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FUZZIFIED BISECTION METHOD TO FIND THE ROOT OF AN
ALGEBRAIC EQUATION USING n—POLYGONAL FUZZY NUMBERS

K. N. VABLE '*, P. G. JADHAV?, S. B. GAIKWAD!, §

ABSTRACT. In this paper, we introduce a fuzzified bisection method to find the root of
an algebraic equation using n-polygonal fuzzy numbers. We present a new approach for
finding the root of an algebraic equation with the n-polygonal fuzzy number. To solve
the given algebraic equation, we consider a fuzzy interval, and the method iteratively re-
duces the interval containing the fuzzy root by evaluating the value of a function at each
midpoint. We continue this process until the desired level of approximation is achieved.
The fuzzified bisection method has broad applications in engineering, economics, and
decision-making. The results demonstrate that the method provides a flexible and effec-
tive way to find root.

Keywords: Triangular fuzzy number, Trapezoidal fuzzy number, n-Polygonal fuzzy number
(n-PFN), Bisection method, Fuzzy membership function, Arithmetic operations on
n-PFN, a - cut.
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1. INTRODUCTION

In the real world, due to uncertainty, complexity may arise in the form of ambiguity. To
handle such uncertainty and ambiguity, fuzzy logic and fuzzy numbers have been used as
effective tools. Fuzzy logic was introduced by Prof. Lotfi A. Zadeh. in conjunction with
the proposal of fuzzy set theory. Fuzzy logic is applied by many researchers to various
fields. A value that lies in the expected range is defined by the quantitative limits and
described in non-specific categories. With the help of fuzzy theory, many researchers have
investigated lots of methods of numerical analysis.

Hazarika and Bora introduced a fuzzification of bisection method using triangular fuzzy
numbers [3] in 2015. Kalyani Vable et al. introduced a fuzzified bisection method to
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find the root of an algebraic equation using TrFNs [5]. An approach for computing the
product of various fuzzy numbers using « cut was proposed by Hassanzadeh et al. [7] in
2012. Mahmoud Alrefaei et al. solved the fully fuzzy transportation problem with n-PFN
[6] in 2021. Gang Sun et al. developed a convergence and gradient algorithm for a class
of neural networks based on the polygonal fuzzy number representation [4] in 2022.

The well-known bisection method is used for finding the root of an algebraic equation.
It bisects the crisp interval, and the solution is iteratively reached by narrowing down
the values. However, when dealing with fuzzy intervals, the traditional bisection method
becomes inadequate.

The fuzzy bisection method using n-polygonal fuzzy numbers extends the applicability
of the bisection method to situations where input data is fuzzy. The fuzzy bisection
method is used to fuzzify the crisp intervals and the arithmetic operations involved in the
bisection process. Instead of crisp intervals, fuzzy intervals are defined using n-polygonal
fuzzy numbers, and the fuzzy outputs generated during the iterative process are defuzzified
to obtain crisp solutions.

In this paper, we use n-PFNs to fuzzify the bisection method to obtain the root of an
algebraic equation. This paper is organized as Section I is for the introduction. Section II
and Section III are devoted to some preliminary concepts. Sections IV, V, and VI include
methodology, convergence analysis, and stopping conditions, respectively. Sections VII
and VIII are for some numerical examples and algorithms, respectively. The conclusion is
in the ninth section.

Novelty: There are several methods to find the root of an algebraic equation, such
as the false position method, secant method, Newton-Raphson method, classical bisection
method, etc. The proposed method uses a fuzzy interval with n-polygonal fuzzy numbers,
and it takes fewer iterations to obtain the desired result than the classical bisection method.
The proposed technique is therefore more efficient than the classical bisection method.

2. PRELIMINARIES

Here, we will state some basic definitions and results related to trapezoidal fuzzy num-
bers (TrFNs) and n-polygonal fuzzy numbers (n-PFNs) in fuzzy theory.

Definition 1. [1] Let X be a universal set. Then, the fuzzy subset P of X is defined
by its membership function pg: X — [0,1] which assign to each element v € X a real
number pg(x) in the interval [0,1], where the function value of up () represents the grade

of membership of x in P. A fuzzy set P is written as

P={(z, pp(x)), € X, pp(x)€[0,1]}.

