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THE SZEGED INDEX OF POWER GRAPH OF FINITE GROUPS

S. BANERJEE1∗, §

Abstract. The Szeged index of a graph is an invariant with several applications in
chemistry. The power graph of a finite group G is a graph having vertex set as G in
which two vertices u and v are adjacent if v = um or u = vn for some m,n ∈ N. In this
paper, we first obtain a formula for the Szeged index of the generalized join of graphs.
As an application, we obtain the Szeged index of the power graph of the finite cyclic
group Zn for any n > 2. We further obtain a relation between the Szeged index of the
power graph of Zn and the Szeged index of the power graph of the dihedral group Dn.
We also provide SAGE codes for evaluating the Szeged index of the power graph of Zn

and Dn at the end of this paper.

Keywords: Szeged index, generalized join, power graph, finite cyclic group, dihedral
group.
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1. Introduction

Throughout the paper, G will denote either a finite graph or a finite group, whichever
is applicable, and it will be clear from the context. Also, given a set A, the number of
elements in A is denoted by |A|.

In theoretical chemistry, topological indices are widely used to understand the physical
and chemical properties of chemical compounds. There exist many different types of
topological indices that aim to capture various aspects of the molecular graphs associated
with the molecules considered. The oldest and most thoroughly examined topological
index is the Wiener index (see [30, 24, 13] for some references). Another topological
index, the Szeged index, was introduced much later and extensively studied. We discuss
the Szeged index and its close association with the Wiener index in short below. Suppose
G is a finite, simple, and connected graph with vertex set V (G) and edge set E(G). The
number of vertices of G is denoted by |G|. If two vertices a and b are adjacent to each
other, we denote it by a ∼ b. Moreover, E(G) = {(a, b) : a, b ∈ V (G) with a ∼ b}. The
distance between two vertices a, b ∈ G, denoted by d(a, b), is defined to be the length of
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ment of Mathematics, 2025; all rights reserved.

2166



SUBARSHA BANERJEE: THE SZEGED INDEX OF POWER GRAPH OF FINITE GROUPS 2167

the shortest path from a to b. The Wiener index [26] of a connected graph G is defined
as follows:

W (G) =
1

2

∑
a,b∈V (G)

d(a, b). (1)

Suppose e ∈ E(G) is an edge between the vertices a and b of G. We first state the following
definitions: We define

n1(ab|G) = |{x ∈ G : d(x, a) < d(x, b)}|
n2(ab|G) = |{x ∈ G : d(x, b) < d(x, a)}|.

(2)

The two quantities described in Equation (2) were mentioned for the first time in [34]. For
a long time, it was known that the formula

W (G) =
∑

e(=ab)∈E(G)

n1(ab|G)n2(ab|G) (3)

holds for molecular graphs of alkanes. In [17], it was proved that Equation (3) holds for
all trees. Furthermore, in [28] it was shown that Equation (3) does not hold in general
(in particular for graphs containing cycles), and only holds for graphs whose each block is
a complete graph. Although the attempts to change the right-hand side of Equation (3)
to make it applicable to all connected graphs have been successfully made in [31, 32], the
resulting expressions were very confusing. In [29], it was suggested that the complications
arising with the generalization of Equation (3) to all connected graphs containing cycles
could be overcome by using the right–hand side of Equation (3) as the definition of a new
graph invariant. Consequently, the formula was extended to all graphs and it came to be
known as the Szeged index of a graph. The Szeged index of a connected graph G is defined
as follows:

Sz(G) =
∑

e(=ab)∈E(G)

n1(ab|G)n2(ab|G). (4)

The Szeged index has been considered from multiple viewpoints, see for example [25,
27] and the references therein for some literature on the same. The Szeged index is
closely related to the Wiener index, see for example the references [11, 16]. In [26], the
authors deduced the Szeged index of the Cartesian product of graphs. In [22], the authors
determined the Szeged index of join and composition of graphs. The Szeged index of
bridge graphs was determined in [21]. Some variants of the Szeged index namely the edge
PI index, edge Szeged index, edge-vertex Szeged index, vertex-edge Szeged index, and
revised edge Szeged index under the rooted product of graphs have been studied in [12].
Recently, the Szeged index of unicyclic graphs was studied in [6]. Motivated by the above
works, in this paper, we deduce the Szeged index of the generalized join of graphs.

