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INTRODUCING A NOVEL SUBCLASS OF HARMONIC FUNCTIONS
WITH CLOSE-TO-CONVEX PROPERTIES

S. CAKMAK™™, S. YALCIN?, §

ABSTRACT. In this paper, we introduce a new subclass of close-to-convex harmonic func-
tions. We present a sufficient coefficient condition for a function to be a member of this
class. Furthermore, we establish a distortion theorem. These results lay the groundwork
for extending the findings to function classes involving higher-order derivatives.
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1. INTRODUCTION

In the realm of harmonic functions, every function f belonging to the class SH® can be
expressed as f = u + b, where

u(z) =z + Z umz™, 0(z) = Z (A (1)
m=2 m=2

with both functions being analytic in the open unit disk E = {z € C: |z| < 1}. Provided
that [u/(2)| > |v/(2)] in E, § is locally univalent and sense-preserving in E. It’s noteworthy
that when v(z) is identically zero, SH" contracts to class S.

The subclasses of S that map [E onto starlike and close-to-convex domains, respectively,
are denoted by S* and K. Similarly, SH** and KH" represent subclasses of SH" that
map E onto their respective domains. (For further details, refer to [1, 3])

In 2005, Gao and Zhou [4] introduced the class

Qu/(z)

/csz{ues:Re{_;(w(_Z)}MforzeE}.
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In 2011, Seker [5] introduced a class

K(k,v) = {ueS:Re{

where k € Z1, ¢(2) = 2+ 0 _ocmz™ € S* (%2) and the definition of ¢y,(z) is as follows:

} v, OS’y<1andz€E}

k—1
=[] wvew= @W=1 (2)
v=0

with p = e2™/k,

The classes Ks and K(k, ), introduced by Gao and Zhou [4] and Seker [5], respectively,
focus solely on analytic functions and are independent of the variable zZ. This restriction
prevents the study of properties of harmonic functions that depend on the variable Z.
This leads us to define a new function class that includes the co-analytic part of harmonic
functions.

Observe that if k& = 2 in the class KC(k, ), the class K(v) studied by Kowalczyk et al.
[2] is obtained. For k = 2 and v = 0, the class K studied by Gao and Zhou [4] is obtained.
It is clear that the class K(k, ) encompasses both classes. The class KH°(k,~), which we
will define shortly, covers the class IC(k, ) since it is defined using harmonic conjugates
of analytic functions belonging to the classes K(k,~). Therefore, the class KH’(k,7) is a
generalization of the K(k,~), s, and IC(7) classes.

This generalization allows for a broader investigation of geometric properties, such as
distortion bounds and close-to-convexity, for harmonic functions that depend on Z.

Definition 1.1. The class KH°(k,) is defined as the collection of functions f = u+1 €
SHO that adhere to the following inequality:

w29

where 0 < v < 1 and ¢i(2) is given by (2).

2Fo’(2)

b1 (2)

; 3)

Specifically, when v(z) = 0, the class KH°(k, ) reduces to the class K(k,7). Also,
by setting v(z) = 0, k = 2 and v = 0, we obtain KH’(2,0) = K. The inclusion of
the co-analytic term Tz) extends these classes, providing a more general framework that
accommodates both analytic and co-analytic components. Additionally, when ¢(z) = z,
and by appropriately selecting the parameters, the class KH’(k, ) can be reduced to
several well-known subclasses of harmonic functions, as outlined below.

i KHO(K,0) = PHO [6].

i KHO(k,~) =PH(Y) [7, 8].

i KHO(k,0) = WHO(0) ([9]).

iv KHO(k,v) = WH®(0,7) ([10]).
v KHO(k,v) = AH"(1,0,7) ([11]).
vi KHO(k,0) = RH°(0,0) ([12]).

For further details on harmonic function classes defined by differential inequality, see
[13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].

In this work, we investigate the distortion theorems and coefficient bounds for functions
in the class KH"(k,v) and demonstrate that functions within this class exhibit close-to-
convex behavior.
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2. EXAMPLES OF FUNCTIONS IN THE CLAss KHY(k,~)

Example 2.1. Letf=u+bv = z+1_77?m and ¢(z) = z. For 0 <~y <1 and |z] <1, we
have

2Fo’(2)

br(2)

Zku/(z) _ 1 _ _ Zm—l_
Re{w) —7}_1 > (1= ) 2™ =

Hence, € KHO(k, ).

The following examples can be given for the special case of the parameters in Example
2.1.
Example 2.2. Letf=2z+ %%2, v = ﬁ and ¢(z) = z. Then f € KHO(E, %). The unit
disk is mapped to a starlike region by the function f. The depiction in Figure 1 showcases
the image of the set E under the transformation defined by f(z) = z + %EQ.

F1GUure 1. Under the map f =z + %ZQ, the image of the unit disk.