Definition 2. [1] A fuzzy set P, defined on the universal set of real number R, is said to
be a fuzzy number if its membership function has the following characteristics:
(i) P is convez i.e.,
pp (Br1+ (1= B)xa) > min(up(r1), pp(r2)), Vo1, 22 € R, VB € [0,1].
(ii) P is normal, i.e., 3 xg € R such that pp(zo) = 1.
(iii) pp is piecewise continuous.

Definition 3. [8] A fuzzy number P = (p1,pa, ps3) is a triangular fuzzy number (TFN) in
the general form if its membership function is as follows :
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pp () =

r—p1
p2—p1’

p3—zx
p3—p2’

0,

p1 <z < pa
p2 < x < p3

otherwise

Definition 4. [1] A fuzzy number P = (p1,p2, ps, pa) is a TrFN in the general form if its
membership function is as follows :

pp(r) =

0,

T—p1
p2—p1’

L,

ps—x
pa—p3’

0,

x < p1

p1<x <p2
p2 <x <p3
P3 <& < P4

T > P4

Definition 5. [6] An n-polygonal fuzzy number (n-PFN), P is fuzzy number with a mem-
bership function of the type :

np () =

n

L,

n

0,

;1[ T—
qi+1—9q;

1 —Di ; S
7[1711173}—’—%7 pi ngpi+la7‘_0717"'7n_1

y2

Pn <2 < Qo
G|t g <x<gy1,i=0,1,...,n—1

otherwise

which can be represented by its knots: (po,p1,02,"** »Pn, Q0 q1,92, " ** 5 Gn)-

3. ARITHMETIC OPERATIONS ON n— POLYGONAL FUZZY NUMBERS.

[1]7 [4] Let P - (p07p17p27"' yPnyq0,41,42, *** >Qn) and

R = (TO)T17T27' ne

T, S0, 81,52, ,Sp) be any two n - PFNs then the corresponding

operations are defines as follows:

(1) Addition :

P+R: (p07p17p27'” yPnyq0,41,42, - 7Q7L) + (7"0,7"1,7'2,"' yTny S0y, 51,52, " 7Sn)

= (po + 70,01 + 71,02+ 72, ,Pn+Tn,q0 + S0,q1 + S1,G2 + 52, qn + Sn)

(2) Subtraction :

P—-R= (p07p17p27'” yPn>q0,91,42, 7Qn) - (TQ,T’l,TQ,"‘ y T'ny S0y 51,52, - 7877,)

= (po —

SnyP1 — Sn—15""" yPn — 80,490 — Tn,q1 —Tn—-1,""" ,qn —7“0)

(3) Multiplication :

P.R= (p07p17p27'” yPn>4q0,41,42, - 7Qn)‘(7“077"1)7"27"‘ s TnyS0,S51,52, " )Sn)

where

= (607017627”' 7C'rl7d07d17d27"' 7d7l)

¢i = man(p;.ri, Di-Sn—i, dn—i-Ti, Gn—i-Sn—i)

dp—i = max(p;.ri, Pi-Sn—is qn—i-Tis qn—i-Sn—i)
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(4) Scalar Multiplication :

b P — (k.po,k.p1,-- k.pn,k.qo, - ,k.Qn-1,k.qn), k >0
. (k‘an k'Qﬂ—la Tty k‘QOa kpnv e 7k'p17 k‘p0)7 k < 0

(5) Sign of n - PFN :
The sign of n - PFN P = (Po, P1,P2,** yPny Q05 91,92, ,qn) can be classified
as follows:
(a) P is positive iff Vp;, g > 0
(b) P is negative iff ¥p;, ¢; < 0
(¢) P is zero iff Vp;,q; =0
(d) P is near zero iff pg < 0 < ¢,

(6) a - cut of n - PFN :
Let P = (p07plap27"' yPn,4q0,41,42, - 7Qn) be n — PFN.

[P]* = [(pi+1 — pi)(na — i) + pi, ¢; — (n(a — 1) +0)(qir1 — )]
is a « - cut set of n - PFN.

Definition 6. Defuzzification : [8] The fundamental reason is the indirect comparison
of fuzzy numbers. The comparison over fuzzy sets has no universal consensus over several
literatures. The fuzzy numbers have to be mapped initially to real values that can be com-
pared for computing the magnitude values. The real value assignment over a fuzzy set is
called the defuzzification process. The computation may take several forms; however, the
standard form is the usage of the centroid rule. The computation of the defuzzification
process requires integrating the membership function over the fuzzy sets. This improves
the effect over direct computation of the centroid rule with center of gravity that describes
the fuzzy quantity. The defuzzification over trapezoid or triangular fuzzy numbers using
median is evaluated at the risk rate.