The power graph [20] of a finite group G has vertex set as G, and two distinct vertices
u, v ∈ G are adjacent if u = vm or v = un for some m,n ∈ N. Topological indices of
graphs associated with algebraic structures have been studied in [4, 8, 10, 5, 1] recently.
Here, in this paper, as an application of our results, we have determined the Szeged index
of the power graph of certain finite groups, viz. the finite cyclic group Zn and the dihedral
group Dn.

The paper has been organized as follows: In Section 2, we describe the Szeged index
of the generalized join of graphs in terms of the Szeged index of the constituent graphs.
In Section 3.1, we find the Szeged index of the power graph of the finite cyclic group Zn.
In Section 3.2, we find the Szeged index of the power graph of the dihedral group Dn and
provide a relationship between the Szeged index of the power graph of Zn and Dn. In
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Section 4, we provide the SAGE codes for evaluating the Szeged index of the power graph
of the finite cyclic group Zn, and the dihedral group Dn.

2. Szeged Index of Generalized Join of Graphs

In this section, we deduce the Szeged index of the generalized join of graphs in terms of
the constituent graphs. Consider a family of n connected graphs Gi such that | Gi |= ni

for 1 ≤ i ≤ n. Assume that G is a graph such that | G |= n. The generalized join or the
G-join of graphs Gi is defined as the following:

Definition 2.1. [33, p. 15] Suppose G is a graph with vertex set V (G) = {1, 2, . . . , n}.
Suppose Gi be disjoint connected graphs of order ni with vertex sets V (Gi) for 1 ≤ i ≤ n.
The G-join of graphs G1, G2, . . . , Gn denoted by G = G[G1, G2, . . . , Gn] is formed by taking
the graphs Gi and any two vertices vi ∈ Gi and vj ∈ Gj are adjacent if i is adjacent to j
in G.

We now state the main result of this section.

Theorem 2.1. Consider G to be a graph with vertex set V (G) = {1, 2, . . . , n}. Assume
that Gi’s are disjoint connected graphs of order ni with vertex sets V (Gi) for 1 ≤ i ≤ n.
The Szeged index of G = G[G1, G2, . . . , Gn] is given as follows:

Sz(G) =
n∑

i=1

Sz(Gi) +
n∑

i,j=1
i<j,i∼j

[( n∑
k=1

k∼i,k≁j

|Gk| + 1

)( n∑
k=1

k≁i,k∼j

|Gk| + 1

)]
| Gi || Gj | .

Proof. Suppose ab ∈ E(G). Since ab is an edge in G, two possible cases may arise:

1. a ∈ Gi and b ∈ Gi for some i where 1 ≤ i ≤ n, or
2. a ∈ Gi and b ∈ Gj for some 1 ≤ i, j ≤ n such that i ∼ j in G.

Hence,

Sz(G) =
∑

e(=ab)∈E(G)

n(ab|G)

=
n∑

i=1

( ∑
e(=ab)∈E(G)

a,b∈Gi

n(ab|G)

)
+

∑
e(=ab)∈E(G)
a∈Gi,b∈Gj

i∼j

n(ab|G)

=

n∑
i=1

( ∑
e(=ab)∈E(G)

a,b∈Gi

n1(ab|G)n2(ab|G)

)
+

∑
e(=ab)∈E(G)
a∈Gi,b∈Gj

i∼j

n(ab|G)

(A)

We shall now evaluate each term of the summation given in Equation (A) in what follows.
We have,

n1(ab|G) = |{x ∈ G : d(x, a) < d(x, b)}|

= |
(
{x ∈ Gi : d(x, a) < d(x, b)} ∪ {x ∈ G \Gi : d(x, a) < d(x, b)}

)
|

= |{x ∈ Gi : d(x, a) < d(x, b)}| + |{x ∈ G \Gi : d(x, a) < d(x, b)}|
= n1(ab|Gi) + |{x ∈ G \Gi : d(x, a) < d(x, b)}|.