Example 2.3. Let f = z + 522, v = 3, and ¢(z) = z. Then f € KH°(k, %) The unit
disk is mapped to a convex region by the function f. The depiction in Figure 2 showcases
the image of the set E under the transformation defined by f = z + %52.
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F1GURE 2. Under the map §f =z + %52, the image of the unit disk.

Example 2.4. Letf=2z+ 13—03023, v = ﬁ and ¢(z) = z. Then f € KH°(k, %). The unit
disk is mapped to a starlike region by the function f. The depiction in Figure 8 showcases
the image of the set E under the transformation defined by f = z + %23.
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FiGure 3. Under the map §f =z + %53, the image of the unit disk.

Example 2.5. Let f =z + 23, v = % and ¢(z) = z. Then f € KHO(k, %) The unit disk
is mapped to a convex region by the function f. The depiction in Figure / showcases the

image of the set E under the transformation defined by f = z + %553.
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FI1GURE 4. Under the map §f =z + %553, the image of the unit disk.

Example 2.6. Let f =z + 57°, v = 1o and ¢(z) = z. Then § € KH(k, 25%). The unit
disk is mapped to a starlike region by the function f. The depiction in Figure 5 showcases

the image of the set E under the transformation defined by f = z + %25.
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FiGure 5. Under the map f =z + %25, the image of the unit disk.

Example 2.7. Let f =z + %25, v = é and ¢(z) = z. Then f € KH (k, %) The unit disk
is mapped to a convex region by the function f. The depiction in Figure 6 showcases the
image of the set E under the transformation defined by f = z + 71525.

3. GEOMETRIC PROPERTIES OF THE cLASS KH (k, )

First, we give a result that establishes a sufficient condition for f € SH? to be close-to-
convex, which comes from Clunie and Sheil-Small [1].
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F1GUurE 6. Under the map §f =z + %55, the image of the unit disk.

Lemma 3.1. Let u and v be analytic functions in E, such that [v'(0)| < |u'(0)|, and for
each € (le| = 1), F. = u+ev is close-to-convex. Then, f =u+1v is close-to-convex in E.

The result we will present now establishes a connection between the XH"(k, ) harmonic
function class and the K(k,~y) analytic function class.

Theorem 3.1. § = u+ 0 € KH(k,v) if and only if F. = u+ v € K(k,v) for each
e (le]=1).

Proof. Assume f = u+10 € KH’(k, 7). For each ¢ (|¢] = 1), we have

SET
— e { qu:((;))} et Z¢Z<(zz>)}
sre{ T - [R> o eem

Hence, F; € K(k,~) for each € (|e] = 1).
Conversely, suppose F, = u+ev € K(k, 7). Then,

Re { Z;:;(;;)} > Re [—ezknl('z)} +v (z€E).

Choosing an appropriate ¢ (|e| = 1) yields
k!
v
Zolz) ‘ (z € E),

M (2) B }
Re{ oz )
and thus f € KHO(k, 7). O

We will now demonstrate that harmonic functions belonging to the class KXH(k, v) map
the open unit disk onto a close-to-convex region. To this end, we first state the following
lemma and subsequently establish that functions in the class K(k,~) are close-to-convex
within the open unit disk.
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Lemma 3.2. [4] Let ¢(z) =z + Y o 5 cpn2™ € S* (%) for k> 1. Then,
Dr(2) = +(2) =z+ i Cp2™ e S* (4)
J

m=2

where ¢p(z) is given by (2).

Theorem 3.2. If F' is a function in the class K(k,~y), then F is close-to-convez of order
v in the region E.

Proof. Let F € K(k,~). We have
ZFF(2) } B {zF’(z) }
re{ G ) Rl ) >

where @ (z) is given by (4). Therefore, the function F' is close-to-convex of order = since
<I>k(z) e S*. ]

Theorem 3.3. Every function in the class KH°(k,v) is close-to-convex within the region
E.

Proof. Let § = u + 0 belong to class XH%(k,~y). Then by Theorem 3.1 the function
F. = u+ ev belongs to class K(k,7) and by Theorem 3.2 also close to convex in E.
Therefore, by Lemma 3.1, f = u+ v € KH’(k, ) is also close to convex in E. O

In the following result, we derive a coefficient bound for functions belonging to the class
KHO (K, 7).

Theorem 3.4. Let f =u+1v € KH(k,v). For m > 2, the following inequalities hold:
U | + [om| < v +m(1—7).

For the function §(z) = z + [y + m(1 — ~)]|z™, every outcome is sharp and every equality
1s holds.