Proposition 1. For the trapezoid fuzzy number P = (po,P1,90,q1), by the bisection
of area , the median Mp = w ,only if , p1 < Mp < qo

Remark: For the triangular fuzzy number P = (po, P1,DP1,40), we have median of

- 2
P s My — P21t q0) o + )

4. METHODOLOGY

[3],[5] Let us consider a continuous function G(x) = 0 which changes sign over an in-
terval (P, R), where P and R are n - PFNs. i.e. P = (po,p1,02, s Prs 05 1,42 -+ +Gn)
and R = (rg,71,72, - ,Tn,50,51,52, - ,5n). Then the roots of G(z) = 0 lying between
P and R. The fuzzy membership function (f.m.f) of P and R are as follows respectively,
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1 —Pi i S
E[%]—’_%u pigwgpi-i-hz_[)?lv"'vn_l
L, Pn <2 < qo

nple) =9 B .
T[M}—’—Ta Qi§$SQi+172:O>17--->n—1
0, otherwise
1 —Ti ] -
7[1"1211%]4_%’ r<x<r4,t=01..,n—-1
17 n S xr S S0

pR(ZE) - =17 _z—s; n—i ;
T[SiJrl*Si] n SinSSH—le:Ovla'“vn_l
0, otherwise

with respect to « - cut as

[P]* = [(pir1 — pi)(n —7) 4+ pi, s — (n(a = 1) +9) (qip1 — @)
[R]* = [(rig1 — i) (nov — §) + 14,8 — (n(a — 1) + 1) (si41 — 50)]
As a first approximation, the root G(z) = 0 is
p + R (p07p17p27 5y Pn,q0,91,42, " 7Qn) + (T07 r1,72,  ,Tn,580,51,52, 7Sn)

E Ty T 2

Let us consider, £og = (200, Zo1, " * > Tons Y00, Y01, ** » Yon)

The f.m.f of xg is

17 w—x0; i ) ' . -
E[m]+ﬁ7 xOZSxSwo(lJrl),Z—O,l,...,n 1
L, Zon <z < Yoo
(1) =
W, (2) Loy |4 n—i < <y i—=0.1 n—1
7 YYo(i+1) —Yoi n o Yoi =T = Yo(i+1)t = U Ly
0, otherwise

with respect to « - cut as
[Z0]® = [(zo@ig1) — oi) (N — ) + @oi, yoi — (o — 1) +9) (Yo(iv1) — Yoi)]

Suppose G (]5) and G (2p) are of opposite signs then the root lies between P and 7o while
if G(7p) and G(R) are of opposite signs then the root lies between 7y and R. Suppose
G(7y) < 0 then the root lies between 2y and R.

Then the second approximation is,

" Zo+ R (%00, o1, s Ton, Y00, Y1, »Yon) + (10, 71,72, ,Tn, 50, 51,52, , 5n)
1 pr— pu—

2 2
Let us consider, £1 = (210,11, ** » T1n, Y10, Y11, ** » Yin)

The f.m.f of z7 is
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1 T—T14 ) X L
g[m“‘%y 1 ST < ®yGq1),t=0,1,..,n—1
1, T1n <2 < Y10
() =
P-ac1(> ;1[ T—Y14 ]+L—i < < . 1=0.1 n—1
n Ly1iq) YL n Y1i > = yl(z+1)a — Yy Ly ey
0, otherwise

with respect to « - cut as
[71]% = [(xl(Hl) —x13)(na — 1) + 214, 915 — (o — 1) + i)(y1(i+1) — y1i)]
and so on. We repeat above steps until the value of function at z is either near zero or

equals to zero, where & € (P, Q).

5. CONVERGENCE ANALYSIS

Theorem 1. [2] Let f be a continuous on the closed interval [a,b] and suppose that
f(a).f(b) < 0. The bisection method generates a sequence of approximation {p,} which
converges to a root p € (a,b) with the property

b—a
2n
Proof: [2] Since the quantity b — a is constant and 27" — 0 as n — oo, establishing
the error bound will be sufficient to prove convergence of the bisection method sequence.
By construction of the bisection algorithm, for each n,p € (ay,b,) and p, is taken as the

midpoint of (ap,by). This implies that p, can differ from p by no more than half the
length of (ay, by,); that is,

Ipn — p| <

|pn _p‘ S %(bn - an)-
However, again by construction,

bn — ap = %(bn—l - an—l) = %(bn—Q - an—2) == 277,%1(1)1 - CL1).