(*)

We note that since a, b ∈ Gi, then d(x, a) = d(x, b) for all x ∈ G \Gi. Hence we find that

{x ∈ G \Gi : d(x, a) < d(x, b)} = ∅
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Thus, we have,

|{x ∈ G \Gi : d(x, a) < d(x, b)}| = 0. (**)

Hence, using Equations (*) and (**), we find that for all 1 ≤ i ≤ n,

n1(ab|G) = n1(ab|Gi). (5)

Using similar arguments as above, we find that for all 1 ≤ i ≤ n,

n2(ab|G) = n2(ab|Gi). (6)

Hence we have,

n∑
i=1

( ∑
e(=ab)∈E(G)

a,b∈Gi

n1(ab|G)n2(ab|G)

)
=

n∑
i=1

n1(ab|Gi)n2(ab|Gi)

=
n∑

i=1

Sz(Gi).

(7)

We now evaluate the second term of the summation given in Equation (A).
We have, ∑

e(=ab)∈E(G)
a∈Gi,b∈Gj

i∼j

n(ab|G) =
∑

e(=ab)∈E(G)
a∈Gi,b∈Gj

i∼j

n1(ab|G)n2(ab|G)

Here a ∈ Gi, b ∈ Gj for some i, j with i ∼ j. Consider the set {x ∈ G : d(x, a) < d(x, b)}.
Suppose x ∈ V (G) satisfies the relation d(x, a) < d(x, b). Then one possibility is x = a.
Moreover, x /∈ Gi, as otherwise, since i ∼ j, x will be adjacent to b which would imply
d(x, b) = 1, which is false. Thus, x must belong to all those Gk such that i ∼ k, but j ≁ k
in G.

Thus,

n1(ab|G) = |{x ∈ G : d(x, a) < d(x, b)}|

=

n∑
k=1

k∼i,k≁j

| Gk | +1. (8)

Using similar arguments we obtain,

n2(ab|G) = |{x ∈ G : d(x, b) < d(x, a)}|

=
n∑

k=1
k≁i,k∼j

| Gk | +1. (9)

Using Equations (8) and (9) we obtain,

∑
e(=ab)∈E(G)
a∈Gi,b∈Gj

i∼j

n(ab|G) =

n∑
i,j=1

i<j,i∼j

[( n∑
k=1

k∼i,k≁j

|Gk| + 1

)( n∑
k=1

k≁i,k∼j

|Gk| + 1

)]
| Gi || Gj | .

(10)



2170 TWMS J. APP. ENG. MATH. V.15, N.9, 2025

Putting the values obtained from Equations (7) and (10) in Equation (A), we obtain

Sz(G) =
n∑

i=1

Sz(Gi) +
n∑

i,j=1
i<j,i∼j

[( n∑
k=1

k∼i,k≁j

|Gk| + 1

)( n∑
k=1

k≁i,k∼j

|Gk| + 1

)]
| Gi || Gj | .

This completes the proof. □

In the next section, as an application to Theorem 2.1, we calculate the Szeged index of
the power graph of the finite cyclic group Zn for n > 2. We also determine the Szeged
index of the power graph of the dihedral group Dn for n > 2.

3. Szeged Index of Power Graph of Finite Groups

The notion of directed power graph of a semigroup S was introduced by Kelarav and
Quinn in [23] as the digraph P(S) with vertex set S in which there is an arc from one
vertex u to another vertex v if v = um for some m ∈ N. Motivated by this, Chakrabarty
et al. in [20] defined the undirected power graph P(S) of a semi-group S as an undirected
graph whose vertex set is S and two distinct vertices u, v ∈ S are adjacent if u = vm

or v = un for some m,n ∈ N. In [20] it was further shown that P(G) is connected for
any finite group G, and it is complete if and only if G is a cyclic group of order 1 or pm

where p is a prime and m ∈ N. The power graph has received widespread attention from
researchers over the recent years. Cameron and Ghosh have shown in [18] that if two finite
abelian groups G1, G2 have isomorphic power graphs, then G1 and G2 are isomorphic to
each other. In [19] Cameron has proved that if two finite groups have isomorphic power
graphs, then they have the same number of elements of each order. The spectral properties
of power graphs of finite groups have been studied in [2, 3, 7, 9]. For more interesting
results on power graphs, the readers may refer to [15].

