyUS3US4US5U Sg, clearly S is a TCCD-set of
P, x Cy and hence vyroo (P x Cy) <

+ (s —2)[5]
([1—3)+1 if r=8l+1, r#09,
’S|= 3 (5_2)L%J )
+2(H—3)+2 if r=9,
(5—2)L%J
\+3(L J=1)+3(%] —2)+1 if r=8l+5.

Assume a TCCD-set D C P, x C; exists of cardinality at most

45 + (s —2)|£]

+2([%] - 3) if r=8l+1, r#9,
d = §+(S_2)L%J )

+2([2] - 3) + 1 if r=09,

3+ (s=2)[5]

3|5 = 1) +3(|5] —2) if r=81+5,
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whose subgraph induced (D) is not either triple connected or certified. Then we have

)
Ya(r1 - 3) 11 if r=8l+1, r#9,
VTCC(PTXCS)Zd-Fl = i?’zag(}s_ggtﬁjz if?"zg,
3+ (s—2)z]
| 435~ 1)+ 3(5] —2)+1 if r=8l+5.

Hence the result follows. [l

Theorem 2.4. If r > 9, r=4l+1, s# 4l and s =3l + 1 then

(((s—2)[5] +2([5] - 3)
+4[5]+3 if r=8l41, r#9,
Yroc(Pr x Cs) = $4_L§2J)£r5i+ 2([51-3) P,
(s=2)|5] +4[3] +4
+3(l§) —1) +3(lg] —2) if r=81+5.

Proof. Let S1 = {vp,vg: ¢ =2[,4 < q¢<s—-3,p=2,6}U{vp,vy:¢=204+1,3<gq
s—4,p =37} Sz = {vp,vs20 :p=4l+2,1 < p <r}U{vp,vs1 :p=41+3,1
p < r}U{va,vs} U{vp,v1:p=1,5}U{vp,ve:p=4,6}, S3="{vp,v5:p=41+2,10
p<r—4,9=204+13<qg<s—-3U{vpvg :p=4+3,11 < p <r—4ygq
21,2 < g < s—4}, Sy = {vp,vg 1 ¢ = s,p =8l +0o0r 8l +1o0r 8 +2,8 <p
r—2}U{vp,vg:q=1,p=8+40r 8 +50r8 +6,12 <p <r—2} S5 = {vs,v1},
Se ={vp,vg 1 q=3l4+22<qg<s—-2,p=r—1r—2}U{vpv,:¢q=31+1,4<¢q<
s=3,p=r—3}U{vp,v:p=3,3<qg<s—4,p=r—2} U{v,_3,vs—2} U{vr_1,0s-1} ,
St ={vp,vg:q=31+25<q¢g<s—2,p=r—2}U{vp,vy:q=3l+1,4<¢<s—-3,p=
r—=3}U{vp,vg:q=3,3<qg<s—1,p=r—1,7r =2} U{v,—1,v2} U {v,_3,v3}.
S1US; U S3USLU S5 U Sq if r=8l+1, .

Thensz{51U52U53US4US5US—7 ifr=8145 clearly S is a TCCD-set of
P, x Cs and hence ypoco (P, x Cy) <

VAN IRVANRVANRVAN

(s=2)[5] +2([51-3)

+4[5] +3 ifr=8l+1, r#9,
5] = (s—=2)[5] +2([31-3)

+4[5] +4 if r=09,

(s—=2)[5]+4|5]+4

+3(lg] — 1) +3(5] —2) if r=81+5.

Assume a TCCD-set D C P, x Cs exists of cardinality at most

(s —2)[5] +2(I51 - 3)

+4[3] 42 if r=8l41, r#9,
B -9

+4[5]+3 if r=09,

(s —2)[5] +4[3] +3

+3(|_%J—1) 3(|_ | —2) if r=8l+05,
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whose subgraph induced (D) is not either triple connected or certified. Then we have

(s~ 2)L5] +2(75] - 9
+4|5] +3 if r=8l+1, r#9,
yreo(Pr x Cs) > d+1 = $4—L§2J)5'5£1+2([31 %) if r=09,
(s —=2)[5]+4|5] +4
+3(15] — 1) +3(lg)] —2) if r=8l+5.
Hence the result follows. ([l
VAN
/
/\\/
N\
/1IN \//\
N7
/
/\\/
N
/1IN \//\
SZ
N7
N
\//\
/
/\\/

FIGURE 1. The set of lightened vertices denote the TCCD-set and
yroc(Piz X Ci2) = 36.

Theorem 2.5. If r > 9, 41+ 1, s # 4l and s = 3l + 2 then

(((s—2)[5] +2([5] - 3)
+4L§J+5 ifr=8l+1, r#09,
fYTCC(Pr X Cs) — 3_84_L§2J)_L|_5é + 2U§~| - 3) Zf . 9’
(s—2)[§J+4L§J+5
+3(lg) = 1) +3(lg) —2) if r=8+5.