Recalling that by = b and a; = a and combining the last two equations produces the
desired error bound

6. STOPPING CONDITION

[2] Let € be a specified convergence tolerance for any root finding technique, there are
three primary measures of convergence with which to construct the stopping condition.
These are

(1) The absolute error in the location of the root.
Terminate the iteration when |p, — p| < e.
(2) The relative error in the location of root.
Terminate the iteration when |p, — p| < €|py|.
(3) The test for a root.
Terminate the iteration when |f(py)| < e.

There is no general rule of thumb for selecting one stopping condition over another,
and it is worth noting that none of these conditions works well in all cases. This result
was stated by the author Brian Bradie in 2007. From the proof of the bisection method
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convergence theorem, we know that,

bh—
|pn _p| g ( 2na)'
(bn—an)

We can therefore terminate the bisection method when o < e

7. NUMERICAL EXAMPLES

Let us consider an algebraic equation G(z) = 2% + 22 — 3z — 3

First we solve this example for n = 1-PFN.

Choose a fuzzy interval (a,b) = (P, R) where f(P) and f(R) have opposite signs.

Let P = (po, p1, qo, q1) = (1.6025, 1.6035, 1.6045, 1.6055) and

R = (ro,71, 50, 51) = (2.1025,2.1035, 2.1045, 2.1055)

The function G(z) changes sign over an interval (P, R). Here G(P) < 0 and G(R) > 0.
The root of G(2) = 0 lying between P and R. The fuzzy membership function (f.m.f)

of P and R are as follows respectively,

T—p —1.6025
[ po <2 <pi, ([T5825 ] 1.6025 < = < 1.6035,
1, <z < qo, 1, 1.6035 < z < 1.6045,
hp(r) = [z <z< - [8085—z ] 16045 < x < 1.6055
q—qlb >T=4d, T.6055—1.6045)7 - szs L 5
0, otherwise 0, otherwise
—2.1025
(5 iz, 21025 <z < 2.1035,
1, 2.1035 < x < 2.1045,
np(z) =
2.1055—
[2105572.1]645]’ 2.1045 < = < 2.1055,
0, otherwise

with respect to « - cut

[P]* = [(1.6035 — 1.6025)cr + 1.6025, 1.6055 — (1.6055 — 1.6045)c]

[R]a = [(2.1035 — 2.1025)cx 4 2.1025,2.1055 — (2.1055 — 2.1045)]
Then the first approximation is

P+R

g =

= (1.8525,1.8535, 1.8545, 1.8555)
Now f.m.f of 2 is

(i85 -], 1.8525 < z < 1.8535,

1, 1.8535 < z < 1.8545,

By () =
’ (k8500 ] 1.8545 < x < 1.8555,

0, otherwise
with respect to « - cut

[50]® = [(1.8535 — 1.8525)c + 1.8525,1.8555 — (1.8555 — 1.8545)q]
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G(79) = G(1.8525,1.8535,1.8545, 1.8555) > 0, so root lies between P and 2. Then the
second approximation is,
P+ 1y
2

xr1 =

= (1.7275,1.7285,1.7295,1.7305)

Now f.m.f of 77 is

—1.7275

1, 1.7285 < x < 1.7295,

Py (.CC) =

[0z ], 1.7295 < z < 1.7305,

0, otherwise
with respect to a - cut

[£1]* = [(1.7285 — 1.7275)a + 1.7275,1.7305 — (1.73055 — 1.7295)q]

G(z1) = G(1.7275,1.7285,1.7295,1.7305) < 0, so root lies between #; and #p. Then
the third approximation is,

1+ To
2

To = = (1.79,1.791,1.792,1.793)

Now f.m.f of Z5 is

({5270, 179 <a < 1791,
1 1.791 <z < 1.792,
pfz(x) =

[2ot8=2 ], 1.792 < 2 < 1.793,

L 0, otherwise
with respect to « - cut

[£2]® = [(1.791 — 1.79)a + 1.79, 1.793 — (1.793 — 1.792)a]
G(22) = G(1.79,1.791,1.792,1.793) > 0, so root lies between #; and #3. Then the
fourth approximation is,
1+ 22
2