3.1. Szeged Index of Power Graph of Zn. In this section, we derive a formula for the
Szeged index of the power graph of Zn for any n > 2. Before getting into the details, we
first throw some light on the structure of P(Zn).

We shall denote the prime decomposition of n by n = pα1
1 pα2

2 · · · pαm
m , where p1 < p2 <

· · · < pm are primes arranged in increasing order and α′
is are positive integers. An element

d is said to be a proper divisor of n if d | n and d /∈ {1, n}. Given n ∈ N, the total number
of positive divisors of n is given as follows:

D′ = (α1 + 1)(α2 + 1) · · · (αm + 1).

The number of positive proper divisors of n is given as follows:

D = (α1 + 1)(α2 + 1) · · · (αm + 1) − 2. (11)

Suppose d1 < d2 < · · · < dD be the set of all positive proper divisors of n arranged in
increasing order.

Assume that G is a graph with vertex set V (G) = {1, d1, d2, . . . , dD}. Moreover, the
adjacency criterion in G is given as follows:
1 ∼ di for all 1 ≤ i ≤ D, and di ∼ dj if and only if di | dj . Using the above information,
we have the following result about the structure of P(Zn).

Theorem 3.1. [14, Theorem 2.2] If n > 2, then P(Zn) = G[Kℓ,Kφ(d1),Kφ(d2), . . . ,Kφ(dD)],
where d1, d2, . . . , dD form the set of all positive proper divisors of n, D is given by Equa-
tion (11) and ℓ = φ(n) + 1. Here, φ(n) denotes the Euler’s totient function, which counts
the positive integers up to a given integer n that are relatively prime to n.

We now use Theorems 2.1 and 3.1 to compute the Szeged index of P(Zn).



SUBARSHA BANERJEE: THE SZEGED INDEX OF POWER GRAPH OF FINITE GROUPS 2171

Theorem 3.2. If n > 2, then the Szeged index of P(Zn) is given as follows:

Sz(P(Zn)) =

(
ℓ

2

)
+

D∑
i=1

(
φ(di)

2

)
+

D∑
i=1

(
n− ℓ− φ(di) + 1

)
φ(di) × ℓ

+
D∑

i,j=1
i<j,di∼dj

[( D∑
k=1

dk∼di,dk≁dj

φ(dk) + 1

)( D∑
k=1

dk≁di,dk∼dj

φ(dk) + 1

)]
φ(di)φ(dj)

Proof. We note that Sz(Kℓ) =
(
ℓ
2

)
. Moreover, if di > 2, then Sz(Kφ(di)) =

(
φ(di)
2

)
for

1 ≤ i ≤ D.
We define S = {x ∈ Zn : gcd(x, n) = 1} ∪ {0}. Consider an edge e = ab of P(Zn) such

that a ∈ S and b /∈ S. Since the vertices of S are adjacent to every other vertex of P(Zn),
we observe that d(x, a) = 1 for all x ̸= a. Thus, d(x, a) > d(x, b) is true only when x = b.

Hence,

n2(ab|P(Zn)) = |{x : d(x, a) > d(x, b)}| = 1.

It follows that∑
e(=ab)∈E(P(Zn))

a∈S,b/∈S

n(ab|P(Zn)) =
∑

e(=ab)∈E(P(Zn))
a∈S,b/∈S

n1(ab|P(Zn))

=
∑

e(=ab)∈E(P(Zn))
a∈S,b/∈S

|{x : d(x, a) < d(x, b)}|.
(12)

Since b /∈ S, so b ∈ Kφ(di) for some 1 ≤ i ≤ D. In order for x to satisfy d(x, a) < d(x, b),
x must be a or x must be in Kϕ(dk) such that dk ≁ di.

