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ESTIMATES OF TOEPLITZ DETERMINANTS FOR CERTAIN
SUBCLASSES OF BI-UNIVALENT FUNCTION RELATED TO
MODIFIED SIGMOID FUNCTION

S. P. VIJAYALAKSHMIY*, SREE RITHIKA J.2, §

ABSTRACT. The current comprehensive study aimed to determine upper bounds of
Toeplitz determinants for some subclasses of bi-univalent functions. A function f € A
is said to be bi-univalent in A if both f and f~! are univalent in A. Modified sigmoid
function play an important role in Geometric function theory and in this paper we derive
the Sharp coefficient estimates, Fekete-Szego inequality, second and third order Toeplitz
determinants, for the subclasses S;(S), C»(S) of bi-univalent Sakaguchi type functions
associated with the modified sigmoid function.
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1. INTRODUCTION

Let A be the class of functions of the form
f(z) = z+Zanz", (1)
n=2

which are analytic in the open unit disk A := {z € C : |z| < 1} normalized by the
conditions f(0) = 0 and f/(0) = 1 also let S denote the subclass of all functions in
A which are univalent in A (see [5] for details). It is well known that every univalent
function f has an inverse f~! satisfying

fYUf(z) =2 (2€A) and
FUEHw) = w, (Jw] < ro(f),ro(f) > 1/4).

! Department of Mathematics, Dwaraka Doss Goverdhan Doss Vaishnav College, Chennai, India
e-mail: vijishreekanth@gmail.com; ORCID no. 0000-0003-3978-6760.

2 Research Scholar, Department of Mathematics, Ethiraj College for Women, Chennai, India
e-mail: rithujh26@gmail.com; ORCID no. 0009-0001-3738-9684.

* Corresponding author.

§ Manuscript received: May 25, 2024; accepted: August 21, 2025.
TWMS Journal of Applied and Engineering Mathematics, Vol.15, No.7; (©) Isik University, Depart-
ment of Mathematics, 2025; all rights reserved.

1864



S. P. VIJAYALAKSHMI, S. RITHIKA J.: ESTIMATES OF TOEPLITZ DETERMINANT ... 1865

The inverse function may have an analytic continuation to A, with

FH(w) = w — agw? + (243 — az)w?®

—(5a3 — bagaz + ag)w* + -+ . (2)

A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A.
Let ¥ denote the class of bi-univalent functions defined in the unit disk A.

Lewin [13] studied the class ¥ of bi-univalent functions and derived the bound for the
second coefficient. Lewin [13] also established that |az| < 1.51. Further, Brannan and
Clunie conjectured [4] that |as| < v/2.

Examples of bi-univalent functions are

1+ 2z
1—=z2

z
1—2’

1
5109 , —log(1l —2).

(See also [22]). However the familiar Koebe function ﬁ and its rotations are not

1

members of 3.

An analytic function f is subordinate to an analytic function g, written f(z) < g(z) [5],
provided there is an analytic function w defined on A with w(0) = 0 and |w(z)| < 1
satisfying f(z) = g(w(z)). Several authors have investigated similar problems in this
direction (see [3, 15]). Srivastava et al. [22] introduced and studied subclasses of bi-
univalent functions and obtained bounds for the initial coefficients. Bounds for the initial
coefficients of several classes of functions were also investigated in [1, 2, 17, 20, 21]. In
the univalent function theory, an extensive focus has been given to estimate the bounds
of Hankel matrices.

Pommerenke [18] defined the ¢ Hankel determinant for ¢ > 1 and n > 1 by

Qn an+1 " Qpig—1
. an+1 e o oe e a]n+q
Hy(n) =] """ e P
an+g—1 Qn+q " QAn42g-2

(a1 = 1)

In particular the second Hankel determinant is given by

as as

Hy(2) = a5 ay

One can easily observe that Fekete-Szegd inequality is Ha(1). Many Researchers have
obtained the upper bounds for the second Hankel determinant (see for details [7],[8],[10],
[11], [16], [24]).

The Hankel determinants are more closely related to the Toeplitz determinants. One
way to conceptualise a Toeplitz determinant is as a “upside-down” Hankel determinant,
in which Hankel determinant have constant entries along the reverse diagonal, whereas
Toeplitz matrices have constant entries along the diagonal.