T3 = = (1.75875,1.75975,1.76075, 1.76175)

Now f.m.f of &3 is
([ T8 ], 1.75875 < o < 1.75975,
1, 1.75975 < x < 1.76075,

) = [allToe 1 1.76075 < < 1.76175
1.76175—1.76075 1" : =4 =+ ;

0, otherwise
with respect to « - cut

(5] = [(1.75975 — 1.75875)cv + 1.75875, 1.76175 — (1.76175 — 1.76075)a]
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G(23) = G(1.75875,1.75975,1.76075,1.76175) > 0, so root lies between 77 and 3.
Then the fifth approximation is,
. T1+T3

Ty = 5 = (1.743125,1.744125,1.745125,1.746125)

Now f.m.f of 24 is

—1.743125
( [imieirgms ), 1743125 < o < 1.744125,

1, 1.744125 < x < 1.745125,

By (*73) -

[t ], 1.745125 < o < 1.746125,

L 0, otherwise
with respect to « - cut

[24]% = [(1.744125 — 1.743125) + 1.743125,1.746125 — (1.746125 — 1.745125)q]

G(z4) = G(1.743125,1.744125,1.745125,1.746125) > 0, so root lies between x7 and 2.
Then the sixth approximation is,
. Tty

T5 = 5 = (1.7353125,1.7363125, 1.7373125, 1.7383125)

Now f.m.f of &5 is

o ], 7358125 < 0 < 17363125,

1, 1.7363125 < z < 1.7373125,
pfs(x) =

1.7383125—
[1.738312571.73%125]’ 17373125 < » < 1.7383125,

0, otherwise
with respect to « - cut

[£5)* = [(1.7363125 — 1.7353125)c + 1.7353125, 1.7383125 — (1.7383125 — 1.7373125)0)

G(75) = G(1.7353125,1.7363125, 1.7373125, 1.7383125) > 0, so root lies between 27 and
5. Then the seventh approximation is,
. X1+ 75
T = 5 = (1.73140625, 1.73240625, 1.73340625, 1.73440625)

Now f.m.f of %4 is

] 17510625 < o < 173240625

1, 1.73240625 < x < 1.73340625,
N () =

1.73440625—
[1.7344062571.733:20625]’ 173340625 < 2 < 1.73440625,

L O, otherwise
with respect to a - cut

6] = [(1.73240625—1.73140625) -+ 1.73140625, 1.73440625— (1.73440625—1.73340625)a]
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G(76) = G(1.73140625, 1.73240625, 1.73340625, 1.73440625) is near 0, so root of
G(x) = 0 is (1.73140625,1.73240625, 1.73340625, 1.73440625). Now by Defuzzification
method, the defuzzified value is 1.73290625.

.". The crisp root is 1.73290625.

Now for n=2-PFN which is either a pentagonal fuzzy number or hexagonal fuzzy number
we find the root of above equation .
First we consider for pentagonal fuzzy number.

Let p - (anplaP%QDaQLQQ)a here P2 = qo-
Qonsider P = (1.6025,1.6035, 1.6045, 1.6055, 1.6065) and

R = (r0,71,72, 50, 51, 52), here 1y = s then R = (2.1025,2.1035, 2.1045, 2.1055, 2.1065)
The function G(z) changes sign over an interval (P, R). Here G(P) < 0 and G(R) > 0.

The root of G(z) = 0 lying between P and R. The fuzzy membership function (f.m.f)
of P and R are as follows respectively,

%[ﬁ]—k%, pi <2 < pit1,1=0,1.
(z) 1 p2 <z < qo,

;;[Qiilglqi}—’—%? ¢ <x<qgpy1,i=0,1.
0, otherwise

%[;1;;)0]’ po <z <p;

%[%]"1'%7 p1 <z <p

1’ P2 <z < q0

np(z) =

S[EL]+1, g<r<q

SEL 4+, <<

0, otherwise

by using proposed method we get the root in two iterations and the fuzzy root is (1.7275,

1.7285, 1.7295, 1.7305,1.7315). Now by the defuzzification, crisp root is 1.7295.

Now we consider hexagonal fu~zzy number.

