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A STUDY ON BI-PARAMETRIC POTENTIALS: INVERSION
FORMULAS UTILIZING WAVELET-LIKE TRANSFORMATIONS IN
WEIGHTED LEBESGUE SPACES

G. YILDIZY*, R. KAHRAMAN! S. BAYRAKCI', §

ABSTRACT. We introduce a new family of wavelet-like transforms based on bi-parametric
semigroups associated with the Laplace-Bessel differential operator. Using these trans-
forms, we obtain new inversion formulas for bi-parametric potentials in the framework
of weighted Lebesgue spaces.
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1. INTRODUCTION

The classical Bessel potentials, an important integral operator in Fourier harmonic
analysis associated with the Laplace differential operator, are defined in terms of the
Fourier transform by

(T%) (@) = 1+ |2) () @), (z €R", 0<a < o).

These potentials are interpreted as negative fractional powers of “the strictly positive”
differential operator (I — A), (A is the Laplacian and I is the identity operator) that is,

T = (I —A0)"p.

Moreover Bessel potentials have the following convulution-type integral representation:

(T%0)(x) = / do W) o (@ —y)dy, o€Ly(RY), (1<p<oo)
J
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%| |a ”/2K(a w2 ([yl) and K, (z) is known as
McDonald function ([9]). An interesting modification of the classical Bessel potentials ap-
pears in Fourier-Bessel harmonic analysis, which is associated with the Bessel or Laplace-
Bessel differential operators. The study of different versions of these differential opera-
tors in Fourier-Bessel harmonic analysis began with Delsarte and was further developed
by researchers such as Levitan, Kipriyanov, Lyakhov, Trimeche, Gadjiev, Aliev, Guliev,
Hasanov, Bayrakci, Sezer, Yildiz, Kahraman, and others ([4, 5, 6, 11, 12, 13, 16, 19, 21]).

One of the important problems concerning the Bessel potentials (in Fourier or Fourier-
Bessel harmonic analysis) is obtaining an explicit inversion formula. The hypersingular
integral technique, a very powerful tool for the inversion of potentials, was introduced
and studied by Stein, Lizorkin, Wheeden, Samko, Rubin, Aliev,([2, 14, 18, 20, 22]), and
references therein. An alternative approach to this problem has been introduced and
developed by Rubin. One should also mention the papers by Aliev and Rubin [3].

In this paper, a family of the bi-parametric potentials BO‘ (0 < a,f < o0) that
generalize the Bessel and the modified Bessel potentials assomated with the Laplace-Bessel
differential operator

N n
9 2w+1 0 d?
AB‘Z<axz+ em)* 2 g > M k=LoN) ()

X
k=1 k k=N+1 "k

where the kernel g, (y) =

are introduced. These potentials are defined in terms of the Fourier-Bessel transform

F, (B gp)(x) = (1+[a?) /P F,(¢)(x), (0<a,B <o)
and may be interpreted as negative fractional powers of order (—a/f) of the fractional
differential operator I + (—Ag)” /2. that is, formally

Boap = (I+ (—ABW?)_W ¢

The rest of the paper is organized as follows: Section 2 provides necessary definitions
and auxiliary facts. Here, we introduce the concept of a bi-parametric semigroup and dis-
cuss its properties. Section3 defines bi-parametric potentials and wavelet-like transforms,
presenting the explicit inversion formulas for these potentials.

2. PRELIMINARIES

Let
N4 = {x = (2',2") eR", 2/ eRY, 2" e R"™N, 21,20, - ,xn > 0}

and define v = (v1,v9,- -+ ,vy) such that vy, > —1/2for k=1,--- N and |v| =vi + 12+
-+ vy. For a measurable £ C Ry +»

|E|, = / (x')ZVH dx; (:L'/)2V+1 dr = x%l’lﬂ .- -a:%jNdel cooday,
E
is the Lebesgue measure. Let E (z,7) = {y € R} , : [x — y[ < r}, denote the ball of radius

r > 0 centered at z € R} |, and let S (]R’X, +> represent the space of functions that are
restrictions to RY, , of the Schwartz test functions on R"™ which are even in the variables
L1, ,IN-
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The weighted Lebesgue space of L, ,, (1 < p < co) Lebesgue measurable functions is
defined by

1

Ly = Ly (Riy) =3 £+ 1l = / F@P (@) dr | <o

where (/) dz = 22 x?\?Ndel e dXy,.
Let TY denote the generalized translation operator associated with the Laplace-Bessel
differential operator Apg, which acts according to the law