1
Proof. Let S1 = {vp, vy : ¢ =21,4 < q<s—-3,p=2,6}U{v,,v5:¢g=204+1,3<gq
s—4,p=3,7}, So={vp,vg2:p=4H+2,1<p<r}U{v,ve_1:p=4H+3,1<p
r}U{ve, v} U{vp,v1 :p= 1,5 U{vy,ve 1 p=4,6}, S3={vp,vg:p=414+2,10<p <

<
<
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r—4,q=214+1,3<q¢<s-3}U{vp,v,:p=41+3,11<p<r—4,q=2,2 < q < s—4},
Sy ={vp,vg:q=85p=8+00r8l+1or8+28<p<r—2tU{v,v,:q=1p=
8l+4or8+5o0r8+6,12<p<r—2} S5 ={vs,}, S ={vp,vg:¢=31+2,2<
g<s—=3p=r—1,r—2}U{vp,v:q=31+1,3<q¢g<s—1,p=r—3}U{vp,vy:q=
3,3<q¢<s—4,p=r—-2}U{vp,vs_1:p=r—1,7r—2},S7 ={vp,v5: q=31+2,2<¢g <
s=3,p=r—3}U{vp,v,:¢q=3l+1,4<qg<s—1,p=r—1,r—2}U{vp,v,:¢=3,3<
g<s—2,p=r—-2}U{v,,vo:p=r—1r—2}

S1USUS3U S, U S5 USg if r=8l+1, .
ThenS_{51USQU53US4US5US—7 ifr—=8l+5, clearly S is a TCCD-set of
P, x Cy and hence vpoo (P, x Cy) <

(((s—2)[5] +2([5] - 3)
+4(5] +5 ifr=8l+1, r#9,
1S | = (3_2)£%J+2U%1_3)
+4|5] +6 if r=09,
(8—2){%J+4L§J+5
+3(L%J—l)+3(L%J—2) if r=8l4+05.

Assume a TCCD-set D C P, x Cs exists of cardinality at most

' (8—2)L%J+2((§1—3)
+45] + if r=8l+1,1r#9,
. (8—2)L%J+2(H 3)
+4[5]+5 if r=9,
(8 —9)5) 4413 +4

+3(Lg) — 1) +3(lg)] —2) if r=81+5,
whose subgraph induced (D) is not either triple connected or certified. Then we have

(((s=2)[5] +2([5] -3)
+4{§J+5 if r=81+1, r#9,
ree(Pex C) > d 41 = $4—L§2J)Efé+2([ﬂ—3) P
(s—2)[5] +4|5]+5
| +3(1Z) = 1) +3([%) —2) if r=8i+5.

Hence the result follows. OJ

Theorem 2.6. Ifr,s > 9 andr,s =4l + 2 and r = 8l + 2 then

[ (s—2)[E] +2([5]1-3)
1312 13(13) S1) 48 if s =120 42

_ ) (=25l +2([5]1-3)
vree(Prx Co) =0 4g1s 7318 1) 13 if s=120+6

(s=2)[5] +2([5]1—3)
+3[3]+3(12) 1) +5 if s=120+10

Proof. Let S1 = {vp,vy : ¢ = 21,4 < q < s—4,p = 2,6} U {vg,v5} U{vp, vy : ¢ =
204 1,3<q<s—-3,p=3,7U{vp, 052 :p=414+2,1 < p <r—>5} Sy = U{vy,vs1 :
p=44+3,3<p <r—->5}U{vp,v :p=15}U{v,,ve:p=46}U{vyv,:q=
s,p =8 4+0o0r 8 +1o0r8 +28<p<r—4} S5 = {vp,v, : p =41+2,10 <
p<r—>5qg=204+13<qg<s-3}U{vpv :p=4+311<p<r—-5gq=
2,2 < g < s—4}U{vp,vg: q=1,p=8l+4o0r 8l +5o0r 8 +6,12 <p < r—4},
Sy =A{vp,vg:q=3l+2,2<q¢g<s-3,p=r—1,r—=2,r=3}U{vp,v,:¢=314+1,4<¢g <
s—1l,p=r—=3,r—4}U{vp,v: ¢=31,3<q<s-2,p=r—2}U{vp,vs_1 : p=r—1,r—2},
Ss ={vp,vg 1 q=314+2,2<qg<s—-1,p=r—1,r—2,r=3}U{vp,vy:¢q=31+1,4<
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g<s—2,p=r—3,r—4}U{vp,v,: ¢ =3,3<qg<s—3,p=r—2} Ssg = {vp, v, :

q=3l+22<qg<s—-2p=r—1r—2r—-3}U{v,,v,:¢q=3l+1,4<q¢<s—-3,p=

r—3,r—4} U{vp,v,:¢=3,3<q¢<s—4p=r—2 U{v,_1,05-1} U{vp_4, 052}
S1USyUSsUSy if s=120+ 2,