Let P = (po, p1,P2, 90, q1,92), R = (10,71, 72, S0, 51, 52)

Consider P = (1.6025,1.6035, 1.6045, 1.6055, 1.6065, 1.6075) and

R = (2.1025,2.1035,2.1045, 2.1055, 2.1065, 2.1075)

The function G(z) changes sign over an interval (P, R). Here G(P) < 0 and G(R) > 0.
Continue the procedure in same manner, we get fuzzy root in two iteration which is
(1.7275, 1.7285, 1.7295, 1.7305,1.7315, 1.7325) and the crisp root is 1.73.

In particular, when n = 1, the 1-PFN degenerates into a trapezoid fuzzy number or
triangular fuzzy number. For an n-PFN (n > 2), if its membership function image is
regarded as the superposition of n small trapezoids or triangles, then the n-PFN can be
seen as a generalization of trapezoid fuzzy numbers or triangular fuzzy numbers [4]. This
result was stated by the author Gang Sun in 2022.

From the above table, we observed that, for n-polygonal fuzzy numbers, the complexity
increases with the number of vertices, n. More vertices generally mean a more complex
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TABLE 1. Fuzzified bisection method using n-PFNs
n-PFN No. of iterations | Crisp root Error

1-PFEN (trapezoidal) 6 1.73290625 8.55442X10~%
2-PFN (pentagonal) 2 1.7295 2.550807X103
2-PFN (hexagonal) 2 1.73 2.050807X10~3
3-PFN (heptagonal) 2 1.7305 1.550807X 1073

3-PFN (octagonal) 2 1.7301 1.050807X1073
4-PFN (nonagonal) 2 1.7315 5.508075X 107
4-PFN (decagonal) 2 1.732 5.080756X10~°
5-PFN (dodecagonal) 16 1.732057423 | 6.61543112X10°°

Step 1 :

Hi(x)

21025 21030 21035 21040 21045 21050 21055
10 ‘
08
06
K
S
04 =
02
00| Mt H
160 165 170 175 180
x

(A) 1-PFEN (trapezoidal)

6 2.107

0 1

(B) 2-PFN (pentagonal).

(¢) 2-PFN (hexagonal).

6 2107 2.108

Hi(X)

(D) 3-PFN (heptagonal).
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FiGURE 1. Graphical representation of a solution

Step 3 : Bisect the interval. g =
Step 4 : Compute the function f(zp) to determine the function value at midpoint.
Step 5 : Determine the new interval. Depending on the sign of f(z,) :

8. ALGORITHM

P+R
ot

e if f(z,) has the same sign as f(P), set a; = 4o and b; = R.

2111

fuzzy number representation, probably leading to a slower convergence rate for the bi-
section method. In general, as n increases, it may need more iterations to achieve the
accuracy. But there is no specific value of n that decides when to stop; it is determined
based on the specific problem and required accuracy.

The traditional bisection method takes 18" iterations, whereas the fuzzified bisection
method with n-PFNs requires fewer iterations. So the proposed method is more effective.

2 Define a function, f(z) = 0. Choose a fuzzy interval [a,b] = [P, R] where
f(P) and f(R) have opposite signs.
Step 2 : Initialize the interval. Set ag = P and by = R as boundaries of initial interval.
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e if f(z,) has the same sign as f(R), set a; = P and b; = .

Step 6 : Check convergence. if f(,) is close to zero then stop the iteration otherwise,
proceed to the next step.

Step 7 : Repeat steps 3 to 6 using the new interval [a, b1] until the convergence criteria
are met.

Step 8 : Defuzzification: once the iteration stops that is, when we get fuzzy root of an
equation then we apply defuzzification (centroid, median etc.) and we get crisp root of
the function f(x) with in the given tolerance.

9. CONCLUSION

In this paper, we discuss a fuzzified bisection method using n-polygonal fuzzy num-
bers. To find the root of an algebraic equation, we use the fuzzified bisection method
with n-polygonal fuzzy numbers. We conclude that, for n-polygonal fuzzy numbers, the
complexity increases with n. More vertices mean a more complex fuzzy number represen-
tation, which leads to a slower convergence rate for the bisection method. In general, as n
increases in n-PFNs, it may need more iterations to achieve the exact solution. The roots
obtained by using both methods—the fuzzified bisection with n polygonal fuzzy numbers
and the classical bisection—are nearly the same. However, by comparing the roots ob-
tained from both methods, it was shown that the fuzzified bisection method produces the
root more rapidly than the classical bisection method.
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