Thomas and Halim [23] defined the symmetric Toeplitz determinant Tj(n) as follows:

(0799 an+1 .- an4q—1
Gn+41 an, s Gn4q

Tq(”) =

n4q—1 Qn4q - Gn
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In particular,

o 1 as a3
T2 =] B, Ty1)=|a 1 a
a3 a2 ag as 1

A comprehensive overview of the various uses of Toeplitz matrices in pure and applied
mathematics can be found in [25] . Many researchers have focussed on finding estimates
for second and third order Toeplitz determinants [6, 9].

One may comprehend the significance of the modified sigmoid function from [12]. Geomet-
ric function theory relies heavily on special functions. Activation function is an example
of a special function. In a neural network, the activation function serves as a squashing
function, ensuring that a neuron’s output falls between predetermined values (typically, 0
and 1 or -1 and 1). Piecewise-linear, sigmoid, and threshold functions are the three differ-
ent forms of activation functions. The sigmoid function is the most often used activation
function in artificial neural network hardware implementations. The sigmoid function,
g9(z) = H% is useful because it is differentiable, which is important for the weight-
learning algorithms. The sigmoid function will increase the size of the hypothesis space
that the network can represent. Neural networks can be used for complex learning tasks.
The sigmoid function has very important properties,

e It outputs real numbers between 0 and 1.

e It maps a very large input domain to a small range of outputs.
e It never loses information because it is a one-to- one function.
e It increases monotonically.

The normalized form of modified sigmoid function is given by G(z) = H% for all
z € A. In this paper we investigate the coefficient inequality, Toeplitz determinants and
Fekete-Szego inequality for the the subclasses S, C, of sakaguchi type function defined in
modified sigmoid function.

2. PRELIMINARIES

Let P denote the class of all functions p(z) given by
o
p(z) =1+ az', (z€A) (3)
i=1

such that R{p(z)} > 0 and p(0) = 1.
Lemma 2.1. [5] Let p € P. Then

lek| <2,k=1,2,3--- (4)
and the inequality is sharp.

Lemma 2.2. [14] Let p € P of the form (1.2). Then there exist some &, ( € C with
€] <1, [¢] £1, such that

200 = ci + (4 = )8,
des =3 4+ 2016(4—2) — (4 — )y &
+2(4 = )1 - [¢[)C

Definition 2.1. [19] Denote by S§ the subclass of A consisting of functions given by (1)
and satisfying
zf'(z)

ey

>0, z € A.
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These functions introduced by Sakaguchi are called functions starlike with respect to
symmetric points, and for a function f € A the above inequality is a necessary and
sufficient condition for f to be univalent and starlike with respect to symmetrical points
in A (see [19, Theorem 1]).

Definition 2.2. A function f given by (1) is said to be in the class Sk(S) if the following
subordination hold:

221'(2) 2
) = f(=2) =< = for z € A
and
2ug'(w) 2 for w € A,

g(w) —g(-w) 14e™
where the function g is given by

g(w) = w — agw? + (2a3 — az)w?

— (5a3 — 5agag + ag)w* + - - . (5)
Definition 2.3. A function f given by (1) is said to be in the class Cy(S) if the following
subordination hold:
2z f' ! 2
1)

(F) = f(=2)) 1+e-= for z € A

and
(2wg'(w))’ 2
(9(w) —g(=w))  1+e™

where the function g is given by (5).

for w € A.

Remark 2.1. We shall illustrate with an example that the aforementioned classes SE(.S),
Cy(S) are non empty.

(1) Taking f1(z) =z +az?, a € C, then
22f1(2)

" hz) — fi(~2)
=1+42za, z€A.

D,(2)

For the wvalues of z = 0.9¢", a = 0.2 it is clear from the Figure 1 that
O, (A) CG(z) = and hence the class SE(S) is non empty.

(2) Taking f1(z) = z + az?, a € C, then

(22/1(2))’
(f1(2) = fi(=2))
=144za, z€A.

U, (z) =

For the values of z = 0.9, a = 0.01 it is clear from the Figure 2 that

V. (A) CG(z) = H% and hence the class C,(S) is non empty.
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FIGURE 1. The image of FiGUuRE 2. The imfige of
®,(z), (blue colour) is con- \I/f(z) '(blue colour) is con-
tained in G(2)(red colour) tained in G(z)(red colour)

3. COEFFICIENT ESTIMATES
In this section let us derive the coefficient estimates for the subclasses S¥(S) and C,(5).

Theorem 3.1. If f € SX(S) is given by (1), then

1

lag| < o5 (6)
5

ool < @

The inequalities are sharp.