Thus using Equation (12) we get,∑
e(=ab)∈E(P(Zn))

a∈S,b/∈S

n(ab|P(Zn)) =
D∑
i=1

[( D∑
k=1
dk≁di

φ(dk) + 1

)]
× ℓ× φ(di). (13)

Using Theorem 2.1 and Equation (13) we have

Sz(P(Zn)) =

(
ℓ

2

)
+

D∑
i=1

(
φ(di)

2

)
+

D∑
i=1

[( D∑
k=1
dk≁di

φ(dk) + 1

)]
× ℓ× φ(di)

+

D∑
i,j=1

i<j,di∼dj

[( D∑
k=1
dk∼di
dk≁dj

|Kφ(dk)| + 1

)( D∑
k=1
dk≁di
dk∼dj

|Kφ(dk)| + 1

)]
|Kφ(di)||Kφ(dj)|

=

(
ℓ

2

)
+

D∑
i=1

(
φ(di)

2

)
+

D∑
i=1

[( D∑
k=1
dk≁di

φ(dk) + 1

)]
× ℓ× φ(di)

+

n∑
i,j=1

i<j,di∼dj

[( n∑
k=1

dk∼di,dk≁dj

φ(dk) + 1

)( n∑
k=1

dk≁di,dk∼dj

φ(dk) + 1

)]
φ(di)φ(dj).

□
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We now use Theorem 3.2 to determine the Szeged index of P(Zn) for some specific
forms of n.

Proposition 3.1. If n = pm where p is a prime and m ∈ N, then Sz(P(Zn)) =
(
n
2

)
.

Proof. We know that if n = pm, then P(Zn) is a complete graph ([20]). Hence the result
follows. □

Proposition 3.2. If n = pq, where p, q are prime numbers with p < q, then

Sz(P(Zn)) =
ℓ(ℓ− 1)

2
+

(p− 1)(p− 2)

2
+

(q − 1)(q − 2)

2
+ ℓ(2pq − (p + q)).

Proof. If n = pq, then the positive proper divisors of n are p, q. Thus, d1 = p, d2 = q,
D = 2 and ℓ = φ(pq) + 1. Since p ∤ q, we note that d1 ≁ d2. Using Theorem 3.1 we find
that P(Zn) is the G-join of Kℓ,Kϕ(p),Kϕ(q) where G is shown in Figure 1.

p 1 q

Figure 1. G = P3 for P(Zpq)

Using Theorem 3.2 we have

Sz(P(Zpq)) =

(
ℓ

2

)
+

(
φ(p)

2

)
+

(
φ(q)

2

)
+

(
(φ(q) + 1) × ℓ× φ(p)

)
+

(
(φ(p) + 1) × ℓ× φ(q)

)
=

ℓ(ℓ− 1)

2
+

(p− 1)(p− 2)

2
+

(q − 1)(q − 2)

2
+ qℓ(p− 1) + pℓ(q − 1)

=
ℓ(ℓ− 1)

2
+

(p− 1)(p− 2)

2
+

(q − 1)(q − 2)

2
+ ℓ(2pq − (p + q)).

□

Proposition 3.3. If n = pq2, then the Szeged index of P(Zn) is given by

Sz(P(Zn)) =

(
ℓ

2

)
+

(
φ(p)

2

)
+

(
φ(q)

2

)
+

(
φ(q2)

2

)
+

(
φ(pq)

2

)
+ ℓ

(
2pq3 − 2pq2 + 3pq − 2p− 2q3 + 3q2 − 3q + 1

)
+ p2q4 − 3p2q3 + 5p2q2 − 4p2q + p2 − 3pq2 + 4pq − p− q4 + 4q3 − 4q2 + q.

Proof. If n = pq2, then the positive proper divisors of n are p, q, q2, pq. Here d1 = p, d2 =
q, d3 = q2, d4 = pq and D = 4. Also ℓ = φ(n) + 1 = q(p−1)(q−1) + 1. Using Theorem 3.1
we find that P(Zn) is the G-join of Kℓ,Kϕ(p),Kϕ(q),Kϕ(pq),Kϕ(q2) where G is shown in
Figure 2.
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p 1 q

pq q2

Figure 2. G for P(Zpq2)

Using Theorem 3.2 we obtain

Sz(P(Zn)) =

(
ℓ

2

)
+

(
φ(p)

2

)
+

(
φ(q)

2

)
+

(
φ(q2)

2

)
+

(
φ(pq)

2

)
+

D∑
i=1

[( D∑
k=1
dk≁di

φ(dk) + 1

)]
× ℓ× φ(di) + X

(14)

where,

X =
D∑

i,j=1
i<j,di∼dj

[( D∑
k=1

dk∼di,dk≁dj

φ(dk) + 1

)( D∑
k=1

dk≁di,dk∼dj

φ(dk) + 1

)]
φ(di)φ(dj).