+1 1"
rt H\fl“wz/;mt / /f w)g, " =) b 0)

1/2
where (':Clv y,)9:<(ﬂ31, y1)91 I (xNv yN)gN) ) (xkv yk‘)ak:(x% - 21’kyk COoSs ‘916 + y]%) / ) k=
1,...,N, and

k
2" — 1y = (Tha1 — Ykats o Tn — Yn), d, (0) = l_Isian’i+1 0; do;.
i=1
It is known (see e.g. [15]) that
HTnypl/—Hf||pl/7 (1§p§00, yER%ﬁ»)
(2)
HTyf_f”p,y_)()? |y‘—>07 (1§p§oo)
In (2), we identify Lo, with Cy = C’O(R"M ), the space of continuous functions vanishing
at infinity.
The relevant Fourier-Bessel transform and its inverse are defined on S (R?V +) by

—i(z" Yy 2 +1
= / fy)e Hjuk zeyr) (v)7 dy,
R ¢

FH(S) (@) = conn (B f) (2, —2")

where (2", y") = xn11YN+1 + - + TpYn. Also

N
v, = [(2m)" N 22 TT T2 () (3)
k=1

and
Jo () = 20 (p+ 1) £, (1), jp(0) =1, p> —1/2, 0 <t < oo (4)
is the spherical Bessel function.

The generalized convolution operator is defined on S (R?V +) by

(fog) /f ) (TV) () () dy, = € RY,,

which satisfies the following Young s inequality:

1 1 1
I ® Vlly < el Wl 1 <Par oo - 4o =41,
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and F, (f ®g) = (F,f) (Fvg) -

We will now derive the Abel-Poisson and Gauss-Weierstrass kernel generated by the
generalized translation operator associated with the Laplace-Bessel differential operator
Ap, as defined in (1). These kernels are defined as the Fourier-Bessel transformation of

the functions e~ ¥ and e~t¥*, where y € RR; | respectively. Namely, by considering the
formula

75 = — i 752/4Z
ﬁ/ \/ge dz (see [20], p.6)
0

and Fubini’s theorem, for z € R% | we have

_ iz y") 20+1
F, (6 ‘y|> (z) = / e Hjuk k) ()" dy

N+
oo
1 e 4 o " 2u+1
= 7r/ /z /42, | e Hjuk Tk Yk) ) dy
Ry, LO
1 Ooe_ N
= ﬁ/ H/ “w/4 v (TkYK) Y, ey, | x
0 k=17

n

X H /eyz/“emky’“dyk dz.

k=N-+1}

Taking into account (4) and the following formulas (see [9]):

/Ay —i 2
/e v/ Azem Y gy — 2\ /rze

R
and
/y”+1e_ty2Jl, (By) dy = QtB”H 5 /4. Ret >0, Rev > —1,
J (21
we get

winer 1 D (jy] + 2524

F, (e—ly\) (2) = (Jamn) 2Mre T ( 2>|V|+N+n+1
|z i

where ¢, , v is defined by (3). Also, by using the equality
—2|v|-N—-n x
B, (f (0w) (@) = A2, (£ ) () A >0,

we have

n+N+41
_1 2‘”'+ 2

_ N+4+n+1 t
E,(e tly\) (z) = (1/Cy,n7N) 7\/% T (]V] + 5 > o N
2

12
<t2 ¥ |x|2>
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By taking into account the last equality, we define the Abel-Poisson kernel generated
by the generalized translation operator:

glvl+ =5 N+n+1 t
1) = ML NG
pst) = it (M ) s O

It is easy to see that the following properties holds:
i) F,(p, (1) (z)=etl 2 ¢ Ry, ¢ >0;
i) fpy (501, =15
iii) py (z;t+s) = py (x;t) @ p, (x;s) (semigroup property).
Similarly the Gauss-Weierstrass kernel generated by the generalized translation operator
is defined by

ntN+2lv| _n-nN =2

gy (x5t) = \fCon N2 2 t 2 e # ,t>0, € ]RRH_. (6)

Furthermore, F), (g, (-;t)) (z) = e‘t|x|2, lgv (z;t)[l;,, = 1 and semigroup property obtained
easily.