Then S =<¢ S1USUS3USs if s=12146, clearly Sis a TCCD-set of P, x Cs and
S1USyUS3USg if s =120+ 10,

hence yreolPy x Cy) <

(s —2)[5] +2([5] = 3)
+315] +3([5] —1)+8 if s=120+2,
51— G-I +3(5]-3)
+ S + 2 — + 1] § = + )
3[3] +3([5) -1 +3 if s =121+6
(s —2)[5] +2([5] - 3)
| 315 +3([5] -1 +5 if s =12+ 10.
Assume a TCCD-set D C P, x Cs exists of cardinality
(s —2)[5] +2([5] = 3)
315 +3([5] -1 +7 if s=120+2,
_ ) =25 +2([5]1-3)
abtmost d=13 g5 U315 1) 42 if s=120+6,
(s =2)[5) +2([5] -3)
+315] +3([5] —1)+4 if s =120+ 10,
whose subgraph induced (D) is not either triple connected or certified. Then we have

(s —2)5] +2([5] - 3)
+315] +3([3] —1) +8 if s =120 +2,
_ ) (s=2)[5]+2([3] -3)
rec(Brx C) 2d 1 =0 Lg1e 0315 1) 43 if 5= 12046,
(s —2)l5] +2([5] - 3)
| 315 +3([5] -1 +5 if s =12+ 10.
Hence the result follows. O
Theorem 2.7. Ifr,s > 9 and r,s =4l + 2 and r = 81 + 6 then
(((s—2)|f] +3]%5]+38
?—3(%){]1) gf{ﬁj —13—3({§J —-1) if s=121+2,
s—2)[£]+3[g] +
rec(Brx O =4 La() Ty 4 3[3) +3(15) 1) if s=121+6,
(s—2)[5]+3|g]+5
+3(lg) — 1) +3[5] +3(l5] —1) if s=12[+10.

Il
DO

Proof. Let S1 = {vp,vg: ¢ =21,4 < q < s—4,=2,6}U{va, vs}U{vp, vy : ¢ =2141,3<¢q <
s—=3,p=3,7TtU{vp,vs2:p=41+2,1 < p <r—5}, Sy =U{vp,vs_1 : p=41+3,3<p<
r—5}U{vp,v1 1 p=1,5}U{vp,v2 : p=4,6}U{vp, vy : ¢ =5,p=8l4+00r 8l+1or 8+2,8 <
p<r—4}, S3={vp, v, :p=414+2,10<p<r—-5,¢=2[+1,3<q<s—-3}U{vp,vy:p=
A143,11 <p <r—>5,¢=21,2 < ¢ < s—4}U{vp, vy : ¢ = 1,p = 8l+4 or 8l+5 or 81+6,12 <
p<r—4},Sy ={vp,v5:q=314+2,2<q<s-3,p=r—-3,r—4}U{vp,v,: ¢ =31+1,4 <
g<s—1l,p=r—1r—2r—-3U{vp,v:¢q=30,3<q¢g<s—2,p=r—2}U{vp,v2:
p=r—11r—2} 8 ={v,v,:¢q=31+2,2<¢q¢g<s—1,p=r—1,r—2,7—3} U{vp,v4:
q=3l+1,4<q¢g<s—-2,p=r—-2}U{vp,v,:¢q=3,3<q¢g<s—3,p=r—3,r—4},
Se ={vp,vg:q=314+2,5<qg<s—-2,p=r—2}U{vp,v,:¢q=3l+1,4<¢<s—-3,p=
r—3,r—4}U{vp,vg:¢=31,3<qg<s—1lp=r—1,r—2,7—3}U{v,_1,v2} U{vp_4,v3}.
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S1USyUSsUSy if s=120+4 2,

Then S =< S1USUS3USs if s=12146, clearly Sis a TCCD-set of P, x Cs and
S1USUS3USg if s =121+ 10,

hence yroc(Py x Cs) <

(s —2)|5] +3[g]+38
+3(lg]l = 1) +3[5] +3([3] 1) if s=12[+2,
18| = (s—2)[5] +3|g)+3
+3(lg]l = 1) +3[5] +3([3] = 1) if s=12[+6,
(s—2)|5]+3lg]+5
+3(Lg) — 1) +3[5] +3(15] —1) if s=121+10.
Assume a TCCD-set D C P, x Cs exists of cardinality
(s—2)5]+3[g)+7
+3(Lg) — 1) +3[5] +3([5] 1) if s=12[+2,
at most d = (8_2)L%J+3L§J+2
+3(lg) — 1) +3[5] +3([5] —1) if s=12[+6,
(5—2)LgJ+3L§J+4
+3(| % J—1)+3L§J (3] —1) if s =120+ 10,
whose subgraph induced (D) is not either triple connected or certified. Then we have
(s—2)5] +3[g]+38
?— (L2)jL | )§L3LJ§J+3(L 3/—1) if s=12[+2,
— r + r
ey x G 2d 1 =9 2] 2 )+38L§J+3(L |=1) if s=121+6,
(s =2)[5] +3[g] +5
+3(lg] — 1) +3[5] +3([5] - 1) if s=120+10.