Now,

D∑
i=1

[( D∑
k=1
dk≁di

φ(dk) + 1

)]
× ℓ× φ(di)

= ℓ

[(
φ(q) + φ(q2) + 1

)
× φ(p) +

(
φ(p) + 1

)
φ(q)

+

(
φ(p) + φ(pq) + 1

)
× φ(q2) +

(
φ(q2) + 1

)
× φ(pq)

]
= ℓ

[
q2(p− 1) + p(q − 1) + q(q − 1)

(
p + (p− 1)(q − 1)

)
+ (p− 1)(q − 1)

(
q(q − 1) + 1

)]
= ℓ

[
2pq3 − 2pq2 + 3pq − 2p− 2q3 + 3q2 − 3q + 1

]
.

(15)

Moreover, p ∼ pq, q ∼ q2, q ∼ pq. Thus we have,
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X =
D∑

i,j=1
i<j,di∼dj

[( D∑
k=1

dk∼di,dk≁dj

φ(dk) + 1

)( D∑
k=1

dk≁di,dk∼dj

φ(dk) + 1

)]
φ(di)φ(dj)

=

[(
(φ(q) + 1)φ(p)φ(pq)

)
+

(
(φ(pq) + 1)φ(q)φ(q2)

)
+

(
(φ(q2) + 1)(φ(p) + 1)φ(q)φ(pq)

)]
= q(p− 1)2(q − 1) + q(q − 1)2

(
(p− 1)(q − 1) + 1

)
+ p(p− 1)(q − 1)2

(
q(q − 1) + 1

)
= p2q4 − 3p2q3 + 5p2q2 − 4p2q + p2 − 3pq2 + 4pq − p− q4 + 4q3 − 4q2 + q.

(16)

Substituting the values of Equations (15) and (16) in Equation (14) we have,

Sz(P(Zn)) =

(
ℓ

2

)
+

(
φ(p)

2

)
+

(
φ(q)

2

)
+

(
φ(q2)

2

)
+

(
φ(pq)

2

)
+ ℓ

(
2pq3 − 2pq2 + 3pq − 2p− 2q3 + 3q2 − 3q + 1

)
+ p2q4 − 3p2q3 + 5p2q2 − 4p2q + p2 − 3pq2 + 4pq − p− q4 + 4q3 − 4q2 + q.

Thus the result follows. □

3.2. Szeged Index of Power Graph of Dihedral Group. In this section, we calculate
the Szeged index of the power graph of the dihedral group Dn for n > 2. We establish
a relation between the Szeged index of the power graph of dihedral group Dn, and the
Szeged index of the power graph of finite cyclic group Zn.

Definition 3.1. The dihedral group Dn of order 2n is given by the following presentation:

Dn = ⟨r, s : rn = s2 = 1, rs = sr−1⟩.

If n = 6, P(Dn) takes the following form(Figure 3). Clearly for all n > 2, P(Dn)
contains P(Zn) as a subgraph.
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Figure 3. P(D6)

We now express the Szeged index of P(Dn) in terms of the Szeged index of P(Zn).

Theorem 3.3. If n > 2, then the Szeged index of P(Dn) is given as follows:

Sz(P(Dn)) = Sz(P(Z∗
n)) +

D∑
i=1

(
n + 1 +

D∑
k=1
dk≁di

φ(dk)

)
φ(di) + n(2n− 1 + φ(n)) + φ(n).

Here, Z∗
n = Zn \ {0}, and dk ∼ di only when dk | di.

Proof. We shall denote Z∗
n = Zn \ {0}. We can obtain P(Z∗

n) from P(Zn) by deleting the
vertex 0 and all edges incident on it from P(Zn). Now,

Sz(P(Dn)) =
∑

e(=ab)∈E(P(Dn))

n(ab|P(Dn))

=
∑

e(=ab)∈E(P(Z∗
n))

n(ab|P(Dn)) +
∑
e∈τ

n(ab|P(Dn)) +
∑
e∈σ

n(ab|P(Dn))
(17)

where τ = {(0, t) : t ∈ V (P(Zn))} ⊆ E(P(Zn)) and σ = {(0, sri) : 0 ≤ i ≤ n − 1} ⊆
E(P(Dn)).