Proof: Let f € S#(S) and g = f~!. Then there are analytic functions u,v : A — A,
with ©(0) = v(0) = 0, satisfying

2
o = ) ®)
and
2ug'(w) oo
s = (o) )
where 5
Qb(u(z)) = 1+ o—u(2)
and
Bo(w) =
Define the functions p; and po by
14 u(z)

p1(z) =1+cz+e2?+--

1 —u(z)
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and

= Y 1 bzt b2+
v

or, equivalently,

1 2
= clz+<02—c21)22+~-> (10)

and

)

Then p; and ps are analytic in A with p;(0) = 1 = p2(0). Since u,v : A — A, the
functions p; and py have positive real part in A, and |b;| < 2 and |¢;| < 2. In view of (8),
(10) clearly

2 .1 11, ,
Tren T garT g2 59)”
1, 1 1\ 4
_Z z 12
+ (19201 N 403) 2%+ (12)
and from (9), (11), we have

2 1 1 1,5\
71—!—67”(“’) —1+4b1w+ <4b2 8b1>w
1, 1 1 ;
OB~ Tboby 4 —b 1
+<192b1 4b21+43>w+ 5 (3)
while
22f'(z) 2
" =14 2a9z + 2a3z
f(z) = f(=2)
+ 223(2a4 — agaz) + - - (14)
2wg' (w) 2 2
———F——— =1 —2asw + 2(2a5 — az)w
o) — g(—w) (2 =)
+ 2a5(2a3 — az)w® + - -- (15)
From (12), (13), (14) and (15), we have
c
as = gl, (16)
1 1
as §02 - TGC%’ (17)
b
as = —gl, (18)
b b?
23 —as = — — L. (19)
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From (16) and (18), we have ¢; = —b; and

1
2a3 = @(c% +b7). (20)
Using (17), (19) and (20) we obtain
1 1
2a% = g(bQ + 02) - E(b% + C%)
1
= é<b2 + 02) — Sa%
ba +c
2 2 2
= 21
as 0 ’ ( )
Using (4) together with triangle inequality, it follows that
o] < =
a —.
This inequality is best possible for the function given by (8) and (9) with u(z) = 2% and
v(w) = w?.
By subtracting (19) from (17), and using further computations leads to
ca—b
a3 =224 a3 (22)

16
from (20), we get
A+b  co—by
a3 = ;
128 16
Using triangle inequality and (4), we obtain

ol < =
a —.
7= 16
The inequality is best possible for the function given by (8) and (9) with u(z) = z and
v(w) = w.
Theorem 3.2. If f € C,(S) is given by (1), then
1
lag| < —=

2v/19’

The inequalities are sharp.

Proof: Let f € C,(S) and g = f~1.
Then there are analytic functions u,v : A — A,
with u(0) = v(0) = 0, satisfying

EefE)Y
() — fmy ~ ) (23)
e (2ug/(w))
wg' (w
() —g(w)y ~ ) (24
where 5
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and

Simple computation yields,

(221'(2)'

= asz az2
(o) — f(—a)y | ezt 0o

+ 423 (4a4 — 3azaz) + - - (25)

(2wg'(w))’
(9(w) = g(~w))

=1 — dasw + 6(2a3 — az)w?

+ 28(7a3 — 6agaz + as)w + -+ . (26)
From (12), (13), (25) and (26), we have
1
- 2
az = T (27)
1 1,
=y — P
as 2462 4801’ (28)
by
=1 2
a2 167 ( 9)
by b2
2% — a3 = 2 — L.
a3 — a3 = 50— 1o (30)
From (27) and (29), we have ¢; = —b; and
1
2a3 = %(c% +b7). (31)
Using (28), (30) and (31) we obtain
1 1
203 = ﬂ(l@ +c2) — ZS(b% +¢i)
ba +c
2 2 2
= 2
Qs 304 ’ (3 )
Using (4) together with triangle inequality, it follows that
2= 91y

The inequality is best possible for the function given by (23) and (24) with u(z) = 22 and
v(w) = w?. By subtracting (30) from (28), and using further computations leads to

Cy — b2
T a3 (33)

Using triangle inequality and (4), we get

The inequality is best possible for the function given by (23) and (24) with u(z) = z and
v(w) = w.

Remark 3.1. Brannan and Clunie’s conjecture [4] are verified for the subclasses Sk(S)
and C,(S5).
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4. FEKETE SZEGO INEQUALITY

The Fekete Szego inequality for the subclasses Sk (S) and C,(S) will be determined in
this section.