Definition 2.1. Bi-parametric kernels w(ﬁ) (z;t), = € RNJr, 0<t<oo,0<f <
generated by generalized translation operator are defined by

_ _ B8 /3 // // 2 +1
WP (a38) = B, (e ) (@) = cauy / ~th Ha,,k o) (o) dy.
R?IA—

It can be seen that w} (]a;\ t) = py (|z|;t) is the Abel-Poisson kernel for § = 1 defined
in (5) and wy @ (|z];t) = gv (|z|;t) is the Gauss-Weierstrass kernel for § = 2 defined in
(6). The main properties of the bi-parametric kernels are given by the following theorem.

Theorem 2.1. a) Let z e Ry ,, 0 <t <00,0<p <o0. Then
w®) ( ABg At) = A~ C@MEn+N)/B,(B) (4 4)

and for A\ =1/t
W) () = ¢~ CVIF+N)/B,,(8) (fl/ﬁx; 1) _ (7)

b)For 0<p<2
wP (z:t) >0, x € Ry +
c) If B =2k, (k € N) then
wP) (z5t) € S (RY ).

d)

~1. (8)

[« o],

provided that 0 < 8 <2 or =2k, (k€ N).

Proof. a) By changing of the variable: y = N/Bz, dy = X/Bdz we have

B B 7" // 2v+1
Uh(/ﬁ) (Al/ﬁZE,)\t) = Cyn,N / € NI iy Hjl/k )@kyk) (y/) ' dy
RY + =

)\*(2|V\+n+N)/ﬁwl(jB) (1) .
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b)For the cases § = 1 and § = 2, the positivity of w,(jB ) (z;t) follows immediately

from (5) and (6). Let now 0 < 8 < 2. According to the Bernstein’s theorem (see [7],
chapter18, see also [8], p.223) there is a non-negative finite measure p15 on [0, 00) so that
s ([0,00)) = 1 and

[e.e]

e~ = /e_gzduﬁ (&), z€]0,00).
0

Let z be replace by t2/7 |y|? in order to derive

o

e~ thl” — /e—tQ/fBéyIZd,uB €). (9)
0
Hence, owing to (6), we obtain
) @t) = B () @ =Bt e () ) @
0

_ntN+42y| _n=N n-N =l=®,—2/8

00
= \/Cu,n,N2 2 tﬁ/er 4¢
0

dus (§) > 0.

c)Since F), is an automorphizm of the space S (R}"{,ﬁr) and e~ 1?1 ¢ § (R}"{,ﬁr) then its

follows that w'" (x;t) € S (R%7+>

d) Let 8 = 2k, k € N. Since e e g (R?{,ﬂr) that is, ! (e‘t|y|2k) (x) = wi (|| ;t) €

Ly, (R’](, +) , then wl(,%) (|| ;t) is infinitely smooth and rapidly decreasing on RY ;- So

B, (w (Jz|5)) = e~ ™,
Setting x = (0,---,0), we have

w) (x| ;) ($/)2V+1 dx = 1.
R+
Now, let 0 < 8 < 2. By applying (9) and Fubini’s theorem, we have

wf?) (jal;8) ()2 do =

N,+
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_ / / ,t|y|ﬁ oy ijc (2rur) 2u+1dy (x/)2V+1dx
R% +
_ / 2 // // 14 v
= / / /6 2 B£|y| d B H]Vk xkyk 2 +1 dy (13/)2 +1d$
R+ IRY 4+ N\O
00 N
_42/B o "o X 2v+41 v
— / / / ot el il y >ijk (zkyr) (¥) Ty (/)2 dz | dug (€)
0 [ri, \ei, k=1
= [ | [ (i) @ | dus (€)= [ dna©) =1
0 Nt 0

0

Definition 2.2. The bi-parametric semigroups (integral) generated by the generalized
translation operator are define by

1@ = (P 0es)= [ o W@ )" e o
RY,

It is not difficult to verify that this convolution-type integral satisfies the semigroup
property by using the Fourier-Bessel transform:

Wi0,7 = WD, 1

The following theorem presents some properties of the bi-parametric semigroups defined
n (10).
Theorem 2.2. Let f € L, , (R%#) , 1<p<oo,B8=2k, keNor0<p <2 Then
a)

|wids| | <e® s, (12)
where ¢ (8) = ‘wy (x, 1)‘ (/) da.

o
b)
lim (WF) @) = f (@)

where the limit is understood in the L,-norm or pointwise for almost all x € Ry 4 - In
case of f € Cyp, the convergence uniform.

c)
sup |(WD'1) (@)] < e (M f) (2) (13)
t>0
where M, f is the modified Hardy-Littlewood mazimal operator
1 2v+1
_ y /