Hence the result follows. O

Theorem 2.8. Ifr,s>9 andr =4+3, r=4l4+2o0r 3 and s #4l+ 3,s > r — 4 then

_J =27 +2(l5] =3)+(s—=2)+5 if r=81+3,
rroo(F XCS){ (5*2)L§J+2(L§J—2)+(s—2)+2 if r=8l+1.

Proof. Let S1 ={vp,vg:q=20,4<q<s5—3,p=2,6}U{v,vs}U{vp,v5:¢=204+1,3<
g <s—4p=3"7} So={vpv:q=5—-2,p=41+2,2<p<r—-2}U{vp,v,:q=
s—1,p=4+3,3<p<r—-2}, S3={vp,vy:p=414+2,10<p<r—5,¢g=204+1,3<
g<s—4}U{vp, vy :p=4+3,11<p<r—4,¢q=2,2<q<s—-3}, Sy ={vp,vg:p=
8l+0o0r8l+1or8l+2,8<p<r—2g=stU{v,,vg:p=8l+4o0r8+5o0r8+6,12 <
p<r—2}Ss={v,_1,v4:2< q¢<s—1}U{vp,v1 : p=1,5}U{vp,v2:p=4,6}
Then S = 57 U S, US3U S, USs, clearly S is a TCCD-set of P, x Cs and hence
(s=2)[5)+2(l5] —3)+(s—2)+5 if r=81+3
P, < = 4 3 ] )
yreo(Pr x Cs) < | S| {(52)L2J+2(L§J2)+(52)+2 if r=8l+7.
Assume a TCCD-set D C P, x C, exists of cardinality at most
de (s—=2)5]+2([5] =3)+(s—2)+4 if r=81+3,
(3—2)H+2(H )+ (s—2)+1 if r=81+T,
whose subgraph induced (D) is not either triple connected or certified. Then we have
(s=2)5)+2([5]-3)+(s=2)+5 if r=81+3,
> = 4 3 '
roo(Frx Cs) zd+1 {(3—2)L§;J+2(ng—2)+(s—2)+2 if r=8l4T1.

Hence the result follows. O
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3. TCC DOMINATION FOR STRONG PRODUCT OF CYCLE AND CYCLE

We commence this section with several observations. The subsequent results will provide
the precise values of the strong product of two cycles.
Let V(Cp x C5) = {vpvg : 1 < p <r,1 <gq < s}and E(C, x C5) = {vpvg vpy1vg 1 1 <
p<r—11<qg<stU{vpvg vpvg41 : 1 <p<rl1<qg<s—1}U{vpv vpuy 1 <p<
r}U{vptg Upt1vgr1 1 1 <p <= 1,1 < g <5 =1} U{upvg vpy1vg-1: 1 <p<r—1,s<
q <2} U{vpvr vpp1vs 1 1 <p <r—1}U{vpvg vpp1v1 1 1 <p <r—1}U{vvg vpuy 11 <
g <stU{vivr vv:q = 2,5} U{v1vs 0,04 1 ¢ = 1,4} U{v,v1 viva} U {vpvs v1 v} of

C, x Cs.
Observation
(1) If r > 3, then vpoc(Cr x C3) = r—2.
(2) If r > 3, then yroc(Cr x Cy) = r—1.
(3) If r > 3, then yroc(Cr x C5) = r+4.
(4) If r > 3, then yroo(Cr x Cg) = 2r — 4.
(5) If r > 3, then yroc(Cr x C7) = 2r —2.
(6) If r > 3, then yroc(Cr x Cs) = 2r — 1.
(7) vyrec(Cy x Cy) = 23, yrcc(Co x Cro) = 26, yrcc(Cio x Cro) = 27,
yrec(Crn x Cro) = 29, yrec(Cio x C13) = 37, yrec(Cro x C1a) = 39.
Theorem 3.1. Ifr > > 11,then
(6]Z] +7[%] +10 if r=8l41,
6%{g}—1%+7FJ+11 if r=8l+2,
6(15] —1)+7[%5] +12 if r=8l+3,
yree(Cr x Cy) = 315 +3(15] — 1)+ 7|5 +10 if r=8L+5,
3l +3(lg) —1)+7[F] +11 if r=8l+6,
[ 6l +717]+9 if r=8l+T7.