Proof. Suppose that f = u+v € KH(k,7). F. = utev € K(k,v) for € (Je| = 1), according
to Theorem 3.1. With respect to every ¢ (Je| = 1), we possess

2FE!(2) } { 2F./(2) } { z (W (z) 4+ ev'(2)) }
Red ———= ¢ =Re = Re > 7.
{ or(2) Pp(2) Dk (2) !
for z € E. On the other hand, there is an analytic function P(z) = 1+ > pyr2™ in E
m=1

whose real part is positive, satisfying
z(W(z) +ev'(2))
Py (2)

=7+ (1=7)B(2). (5)
or
2 (W(2) +e0'(2)) = [y + (1 = 7) B(2)] Pr(2). (6)
Upon comparing the coefficients in (6), it can be observed that
M (Um + €Vm) = Cr + (L= Y)pm—1 + (1 =7)p1Cm—1 + -+ (1 = 7)pm—2C2.  (7)

Since ®(2) is starlike, we have |Cy,| < m, and since Re{B3(z)} > 0, we have |p,,| < 2 for
m > 1. Hence, by equation 7, we have

M U, + 0| <m [y +m(l—7)]. (8)
Since € (|e| = 1) is arbitrary, it follows that the proof is concluded. The function f(z) = 2+
[v + m(1 — ~)]z™, demonstrates the sharpness of inequality. O
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Now, we provide the necessary coefficient condition for a harmonic function to belong
to the class KH(k, 7).

Theorem 3.5. Let f = u+ 0 € SH® with the series expansions given by (1). If the
following inequality holds:

> 2m (| + [om]) + Y (11 =29+ 1) [Cr| < 2(1 =), (9)
m=2

m=2
then § € KHO(k, 7).
Proof. Consider u and v as functions with series expansions given by (1). Let F. = u+eb

for each ¢ (|| = 1). Define the functions ¢y(z) and Pr(z) as given by (2) and (4),
respectively. Then we can express A as

A = ZF;_cggzg _\ZF;+<1—jg>fk<z>
= |z(u+ (2)] — |2 u+50'+(1—2fy)¢>k(z)‘

o0
= g M (U, + £V ) 2™ — E Crz™
m=2 =

— 2—272—1—2 (U, + €0 ) 2™ + (1 — 2) Zsz

m=2
oo
< Z M| U, + €V | |2 + Z Com| [2]™
m=2 m=2
00 o0
- ((2 —29) 2] = 3 fu + v [ — 1= 29] Y | Cal ’Z‘m>
m=2 m=2

m=2 m=2

< {—2(1—7)+ D 2mun + evp| + (1 =29 +1) Y \Cm!} 2|

Since € (|e| = 1) is arbitrary, and from the inequality (9), we obtain that A < 0. This
implies that F. = u + ev belongs to the class IC(k,7), and consequently, according to
Theorem 2, it shows that § = u + © belongs to the class KH°(k, ). O

The result we present now provides the distortion bounds for functions in the class
KHO (K, 7).

Theorem 3.6. Assuming f = u+10 € KH(k,v), the following inequalities hold for all z:

[zl + D (D)™ (L =)+ 2™ < [f(2)] < |+ Z 7+ 2™
m=2

m=2

These are sharp inequality for the function f(z) = z + Z [m(1 —~) 4+ ~v]z™

Proof. Let f = u+10 € KH°(k,~). Then using Theorem 3.1, F. = u+ev € K(k,~) for each
e (le| = 1). Additionally, from Theorem 3.4 in [5], we obtain

1—(1—29) 7 ‘<1+(1—27)|Z|

e e L ey e 10
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Since
[Fz)] = u ()+EU<>1
< 1+Z )+ 1"
and
IFl(2)] = |W(z +en()}
> 1+Z m(1—) 4] |z|
in particular, we get
W)+ (=) §j 7) + 2 |l
and
W (2)] — |v'(2) >1+Z m(1 — ) +A] |z|™!

Assume T is the radial segment extendmg from 0 to z, so

f

) = %@+;w</ﬂum+wwm%
r r

¥) + A1 1pl™ > p

IA
—
T

+

M

= Iz!+z 7) +l 2™

and

—
—~
N
=~
v

Y

(1 + Z —7) +1] Iplm_1> dp

= ol + Z(—l)m_l[m(l =)+ 2™
m=2

Theorem 3.7. The class KH°(k,~) is closed under convex combinations.

2189

P
Proof. Suppose fo = g + 0y € KH(k,7) for a = 1,2,...,pand > s, =1 (0 < 5, < 1).

a=1
The convex combination of functions f, (o =1,2,...,p) can be expressed as:

/4

i(2) = D safalz) = u(2) + v(2),

a=1
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where
P P

u(z) =Y salia(z) and v(z) =Y  saba(2).
a=1 a=1
Both u and v are analytic within the open unit disk E, satisfying initial conditions u(0) =
v(0) =u/(0) — 1 =10'(0) =0 and

e[ 1] - e (S ) 2

a=1

(2)| _ £ (2)

2k
o1 (2) D1 (2)
showing that § € KHO(k, ). O

4. CONCLUSIONS

In this paper, we introduced a new class of harmonic functions denoted by KH(k,~).
We established a relationship between KH’(k,~) and KC(k,v). We demonstrated that
KH°(k,~) is close-to-convex. For functions in the KXH (k,~) class, we derived coefficient
bounds and distortion theorems. Finally, we proved that ICHO(k, 7) is closed under con-
volution.
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