E(0,r)
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which is strong-(Ly,, Lp,), (1 < p < 00) and weak-(L1,, L1 ,), (see [10]).
d)

sup wav)@wgf”%fwdumy,1gp<m.

z€R?Y. bt
N,+

Proof. a) By using generalized Minkowski inequality, and taking into account (2) we have
1
p

b S / ‘w,(jﬁ)(!y\;t)‘ / |Tyf(x>‘p (x/)21/+1 d (y/)2y+1 dy
RY +

A

Jwi's|

n

N+
2v+1 1 1
= sup [TYf],, / ‘wﬁﬁ)(ly!;t)‘(y’) Ty, (set y=17z, dy=1t7dz)

Rn
yeRY | ol
_ntN+2lv| n 2v[+N
= sup [[TYf],,¢ Fotet / ’w,(jﬁ)ﬂz];l)‘ (Z/)2u+1 d=
YyeERY o
N+
< <(8) £,

b) By applying the generalized Minkowski inequality and using the equality (8), we obtain
for f € Lp,, 1 <p<oothat

|wids=s] < [ [wl ol 0| irs - £l 00 ay
7 Ry +
= [ [l et o
Ry + "

Now, by taking into account (2) we have Hthl/ﬁzf - fH <2|fll,, and
Y ’

lim+ TPy =0, (1 <p<o0)([15]). Then, Lebesgue-dominanted convergence
a—0 D,V
theorem yields

lim Wy@f—f’ —0, 1<p< oo

a—0t ’ P,V

Here Lo, = Cp and in this case convergence is uniform.
c) In the article by Aliev and Bayrakei [1], utilizing Theorem 2.1, if ¢ € L;, has a
decreasing, positive, and radial majorant ¢ (|x|) that satisfies

W (Jz]) (@) Hdw < oo,
RY +
then for every f € L, , <R’]{,,+> , (1< p<o0)and ge(z) = e~ MHNF2D(2) we obtain

i;llgl(% ® @) < (19l (Mo f)(). (14)

By setting ¥ (|z|) = wgﬂ)(\x\; 1), € =t/ in the last equation and taking into account the
equations (7), (14) we derive

sup (W,S?f) (UU)‘ <c(M,f)(x)

t>0
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where

c= / ‘wl(,ﬂ)(|x|; 1)‘ (") < .
Ry +

d) By using the Hoélder inequality, we obtain

1 1
swp |(WiPr) @) = [l Goer| <0l [ul? dalin] s o=
xe 71’(,’_‘_ oo,V sV
(1), _nEN+2ly| _ntN+2|y|
2T Wy [ (0 = et

3. MAIN DEFINITIONS AND THEOREMS
The main definitions and corresponding results are presented in this section

Definition 3.1. The bi-parametric potentials generated by the generalized translation op-
erator associated with Laplace-Bessel differential operator Apg are defined by
oo

1 d
Baf(e) = sz [ € W @ F (15)
0

where the operators {Wsﬁt)f} . are bi-parametric semigroups, defined in (10).
) t>

Bi-parametric potentials B j are interpreted as the fractional powers of order (—a/f3)

of the fractional differential operator ( I+ (-A B)ﬁ/ 2) , i.e. formally,

—a/B
Biof = (1+(=2p)") " f fe S (R ).

Note that these potentials coincide with the Bessel potentials for 5 = 1 and the modified
Bessel potentials 8 = 2 respectively, generated by the generalized translation operator,

(see [2]). The following theorem gives some basic properties of the bi-parametric potentials
By 5f defined in (15).

Theorem 3.1. Let 1 <p<oo and f € L, (Lo = Cp), 0<a, < co. Then
a)
185511, < ¢ (B) 11l

where c(B) =1 for0 < < 2.
b) Bi-parametric potentials BI‘Z 5 are an convolution-type operators. Namely,

F, (B2sf) (x) = <1+\x|ﬁ>_a/5Fy(f), fes(®Ry,). (16)

¢) The operator B,‘j‘ﬁ are an automorphism in S (R?\H_) .

d)For a fixred B > 0, the family {B,‘j‘ﬁ} - have the following semigroup property:
) o>

B = BB
where BB}B = F is the identity operator and f € Ly,,1 <p <00, 0 < ag,a < 00.
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Proof. a) By applying generalized Minkowski inequality and taking into account (12) we
have