Proof. Let S1 = {vp,vg :p=414+2,q=2[,6 <p<r—3,2<qg<s—1}, So={vp,v4:
p=4+3,¢g=20+1,T<p<r—-23<gqg<s—-2}, 8 ={vnv:q = 4,679},
Sy =A{uv3,vg: ¢ = 3,5,8}, S5 = {vp,v1 : p = 1,5} U{va,v2}, S6 = {vp,vs : p =8l +
0or8l+1or8l+7,7<p <r—3}, Sy ={vp,v1 : p=8l+3 or 8l+4 or 81+5,11 < p < r—3},
Sg = {vr—2, 51} U{v,_1,v4: 2 < ¢ < s =2}, Sg = {v,—2,v2} U{v,_1,04 : 3< ¢ < s—1}.
Then S — S1USUS3USLUSs5USgUS7USs if r=8l4+1o0r 81+2or 8+ 3,

S1USUS3USLUSsUSgUS7USy if r=8l+50r 8l+6o0r8l+7,
clearly S is a TCCD-set of C, x C9 and hence ypcco(Cy x Cg) <

6LJ+7L£J+1O if r=801+1,

6([g] —1)+7[7]+11 if r=8l4+2,

_ LJ )+ 77) +12 if r=80+3,

yree(Cr x Co) < | 5] = 3LJ+3(L3J 1)+ 7[5 +10 if r=8l+5,

3LJ+3(L3J—1)+7&J+11 if r=8l+6,

\6LJ+7L£J ifr=80+71.

Assume a TCCD-set D C C, x Cy exists of cardinality at most

6l5] +7[7] +9 if r=8l+1,
6([5}—1)+7H+10 if r=28l+2,
d— 6(lg] —1)+7[7]+11 z:fr:8l+3,
3] +3(l5) -1+ 75 +9 if r=81+5,
3lg) +3(lg) =) +7[7] +10 if r=81+6,
6L§J+7{£J+8 if r=8l4+7,
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whose subgraph induced (D) is not either triple connected or certified. Then we have

[ 615] +7]%]+10 if r=8l+1,
6([g] —1)+7[7]+11 if r=8l4+2,
_ ) 65— +7 L£J+12 if r=8l+3,
rree(Cr x Cy) 2 d+1 = 354+ 3(5] — 1)+ 7[5 +10 if r=8l+5,
3lgl +3(lgl — 1)+ 73] +11 if r=81+6,
6l +707]+9 if r=81+T1.
Hence the result follows. 0
Theorem 3.2. If r > 15, then
65 +8[7] +10 if r=8l+1or8l+T7,
6([g] —1)+8[7] +11 if r=8l+2,
yrcc(Cr x Cro) = § 6(lg) —1) +8[7] +12 if r=8l+3,
3lg) +3([6) —1) +8[7] +10 if r=81+5,
3lgl +3(lg] —1)+8[5] +12 if r=8l+6.

Proof. Let S1 = {vp,vg :p =4 +2,q =2[,2 < p <r—3,2<q<s—2}nN{v, v},
Sy ={vp,vg:p=41+3,g=20+1,3<p<r—2,3<qg<s—1}U{vg,vs}, S3 = {vp,vs:
p=38l4+0o0r8l+1or8l+2,8<p<r—3} 5= {vp,v1:p=8+3o0r8l+4or8l+5,11 <
p<r—3}55={vp,vi:p=15}U{vs, v}, S = {vr—1,v4:2 < q <s—2} U{v,_2,02},
St ={vr—1,v4 : 3 < ¢ < s—1}U{v,—2,v2}, Sg = {v,—1,v4 : 2 < ¢ < s—2}, Sg = {vp—1,vq :
3<qg<s—2}U{v_9,v2}.

S1USUS3USiUSsUSy if r=81+1,
S1USUS3US US5USg iof r=8142 or 8l + 3,
S1USUS3US US5USy of r=81+5,
S1USUS3US US5US7 if r=8l4+6o0r 8l+7,
set of C, x C1p and hence yroc(Cr x Chg) <

Then S = clearly S is a TCCD-

6l5] +8l57] +10 if r=8l+1or8l+7,
6((51—1)+8LJ+11 if r=8l+2,
|S|=1< 6(lg] —1)+8[7]+12 if r=28l+3,
3lgl+3 (LgJ—1)+8L ] +10 if r=8l+5,
3lg) +3(lg) —1) +8[F] +12 if r=8l+6.
Assume a TCCD-set D C C, x C; exists of cardinality
6] +8[7] +9 if r=8l+1or8+7,
6([Z] — 1) +8[%] +10 if r=8l+2,
at most d = ¢ 6(|g] —1)+8[7]+11 if r=8l+3,
3lg) +3(lg) —1) +8[7]+9 if r=8l+5,
31§) +3(lg) — 1)+8LJ+11 if r=28l+6,
whose subgraph induced (D) is not either triple connected or certified. Then we have
6|5] +8[7] +10 if r=8l+1or8l+T7,
6([2] — 1) + 8|2 + 11 if r=81+2,
Yreo(Cr x Cro) > d+1 =4 6(l5] —1)+ 8L£J+12 if r=_8l+3,
315 +3(|2] — 1)+ 8% +10 if r =815,
3lgl +3(lg) —1) +8[F] +12 if r=8l+6.