Theorem 4.1. Let the function f(z) given by (1) be in the class Si(S). Then
1 - 1
1 A 1
TRV R AL (34)
Alg(M, - iflg(N)| = 5
where A € R and g(\) = %.
Proof: From (22) for A € R, we have

—b
as — Aa2 = 0216 2 1 (1-N)a. (35)
By substituting (21) in (35), we get
— by by + 2
—Aad =2 1- A
asz — \a; 16 + ( ) 20 (36)
1
= <g1 (A) + 16> c2 (37)
(- =) (33)
g1 16 )"
where g1(\) = 12
Taking modulus,
, 1 1
|ag — Aa3| < 9()\)+§ + Q(A)—g ; (39)
where g(\) = %. Thus we conclude that,
1 if la(\ 1
as—dagi < {1 <
AlgN), iffg(N)] = 5 -

In similar lines, we can state the theorem for the class C,(S) as follows:

Theorem 4.2. Let the function f(z) given by (1) be in the class C5(S). Then

a5 — A2 < { i Ih(V)] < 35
ARV, i) = 5y

where A € R and h(\) = %

5. SECOND AND THIRD ORDER TOEPLITZ DETERMINANTS

In this section we find the second and third order Toeplitz determinants for the classes
S(S) and Cy(9).

Theorem 5.1. Let the function f(z) given by (1) be in the class SE(S). Then
T>(2)| < 0.1476,
|T5(1)| < 1.1781.
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Proof:
If f € S is of the form (1) then

IT3(1)| = |1 — 2a3 + 2a3a3 — a3

Applying triangle inequality, we get

< 1+ 2[a3| + |ag||az — 243]

Using (6) , (7) and (34), we have

1
T5(1)] <14+ —+ —
< 1.1781.
and
T2(2)| = |a3 — a3
< |a3| + |a3]|
< 0.1476.

In similar lines we can state the next theorem as follows:
Theorem 5.2. Let the function f(z) given by (1) be in the class C,(S). Then
|T2(2)| < 0.0229

T5(1)] < 1.0345.

Remark 5.1. The determination of the sharp estimates for the second and third order
Toeplitz determinants for the subclasses SE(S) and C,(S) remain to be explored.

6. CONCLUSIONS

Artificial neurons have been activated using a broad range of sigmoid functions, such
as the logistic and hyperbolic tangent functions. In statistics, sigmoid curves are also
frequently used as cumulative distribution functions (that is, functions that range from 0
to 1), such as the logistic density integral, normal density integral, Student’s t probability
density functions and in this paper we made a connections with some subclasses of ana-
lytic functions. The current study dealt with the upper bounds of Toeplitz determinants
of symmetric functions and we obtained the Sharp coefficient estimates, Fekete-Szego6 in-
equality, second and third order Toeplitz determinants, for the subclasses S%(S), C,(.S) of
bi-univalent functions associated with the modified sigmoid function. We anticipate great
applications of these findings in the domains of mathematics, engineering, science, and
technology, we also motivate further research into the determination of sharp estimates of
second and third-order Toeplitz determinants for these subclasses.

Acknowledgement. The authors wish to express their sincere appreciation to the review-
ers for their invaluable and insightful feedback, which significantly enhanced the quality
of the manuscript’s presentation.



1874

(1]

TWMS J. APP. ENG. MATH. V.15, N.7, 2025

REFERENCES

Ali, R. M., Ravichandran, V. and Seenivasagan, N., (2007), Coefficient bounds for p-valent functions,
Appl. Math. Comput.,187, no. 1, pp. 35—46.

Ali, R. M., Lee, S. K., Ravichandran, V. and Supramaniam, S., (2009), The Fekete-Szego coefficient
functional for transforms of analytic functions, Bull. Iranian Math. Soc., 35, no. 2, pp. 119-142.
Brannan, D. A., Clunie, J. and Kirwan, W. E., (1970), Coefficient estimates for a class of star-like
functions, Canad. J. Math., 22, pp. 476-485.

Brannan, D. A. and Clunie, J. G., (1980), Aspects of Contemporary Complex Analysis, Academic
Press, London.

Duren, P. L., (1983), Univalent Functions, Grundlehren der Mathematischen Wissenschaften, 259,
Springer, New York.

Firoz Ali, M. D., Thomas, D. K., Vasudevarao, A., (2018), Toeplitz Determinants whose elements are
the coefficients of Analytic and Univalent functions, Bull. Aust. Math. Soc., pp. 1-12.

Janteng, A., Halim, S. A. and Darus, M., (2007), Hankel determinant for starlike and convex functions,
Int. J. Math. Anal. (Ruse) 1, No. 13, pp. 619-625.

