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EXISTENCE OF SOLUTIONS FOR NAVIER PROBLEM INVOLVING
(»(.),q(.))-LAPLACIAN AND (p(.),q(.))-BIHARMONIC OPERATORS

A. EL KATIT!, A.R. EL AMROUSS?, F. KISST*, §

ABSTRACT. In the present paper, we are interested in the study of nonlinear problem
driven by (p(.), ¢(.))-Laplacian and (p(.),¢(.))-Biharmonic operators subject to Navier
boundary conditions. By means of variational method and critical point theory, we
establish the existence of at least one solution and infinitely many solutions under some
suitable assumptions.
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1. INTRODUCTION
In this paper, we consider the following nonlinear boundary value problem
A <|Au]p(x)_2Au + |Au\q(x)_2Au> — Lu(z) = Me(@)|u|" @20 + pw () |u)* @20 in Q,

u=Au=0 on 09,

1)
where Q ¢ RV (N > 2) is a smooth bounded domain with a Lipschitz boundary 9€2; the
variable exponents p, q,7, s : 0 — (1,00) are continuous functions with p(z) < q(z) < N/2
for all z € Q; k, w € P(Q) the set of all measurable functions on Q; A, i1 are real parameters
and

L(u) := div (]Vu\p(x)QVu + ]VU\Q(C”)’QV@ .

In the last decades, the study of differential equations has been an interesting topic,
they provide a wide area of research employing diverse mathematical techniques and tools
including variational approach, topological methods, fixed point theory and existence and
uniqueness results.
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Nonlinear elliptic equations with variable exponent are more general and add more
complexity compared to classical elliptic equations (we refer to [14, 15, 16]).

In [17], the authors studied a nonlocal elliptic system in the case of a reaction term by
means of topological degree for a class of demicontinuous operators.

Employing the concept of a Fredholm-type results for a pair of nonlinear operators, the
authors in [18] obtain the existence of weak solutions. We also refer to ([19, 20, 21, 22, 23)]).

Elliptic equations with variable exponent are of significant interest in various areas
deriving from elastic mechanics, electrorheological fluid dynamics, image processing, etc
(see [7, 13, 8, 11)).

Recall that weak solutions of problem (1) are the critical points of the associated double
phase functional energy F, defined by

. |Au‘p(x) |Au|q(x) |vu|p(:v) yvu|q(x) . @ur(@ )
E“‘/Q< TERM )*( PORM )d A, gl

_ w(x)us(a:) T
n | L,

on the generalized Sobolev space X = W21@)(Q) N WOI’Q(m)(Q). It is well known that
E € CY(X,R) and its derivative at u € X is given by

< E'(u),p >= / (JAuPD 72 Au + [Au|T @2 Au) Ap + (|VulP@ 2V 4 |Vu| 1@ 72Vu). Ve
Q

- )\/ k() |u|"® 2 updz — ,u/ w(@)|ul* @ 2updz, VYo e X.
Q Q

In the constant case, V. Bobkov and M. Tanaka in ([5]) were concerned with the existence
and non-existence of positive solutions for the (p,q)-Laplace problem

—Apu — Agu = alulP2u + Blu|T*u in Q,
u=0 on 99,
(2)

where o, 8 € R and 1 < g < p < oo. Moreover, for weight w satisfying the Muckenhoupt
condition, the author in ([6]) has shown the existence of unique solution for the fourth
order elliptic equation

A (w(|AufP 2 Au+ |AulT 2 Au))
— div (w(|VulP?Vu + |Vu|!?Vu)) = f(z) — div(G(x)) in Q,
u=Au=0 on 0N,
. Q
where f € LV (Q,w /=) and G [LPI(Q,w_l/(q_l))} .
In the variable case, based on a three critical points theorem of B. Ricceri, the authors

in ([2]) have established the existence of at least three solutions for the (p, ¢)-biharmonic
systems

A (|Au|p(m)_2Au) = A\F,(z,u,v) in €,

A (]Au\Q(x)_QAu> = AFy(z,u,v) inQ,
u=Au=v=Av =0 on 99,
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where A € [0,00); p,q € C(Q) with § < p~ := inf,cqp(z) < pT = sup,cqp(z) < o0,
J <q =inf,cqq(x) < gt :=sup,eqq(r) < oo; F: Q x R? — R is a function such that
F(.,s,t) is continuous on  for each (s,t) € R? and F(z,.,.) is C! in R? for all z € Q,
and supyij<g,si<oy ([Fu(., 8, 8)[ + [Fu(.; 8,t)) € LY(Q) for all § > 0, with F,, F, denote the
partial derivatives of F | with respect to v and v respectively.