Hence the result follows. O

Theorem 3.3. Ifr, s> 9, r =8l and s # 4l,s < r — 4 then
s =24+(s—=2)(3—1)+6[y5] +3 if sis odd,
WTCC(CTXCS)_{ (s —=2)+6[{5] +3 if sis even.
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Proof. Let S1 = {vp,vg :p=4+2,g=21,6<p<r—22<qg<s—1}, Sy ={vp,v,:
p=4l+43,¢g=21+1,7T<p<r—-1,3<q¢g<s—2} S3={v,,v5:q=s5,p=8l+0or 81+
Lor8l4+7,7<p<r—2} Sy ={vp,vg:q=1,p=8l+30r8l+40r8l+5,11 <p <r—2},
Ss = {vp,v1 : p=1,5}U{vsg,v2}, S¢ = {v2, v : q =21,4 < ¢ < s—=3}U{v2,v5: ¢ = 5,5—2},
St ={vp,vg:q=20+1,3<q<s—4}U{vz,v5-1}, Ss ={vp,vg :p=41+2,q=2[,2 <
p<r—22<qg<s—2}N{v,v2}, Sg ={vp,vg:p=4+3,¢g=201+1,3<p<r—-1,3<
qg<s—1}, Sio={vp,vs :p=8l+00r8l+1or8+2,8<p<r—1}, S ={v,,v:p=
8l+3o0r8l+4or8 +5,11 <p<r—1}, Sig={vg,v2} U{va,vs} U{vp,v1 : p=1,5}.
- S1USUS3USiUSsUSgUST if sis odd, .
ThenS—{ Se U So U Sio U St U St if s is even, clearly S is a TCCD-set of
C, x Cs and hence ypoc(Cr x Cy) <
18| = s =2+ (s—2)(7—1)+6[{5] +3 if sisodd,
| (s —2)+6[{5]+3 if sis even.
Assume a TCCD-set D C C,. x C; exists of cardinality at most
d— s—2+(s—2)(f—1)+6[5] +2 Z:fsz:sodd,
7(s =2)+6[5] +2 if sis even,
whose subgraph induced (D) is not either triple connected or certified. Then we have
5—24(s—=2)(7—1)+6[55] +3 if sis odd,
(s —=2)+6[5] +3 if s is even.

Hence the result follows. O

yrco(Cr x Cs) > d+1 = {

Theorem 3.4. Ifr, s> 9, r=8l4+4 and s # 4l,s <r — 4 then
s =24 (s—2)(7 — 1) +3(l75] — 1+

_ ) 3l%) +3 if sis odd,
1mee(Crx G =3 T L (s ) — 1) +3(15] - D+
3|15 +2 if sis even.

Proof. Let S1 = {vp,vg :p=414+2,¢q=2[,6 <p<r—22<qg<s—1}, So={vp,v4:
p=4+3,¢=204+1,7T<p<r—-1,3<qg<s—2}, 83 ={vp,v5:¢q=5,p=8l+0or 8+
Lor814+7,7<p<r—2}, Sy ={vp,vg:q=1,p=8+3 0or 8l+40r 8+5,11 <p <r—2},
Ss = {vp,v1 : p=1,5}U{vsg,v2}, S6 = {v2,v4 : ¢ =21,4 < q < 5—-3}U{va,v4 : ¢ = 5,52},
St =A{vp,vg:q=20+1,3<q<s—4}U{v3,v5-1}, Ss ={vp,vg :p=4H+2,¢=21,2 <
p<r—3,2<qg<s—2}N{vy,v2}, Sg ={vp,vg:p=4+3,¢g=20+1,3<p<r—-2,3<
q<s—1}, 510={vp,vs:p=8l+00r8l+1or8+2,8<p<r—3} 511 ={v,v:p=
8l+3o0r8l+4or8 +511<p<r—2} Si2={vg,v2} U{va,vs} U{vp,v1 : p=1,5},
Siz={vr_2,v5:¢q=20+1,3<q¢<s—1}, Sju={v,_1,94: ¢ =21,2< g <s—2}.
S1USyUS3U S, USsUSgU Sy if s is odd, .

Then § = SgsUSgU S190US11 US12US13U Sy if s is even, clearly S is a TCCD-
set of C} x Cs and hence ypoc(C, x Cy) <

5—=24(s—2)(F — 1) +3(l15] — D+

18] = 3lip) +3 if sis odd,
s—=24(s=2)(F — 1) +3(l15] — D+
3l1g) +2 if sis even.