Janteng, A., Halim, S. A. and Darus, M., (2006), Hankel determinant for functions starlike and convex
with respect to symmetric points, Journal of Quality Measurement and Analysis 2 (1), pp. 37-43.
Jha, A. K. and Sahoo, P., (2022), Upper bounds of Toeplitz determinants for a subclass of alpha-
close-to-convex functions, Creat. Math, Inform, Volume 31, pp. 81— 90.

Juma, A. R. S., Ali Al-Fayadh, Vijayalakshmi, S. P. and Sudharsan, T. V., (2022), Upper bound on
the third hankel determinant for the class of Univalent functions using an Integral operator, Afrika
Matematika, pp. 33-56.

Kanas, S., Adegani, E. A., Zireh, A., (2017), An unified approach to second Hankel determinant of
bi-subordinate functions, Mediterr. J.Math .(14)(6), pp. 1-12.

Khan, M. G., Ahmad, B., Muraugusundaramoorthy, G., Chinram, R., Mashwani, W.K., (2020),
Applications of modified sigmoid functions to a class of starlike functions, Journal of Function Spaces,
Hindawi, Volume 2020, Article ID 8844814, ,8 pages.

Lewin, M., (1967), On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc. 18,
pp- 63-68.

Libera, R. J. and Zlotkiewicz, E. J., (1983), Coeflicient bounds for the inverse of a function with
derivative in P, Proc. Amer. Math. Soc. 87, No. 2, pp. 251-257.

Netanyahu, E., (1969), The minimal distance of the image boundary from the origin and the second
coefficient of a univalent function in |z| < 1, Arch. Rational Mech. Anal., 32, pp. 100-112.

Noonan, J. W. and Thomas, D. K., (1976), On the second Hankel determinant of areally mean
p-valent functions, Trans. Amer. Math. Soc. 223, pp. 337-346.

Orhan, H., Murugusundaramoorthy, G. and Caglar, M., (2022), The Fekete-szegd problems for sub-
class of bi-univalent functions associated with sigmoid function, Facta Universitatis(NIS) Ser. Math.
Inform. Vol. 37, No 3, 495-506.

Ch. Pommerenke, (1966), On the coefficients and Hankel determinants of univalent functions, J.
London Math. Soc. 41, pp. 111-122.

Sakaguchi, K., (1959), On a certain univalent mapping, J. Math. Soc. Japan, 11, pp. 72-75.
Shanmugam, T. N., Ramachandran, C. and Ravichandran, V., (2006), Fekete-Szeg6 problem for
subclasses of starlike functions with respect to symmetric points, Bull. Korean Math. Soc., 43 ,no. 3,
pp. 589-598.

Sivasubramanian, S., Sivakumar, R., Kanas, S., Seong - A Kim, (2015), Verification of Brannan and
Clunie’s Conjecture for certain subclasses of bi-univalent functions, Annales Polonici Mathematici
113.3 , pp.295— 304.

Srivastava, H. M., Mishra, A. K. and Gochhayat, P., (2010), Certain subclasses of analytic and bi-
univalent functions, Appl. Math. Lett., 23 | no. 10, pp. 1188-1192.

Thomas, D. K., Halim, S. A., (2017), Toeplitz matrices whose elements are the coefficients of starlike
and close-to-convex functions. Bull. Malays. Math. Sci. Soc. 40(4) , pp. 1781-1790.

Vijayalakshmi, S. P., Sudharsan, T. V., Breaz, D. and Subramanian, K. G., (2017), Bounds on the
third order Hankel determinant for certain subclasses of analytic functions, An. Stiint. Univ. “Ovidius”
Constanta Ser. Mat. 25, No. 3, pp. 199-214.

Ye. K. and Lim, L. H., (2016), Every matrix is a product of Toeplitz matrices, Foundations of Com-
putational Mathematics., 16, No.3, pp. 577-598.



S. P. VIJAYALAKSHMI, S. RITHIKA J.: ESTIMATES OF TOEPLITZ DETERMINANT ... 1875

S. P. Vijayalakshmi is working as an assistant professor in the Department of
Mathematics, Dwaraka Doss Goverdhan Doss Vaishnav College, Chennai, India. She
has published research papers in univalent and bi-univalent functions. She obtained
her Ph.D degree from Bharathiar University, Coimbatore, India. She is specialized in
the field of geometric function theory.

Sree Rithika J. has completed her Post graduation from Ethiraj College, Chennai,
India. Her research interests includes complex analysis, differential equations.