8511, < W2 @] 7707 O/Oot“/ﬁletdt =W r@| | <e@ Il
b)By using Fubini’s theorem for f € S (]Rﬁ,’ +> we obtain
F, (Bsf) (z) = F(; 75 7#/“6 F, (W W) (@)t
g
- 7 fta/ﬂletm (wl? (i) © F W) (2) i
g
- o Zta/ﬁ—le—te—twlﬂ (Ff) () dt

= (1+6l) " mH@.

c) Since F, : S (RR, +) — S (Rﬁ, +> is an automorphism, then the statement easily follow
from (16).
d) The identity is obvious in Fourier-Bessel terms for functions f € S (R% +> . The general

L, ,-case is the consequence of the density of Schwartz space S < N +> O

Lemma 3.1. Let 1 <p < oo and f € Ly, (Lo = Cp), 0 < o, < 00. The operators

Baﬁ and W( ) are commutative:
WD = wDB,f.

Proof. The equality B /BWliﬂt)cp W(’B )Ba ».3p 1s straightforward for ¢ € 5 (R ) and
follows from using the Fourier-Bessel transform. The general case follows from the density
of the class S (RR,’JF) in Ly ,. O

We now define a wavelet-like transform generated by bi-parametric semigroups defined
n (10). This transform will be used for inversion of the bi-parametric potentials. The
wavelet-like transforms are a class of continuous wavelet transforms generated by two
components, namely, a kernel function and a wavelet. Both are in our disposal. These
transforms are known composite wavelet transform in literature and introduced by Aliev,

Rubin, [3].

Definition 3.2. Let p be a wavelet measure on [0,00), that is a finite Borel measure
on [0,00) and p{[0,00)} = 0. A wavelet transform generated by wavelet measure p and
bi-parametric semigroups is defined by

(42¢) @) = (@D g @)+ [ e (Wiko) (@) due (o (1)
0
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where Wéi)go, are the bi-parametric semigroups and x € ]R?V,Jr, 0<t<ooand

b

Jeau = [ ¢aus).

a [a,b)

It is easy to see that the wavelet transform .A,(f ) is well defined for p€Lp,,1<p<oo.
That is, by the generalized Minkowski inequality we have

[a@ec.o] < [e |wile| i@ < e lul el
’ O b
where ||u|| = [ d|u| (t) < oco. The following Lemma is of great importance for us which is
0

a special case of the Rubin Lemma in [17].

Lemma 3.2. (¢f. Lemma 1.3 from [17]) Let p be a finite signed Borel measure on [0, 00)
and

Ko ()=~ (1"7'0) (). (18)
where .
(1710) (5) = r(@1+1)/(8 —%du(t), (s>0, 6>0)
0

is the Riemann-Liouville fractional integral of order (6 4+ 1) of the measure p. Suppose that
u satisfies the following conditions:

/t”d\,u\ (t) < oo for some y > 0, (19)
1
/tjd,u (t)=0; 7=0,1,2,3,---,[0], (the integral part ). (20)
0
Then Ky (s) has decreasing integrable majorant and
00 L (=0) [ 2%du(z), if 9+1,2,3,--
o = /Kg (s)ds = o (21)
0 (—1)9+1%f291nzdu(z), if 0=1,2,3,--
0
In addition, if i = [ e ¥du(z) is the Laplace transform of p, then
0
Co, = /t‘l_eﬁ () dt. (22)
0

Remark 3.1. In particular case, when 0 < § < 1, the conditions (19), (20) and (21) have
the following simple form respectively:

o0 o0

/ £d || () < oo ; / du(t) =0; Cyp = /OOKG (s)ds = T (6) fs%m (s).
0 0

1 0
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Lemma 3.3. (see [9], No:3.238(3)) Let v > 1,0 < a, 3 < 0o. Then

v
o/f-1 afp-1,, _ T(a/B) 1.~  ap
1/t 0 = s -

The main result of the paper is the following theorem, where the inversion formula for
the bi-parametric potentials B¢ 3 generated by the generalized translation operator are

obtained by using the wavelet transform Aﬁ defined as in (17). It should be noted that
the proof of the theorem is based on general technique developed by Aliev and Rubin [3].
Theorem 3.2. Let .AB B > 0 be the wavelet transform and Bg‘ﬁ, a > 0 bi-parametric

potentials of the function f € Ly, (RN+), (1 <p<o0). Suppose that p is a finite Borel
measure on [0,00) satisfying the conditions (19) and (20). Then

7 dt d

t
—a B) ra —a «

/t /B(A< B Bf) (z, t)t—hm/t IPAPB 5 f) (2, 8) — - =Cf (23)

0
where C = C%,u is defined as (21)-(22). The limit is to be understood in the Ly,,

(1 < p < 00) norm or pointwise a.e. on Ry - If | € Co, then the convergence is uniform.