Assume a TCCD-set D C C,. x C; exists of cardinality at most
s =24 (s—2)(F — 1) +3(l5] — D+

3 15) +2 if sis odd,
s—=2+(s—2)(7 - 1) +3(l5] — 1)+

3l15) +1 if sis even,

d=
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whose subgraph induced (D) is not either triple connected or certified. Then we have

s—=2+(s—=2)(7 —1)+3(l5] — )+

3] +3 if sis odd
> 1 = 10 Y
yroo(Cr x Cs) 2 d+ S04 (s—2) (L — 1) +3(| 5] — 1)+
3|15 +2 if sis even.
Hence the result follows. (|
3
)
N
i N
4 | \U 1 f
X
135
- 74 € Y

FiGURE 2. The set of lightened vertices denote the TCCD-set and
Yreo(Cra x Cra) = 55.

Theorem 3.5. Ifr, s> 11, s=4l+1,r# 4l andr 4l + 1,r < s —4 then
s =34+ (s—2)| 5] +6[5]+4 if r=8l+1,
s=3+(s—=2)%]+6([5]—1)+5 if r=8l+2,

il
3—3—1—(3—2)L§J +3ngj+
3(15] —1)+3 if r=8l+3,
vreo(Cr x C) =< s =3+ (s —2)[7] + 3|5+
3(15] —1)+4 if r=8l+5,
s =34 (s—2) 7] +3l5]+
3(lgl—1)+5 if r=80+6,

s—=3+(s—2) 5] +6(lg])—1+4 if r=81+7.

Proof. Let S1 = {vp,vg :p=4+2,¢g=20,6<p<r—-3,2<qg<s—1}, Sy ={vp,v,:
p=41+3,¢=21+1,T<p<r—-23<qg<s—-2}, S3={v,,v5:q=5,p=8l+0or 8+
Lor8l4+7,7<p<r—3} Ss={vp,vg:q=1,p=8l+30r 8l+40r8l+5,11 <p <r—3},
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Ss ={vp,vg :p=2,4<q<s—-3}U{vp,v,:p=3,3<¢q<s—4}, S = {v2,7
s,s — 2} U{ws,vs—1} U {vp,v1 1 p = 1,5}, S7 = {vr—2,vs1} U{vp_1, 04 ¢

TWMS J. APP. ENG. MATH. V.15, N.7, 2025

Sg = {vp_g,v2} U{v,_1,04:3 < g <s—1}.

S1USyUS3U Sy USsUSgU Sy
S1USyUS3U Sy U S5 U SgU Sy
S is a TCCD-set of C, x Cs and hence ypoc(Cr x Cs) <

Then S = {

at most d =

s=34+(s—2)[5] +6[5]+ if r=81+1,
3—3+(s—2){ﬂ+6([61 1)—|—5 if r=8l+2,
s =3+ (s—2)| 5] +3l5]+
3(lg)]—1)+3 if r=80+3,
| S1=4q s=3+(s=2)[7] +3[5]+
3(lg)—1)+4 if r=81+5,
s =34 (s —2)[5] +3[5]+
3(lg)—1)+5 if r=8l+6,
| s—3+(s—2)[7] +6(lg))—1+4 if r=81+T.
Assume a TCCD-set D C C, x C; exists of cardinality
s—=3+(s—2)[7]+6[5]+3 if r=8l+1,
s—3+(s—2){ﬂ+6([%1—1)+4 if r=8l+2,
s =34+ (s—2)37] +3[5]+
3(lg) —1)+2 if r=8l+3,
s—=3+4+(s—2)37] +3[5]+
3(lg) —1)+3 if r=8l+05,
s—=3+4+(s—2)37] +3[5]+
3(lg] —1)+4 if r=8l+6,

tq =
2§Q§8—2}>

ifr=8l4+1or 8 +2or8l+3,
clearly

ifr=8l4+50r 8 +6or8 +7,

s—3+(s—2)5]+6(|5)— 144 if r=81+7,

whose subgraph induced (D) is not either triple connected or certified. Then we have

s—3+(s—2) 5] +6[5] + if r=8l+1,
s—=3+(s—=2) 5] +6([5] — )+5 if r=8l+2,
s—3+(s—2)5) +3[§5]+
3(lg)—1)+3 if r=281+3,
Yreo(Cr x Cs) >d+1 =< s—=3+(s—2)[5] +3|5]+
3(lg)—1)+4 if r=281+05,
s—3+(s—2)5) +3[§5]+
3(lg]-1)+5 if r=28l+6,
[ s—3+(s—=2)7) +6([g]))—1+4 ifr=81+T.

Hence the result follows.

Theorem 3.6. Ifr, s> 11, s=4l+2,r A4 +0o0r 1 andr # 4+ 2,r < s— 4 then

VTCC(CT X Cs) =

Proof. Let S1 = {vp, vy

p=8l+00r8l+1or8l+2,8<p<r—3} 5=

p<r—3} S5 =

| e E—
N TN R N e SN
| I IS I E—
+ 4+ +
SO O O
| e E—

o]l NelleNellp Nalby

I Ty T |

—1)+4
~1)+5
)—2+4
)—1+4

if r=38l+2,
if r=38l+3,
if r=28l+6,
if r=8l+T.