Now, we shall evaluate each term of the summation given in Equation (17) one by one
in what follows.∑

e(=ab)∈E(P(Z∗
n))

n(ab|P(Dn)) =
∑

e(=ab)∈E(P(Z∗
n))

n1(ab|P(Dn))n2(ab|P(Dn))

We observe that the vertex 0 is adjacent to every other vertex of P(Dn). Moreover,
every vertex of P(Z∗

n) has a distance 2 from all the vertices in the set {sri : 0 ≤ i ≤ n−1}.
Thus, we have,

n1(ab|P(Dn)) = |{x ∈ V (P(Dn)) : d(x, a) < d(x, b)}|
= |{x ∈ V (P(Z∗

n)) : d(x, a) < d(x, b)}|
= n1(ab|P(Z∗

n))

(18)
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Similarly,

n2(ab|P(Dn)) = n2(ab|P(Z∗
n)) (19)

Using Equations (18) and (19) we have,

n(ab|P(Dn)) = n(ab|P(Z∗
n)) (20)

Again, ∑
e∈τ

n(ab|P(Dn)) =
∑
e∈τ

n1(ab|P(Dn))
∑
e∈τ

n2(ab|P(Dn))

Assume that e = (a, b) ∈ τ . Then

n1(ab|P(Dn)) = |{x ∈ P(Dn) : d(x, a) < d(x, b)}|
= |{x ∈ P(Dn) : d(x, 0) < d(x, t)}| where t ∈ V (P(Zn)).

We consider the following two mutually exclusive and exhaustive cases:

Case 1: t is a generator of Zn, i.e. gcd(t, n) = 1.
In this case x can be 0, or x can be one of the elements of the set {sri : 0 ≤ i ≤

n− 1}. Thus, we get n + 1 choices for x.
Case 2: t is not a generator of Zn, i.e. gcd(t, n) ̸= 1.

Suppose x ∈ Kφ(di) for some positive proper divisor di of n where 1 ≤ i ≤ D.

Then, clearly x can be 0, or x can be one of the elements of the set {sri : 0 ≤ i ≤
n − 1}, or x must be in those Kφ(dk) such that di ≁ dk where 1 ≤ k ≤ D. Thus,

we have n + 1 +
∑D

k=1
dk≁di

φ(dk) choices for x.

We further note that n2(ab|P(Dn)) = 1 for all (a, b) ∈ τ . Thus we obtain,

∑
e∈τ

n(ab|P(Dn)) =

D∑
i=1

(
n + 1 +

D∑
k=1
dk≁di

φ(dk)

)
φ(di). (21)

Again, ∑
e∈σ

n(ab|P(Dn)) =
∑
e∈σ

n1(ab|P(Dn))n2(ab|P(Dn))

We note that

n1(ab|P(Dn)) = |{x : d(x, a) < d(x, b)}|
= |{x : d(x, 0) < d(x, sri)}|
= |(Dn \ {sri})|
= 2n− 1.

We further note that n2(ab|P(Dn)) = 1 for all (a, b) ∈ σ.
Thus we have ∑

e∈σ
n(ab|P(Dn)) =

n∑
i=1

2n− 1 = n(2n− 1). (22)

Substituting the values obtained from Equations (20) to (22) in Equation (17) we have,
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Sz(P(Dn)) =
∑

e(=ab)∈E(P(Z∗
n))

n(ab|P(Dn)) +
∑
e∈τ

n(ab|P(Dn)) +
∑
e∈σ

n(ab|P(Dn))

= Sz(P(Z∗
n)) + (n + 1)φ(n) +

D∑
i=1

(
n + 1 +

D∑
k=1
dk≁di

φ(dk)

)
φ(di) + n(2n− 1)

= Sz(P(Z∗
n)) +

D∑
i=1

(
n + 1 +

D∑
k=1
dk≁di

φ(dk)

)
φ(di) + n(2n− 1 + φ(n)) + φ(n).

Thus the result follows. □

We end this section with the following result.