Proof. Let f € L,,. By using Lemma 3.1 we have

o [e.e]

(AP Bsr) (1) = / “WBS o f () dp (5) = / e Bl WS () dpu (s)
0 0
® 17 dh
2 e m/ﬁ)/ W Wil @)% | e o)
0

(11) 1 —s a -

0 0

By substituting h with h — st in the last equation, we get

(AP Bsr) (@,t) =

N r(ci/m/ et [ s et ) @) du)
0 st

_ 1 oo [/ oo - a/B-1 _hirr(8)

= F(a/ﬂ)o/ 0/(h st)y e Wl,ﬁhf(w)dh, dpi (s)

where

_ona/B-1 (h—st)P1  h—st>0
(h — st)% _{ 0 h—st<0 (- (24)
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Now, considering Fubini’s theorem, the definition in (24) for a given ¢ > 0, and then

taking into account Lemma 3.3 we have

oo

/ta/ﬁl (AgmBg‘,ﬂf) (2,t) dt

1

o0

B ; 0o Ooe*h (8) T —a/B—1 s a/B-1 s
- F(a/,@)/(/ Wyn £ ( )(/t (h = st)y dt) dh) du (s)

0

_ L
) F(a/ﬁ)o/ Wt (@)

)

o0

/Sa/ﬁ—l

soe/ﬁ—l

o\ S
>

o0

o0

_ 1 o hyy
= T{a/p) 0/ Wit (@)

oo

75hW /8)

/t_a/ﬁ_l ﬁ
S

)

a/f-1
- t) dt) du (s)) dh
+

h

a « h 06/6—1
/t_ﬁ_ <S—t> dt | du(s) | dh
6

(/B)

h
(/ e G

e o/B=1
O py | [sr| [ ( ) at | du(s) | dn

af
h_ 1) ﬂdp (s)) dh

h
_ 1 ey L= sys
- F(a/ﬂ+1)0/ W (@ (O/h du (s )) ah

o0

]

0

e MW £ (@) Koyp (h) dh

h
where K, /3 (h) = %W Of (h =

the approximation to the identity. Namely, taking into account the notation C' =

ZOKQ/B (h)dh (see (21), (22)) we got

o

/t—a/ﬁ—l (AEF)B,%f) (z,t) dt —

4

o0

= [ (WS @) = T @) Kags W) dh+ ] o

0

ot
[

o—0h 5)
WI/ 6h

l—e

(25)

s)% du (s) from (18). We will continue the technique of

Ca/ﬁyu =

(2) = f (@) Kayp (k) dh

Koy (h)dh.
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By using the generalized Minkowski inequality, we obtain for 1 < p < oo

o0

/ta/ﬁl (AP B2, (oyde — O
5 o
< /6_‘% HWV(?hf— fHW Koy (B)] dh + ||f||pyy/ (1 —e—5h) |Koy5 ()| dh.
0 0

Finally, the Lebesgue-domineted convergence theorem yields that

: ~a/8-1 (4PB ) (1) dt — _
lim / t (A# Byﬁ) (1) dt — Cf 0 (26)
§ v

where for Lo, = Cj the convergence is uniform.
Now let us prove the pointwise (a.e.) convergence in (23). From the following inequali-
ties
o o

—a/B— o (25) -
?5;118 /t /A1 (A/SB)BMB) (z,t)dt| = ?51;18 /e 5hWIE%)hf (7) Koy (h) dh

0
) i @
< sup| W7 @) [ |Kags ] dn < cO1,5) (@)
~ 0
it follows that the maximal operator
sup /t_o‘/ﬁ_l <A£6)83,5> (z,t)dt|, (z e Ry ,)
>0

is weak-(Ly ,, L1 ,) and strong-(Ly ., Ly,), 1 < p < co. Since the convergence in (26) is
pointwise (in fact uniformly) for any f € CoN Ly, (1 < p < 0o) and this class is dense in
Ly,,, (1 <p<o0), it follows that

i —a/B=1 ( 4(B)ga -
lim [ ¢ (APBs) (w,1) = CF ()
0
pointwise for a.e. x € R, |, (see [20], p.60). O
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