0

p=4+2,q=2,2<p<r—-32<gq<s-2}N{vy,va},
Sy ={vp, vy :p=4H+3,g=204+1,3<p<r—-2,3<qg<s—1}U{va,vs}, S3={vp,v4:

{vp,vg : p=8l+3 or 8l+4 or 81+5,11 <
{U17Up p= 1)5} U {U4,U2}, S6 - {UT—Q)UQ} U {U'r’—lpvq 13 S q S S — 1})
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S7 = {UT—27U3—1} U {'Ur—lavq 12<q¢g<s— 2}

ThenS:{ S1USyUS3 US4 USsUSy if r=8142or 8l+3,
S1USUS3US US5USg if r=8146o0r 8l+7,

clearly S is a TCCD-set of C, x Cg and hence vproc(Cy x Cs) <

s—34+(s—2)5]+6([§]—1)+4 if r=81+2,

18| = s—34+(s—2)5]+6(l§] —1)+5 if r=81+3,
) s—=3+(s—2)[7)+6(l5)) —2+4 if r=8l+6,
s—=34+(s—2)[5]+6(l5))—1+4 if r=81+T7.

Assume a TCCD-set D C C, x C; exists of cardinality
8—3+(8—2)LJ 6([51 —1)+3 if r=81+2,
_ + (s =2)[5] +6(lg] -1 +4 if r=8l+3,
atmost d= ¢ 05T La(E)_avs ifrosite
s=3+(s—=2)[5]+6(lg5])—14+3 if r=81+7,
d

whose subgraph induced (D) is not either triple connected or certified. Then we have

s—=3+(s=2) 5] +6([g] —1)+4 if r=81+2,
) s=34+(s=2)7]+6(lg)] —1)+5 if r=8l+3,
1reclCrx o) 2d+1 =0 o 34 (s 2)[t] 16([2])—2+4 if r=81+6
s—=3+(s=2) 7] +6(lg])—1+4 if r=81+7.
Hence the result follows. 0

Theorem 3.7. Ifr, s> 11, r,s =41+ 3 and s # 4l + 3,s > r then
s =3+ (s—2)2([g))+

) 2z -3)+6 if r=8l+3,
1ree(Crx G =3 T8 (s 2)(n) + 1)+
o) —2)+ 3 ifr=8l1T.

Proof. Let S1 = {vp, vy :p=41+2,q=2[,6 <p<r—-2,2<qg<s—1},5 ={vp,vy:p=
4143, =2l+1,7<p<r—1,3 < q<s5-2}, 53 ={vy,vs : p=8l+0o0r 8l+1or8+7,7<
p<r—3} Ss={vp,v1 :p=8l+3o0r8l+4o0r8+511<p<r—3} S5 ={vg,v,:
q=20,4<q<s-3}, Se={v3,v5:¢q=20+1,3<gq<s—4}U{v,,v1 : p = 1,5},
S7 = {va, v : ¢ = 5,5 =2} U{v3,v5-1}, Sz = {vr—1,v5 : 2 < ¢ < s =2} U{v,—2,05-1},
So ={vr—1,v4:3 < q<s—1} U{v,_av2}.

Then S — S1USUS3US USsUSgUS7USs if s =814 3,

S1USUS3US USsUSgUS7USy if s=8147,

clearly S is a TCCD-set of C, x Cs and hence vyrco(Cr x Cs) <

s =3+ (s—2)2([g))+

N (IR if =843,
)] s—=3+(s—2)(lg) + 1)+
2([51-2)+3 if r=8l+T7.

Assume a TCCD-set D C C,. x C; exists of cardinality

s =3+ (s—2)2(g))+

2(l5] —3)+5 if r=80+3,
s—=3+(s—=2)(l5) + 1)+

2([5] —2)+2 ifr=8014+7,

at most d =



1778 TWMS J. APP. ENG. MATH. V.15, N.7, 2025

whose subgraph induced (D) is not either triple connected or certified. Then we have

s =3+ (s—2)2([g])+

) 2(l5]—-3)+6 if r=8l+3,
rrec(Crx Gy 2d+1 =9 7% (o 9y (1) + 1)+
2([5]—2)+3 if r=8l+1T1.
Hence the result follows. ]

4. CONCLUSIONS

In this paper, following the exploration of triple connected certified domination, we

obtained the general findings regarding the strong product involving cycles and paths. A
comparison between the strong product of two paths, two cycles, and paths with cycles
will be presented in forthcoming articles.

Acknowledgement. The author extends gratitude to all the reviewers for their valuable
feedback, which helped shape this article.
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