Proposition 3.4. If n = pq where p, q are distinct primes with p < q, then the Szeged
index of Sz(P(Dn)) is given as follows:

Sz(P(Dn)) = Sz(P(Z∗
n)) + p(q2 − 1) + q(p2 − 1) + pq(3pq − p− q) + (p− 1)(q − 1).

Proof. Since n = pq, the only positive proper divisors of n are p and q. Thus D = 2,
d1 = p, and d2 = q. Moreover, since p ∤ q, so d1 ≁ d2. Hence, using Theorem 3.3, we have

Sz(P(Dn)) =Sz(P(Z∗
n)) +

2∑
i=1

(
n + 1 +

2∑
k=1
dk≁di

φ(dk)

)
φ(di) + n(2n− 1 + φ(n)) + φ(n)

=Sz(P(Z∗
n)) + (n + 1 + φ(d1)) + (n + 1 + φ(d2))φ(d1)

+ n(2n− 1 + φ(n)) + φ(n)

=Sz(P(Z∗
n)) + (pq + 1 + (p− 1))(q − 1) + (pq + 1 + (q − 1))(p− 1)

+ pq(3pq − p− q) + (p− 1)(q − 1)

=Sz(P(Z∗
n)) + p(q2 − 1) + q(p2 − 1) + pq(3pq − p− q) + (p− 1)(q − 1).

□

4. SAGE CODE

In this section, we provide the corresponding SAGE codes for calculating the Szeged
index of P(Zn) and P(Dn). On providing a given value of n in the codes provided below,
Code 1 gives a plot of P(Zn), and Code 2 gives the Szeged index of P(Zn). Moreover,
Code 3 gives a plot of P(Dn), and Code 4 gives the Szeged index of P(Dn).

Listing 1. Plot of P(Zn).
G=Graph ( )

E=[ ]

n=21

for i in range (n ) :

for j in range (n ) :
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i f ( i != j ) :

for k in range (n ) :

i f ( ( ( k* i )%n==j ) or ( ( k* j )%n==i ) ) :

E . append ( ( i , j ) )

G. add edges (E)

G. p l o t ( )

Listing 2. Szeged index of P(Zn).

G=Graph ( )

E=[ ]

n=21

for i in range (n ) :

for j in range (n ) :

i f ( i != j ) :

for k in range (n ) :

i f ( ( ( k* i )%n==j ) or ( ( k* j )%n==i ) ) :

E . append ( ( i , j ) )

G. add edges (E)

S=G. szeged index ( )

print ( ” Szeged index o f power g raph o f Zn=” ,S)

Listing 3. Plot of P(Dn).

G=Graph ( )

E=[ ]

n=10

for i in range (n ) :

for j in range (n ) :

i f ( i != j ) :

for k in range (n ) :

i f ( ( ( k* i )%n==j ) or ( ( k* j )%n==i ) ) :

E . append ( ( i , j ) )

G. add edges (E)

for i in range (n , 2*n ) :

G. add vertex ( i )

G. add edge ( [ 0 , i ] )

G. p l o t ( )

Listing 4. Szeged index of P(Dn).

G=Graph ( )

E=[ ]

n=10

for i in range (n ) :

for j in range (n ) :
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i f ( i != j ) :

for k in range (n ) :

i f ( ( ( k* i )%n==j ) or ( ( k* j )%n==i ) ) :

E . append ( ( i , j ) )

G. add edges (E)

for i in range (n , 2*n ) :

G. add vertex ( i )

G. add edge ( [ 0 , i ] )

S=G. szeged index ( )

print ( ” Szeged  index  o f  power  graph  o f  d i h ed ra l  group=” ,S)

5. Conclusion

In this paper, we have studied the Szeged index of the power graph of finite cyclic and
dihedral groups. We first obtained a formula for the Szeged index of the generalized join
of graphs in terms of the constituent graphs. Using it, we first determined the Szeged
index of the power graph of finite cyclic groups. We further obtain a relation between the
Szeged index of the power graph of dihedral groups and the Szeged index of the power
graph of finite cyclic groups. Finally, we provide SAGE codes for evaluating the Szeged
indices of the power graph of finite cyclic groups and dihedral groups.
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