A function u € X is called a weak solution of problem (1) if and only if for every ¢ € X

/ (|AuPD 2 Aulp + | Au|" @2 AuA ) + / (|VuP@) =2V YV + |Vu|1®) 2V V)
Q Q

- / (k@) @2+ (@)l %) .
Q

In order to present our main results, we assume that k(x) and w(z) satisfy the following
hypotheses:

a(z) _ _
(A1) k(x) € Lo@-@® (Q) where a € C(2) and r(z) < a(z) < ¢5(z) for all z € 2 with
¢3(x) := Nq(x)/N — 2q(z) is the critical Sobolev exponent.
B(z) _ _
(A2) w(x) € LF@ =G () where 8 € C1(Q) and s(z) < B(x) < ¢5(x) for all z € Q.
The first main result of this paper is the following theorem.

Theorem 1.1. Assume that (A1) and (A2) hold in which v+ < ¢~ < ¢" < s~ and
w(x) >0 a.e x € Q, then for any pu > 0, there exists \* = X*(u) > 0 such that for each
A € (0, X*), the problem (1) has at least one nontrivial weak solution.

The second result of this work is the next theorem.

Theorem 1.2. Suppose that (A1) and (A2) are satisfied in which r* < ¢~ < ¢t < s~ .

(i) For each given p, A € R such that pw(x) > 0 a.e x € Q, the problem (1) admits a
sequence of weak solutions {£uy}ren such that E(fuy) — 0o as k — oo.

(i1) For each given p, A\ € R such that \k(z) > 0 a.e x € Q and pw(x) keeps a constant
sign, the problem (1) has a sequence of weak solutions {£vy}ren such that E(+vy) — 0.

This paper is organized as follows. In section 2, we recall some preliminaries about
the variable exponent Lebesgue—Sobolev spaces. In section 3 and 4, we give the proof of
Theorem 1.1 and Theorem 1.2 respectively.

2. ABSTRACT FRAMEWORK

For the suitability of readers, we remind some backgrounds about the variable exponent
Lebesgue Sobolev spaces. Set

Ci(Q)={0e€C(): o(x) >1forall z € Q},
o = maxe(z), ¢ =ming(z), foree Cy(Q).

For a measurable exponent ¢(.) in C1 (), we introduce the variable exponent Lebesgue
space L2(*)(Q) composed of measurable real-valued functions u such that

/ lu(2)|7@ de < oo,
Q

equipped with the norm

‘U|Lq(1‘)(Q) = inf {V >0: /Q
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then the space L) (Q) endowed with the above norm is reflexive and Banach space (see
[9])-

For positive integer k, the variable exponent Sobolev space Wk"I(x)(Q,w) is defined by
Wwha@)(Q) = {u e LU)(Q) : D e LID(Q), |a| < k} :
with a € N*, o] = Y0, a; and D = 0l%u/0%z; - 9°Nry. We can define on
Wka(*) () the norm

[l [yys, (@) (Q Z D U|Lq(z)
|a|<k

Proposition 2.1. ([9]) The space (L9*)(Q), |ulq(z)) is separable, Teflem've and uniformly
convex Banach, and its conjugate space is Lp(x)(Q), where q(l) + = 1,Vz € Q. For any

v e LI®(Q) and w € LP™)(Q), we have

/ vwdx
0

Denote ,0 L1@)(Q) — R, the modular of the LI®)(Q,w) space, defined by p(u) =
Jo lu(z . In view of [[9], Theorem 1.3|, we have the following Lemma.

p(:v)

1 1
< <p + q) |U|Lq<z> |w\Lp(z) < 2|U|Lq(z)(Q)|w|Lp(z)(Q)-

Lemma 2.1. For each u,,u € L1 (Q), we have
(1) |ulpa@ @) > 1 then lul? p(u) < \u|

La z)(Q) p(u) < ‘U|Lq(z)(ﬂ7
(3) limy— 400 |un — u|Lq<T) @ =0 if and only if limy, 1 o0 p(un — u) = 0.
Let us define on X the equivalent norm

q()
||u|| := inf 1/>O:/ der <15.
Q

Remark 2.1. Set K(u) = [, |Aul? @ dx, then we also have ||ulf” —1 < K(u) < ||lul|?" +1
for each u € X.

Lq(z)(Q) La(@) ()’

(2) ulpae) () <1 then u|?

Au(zx)

14

Theorem 2.1. ([3]) Let v € C(Q) such that y(x) < ¢5(x) for all x € Q. Then, there is
a continuous and compact embedding from W21 () N WOLQ(JC)(Q) into LY®) ().

Since X is reflexive and separable Banach space, there are {e,, n > 1} C X and
{fn, n > 1} C X* such that < fy,em >= dpm, X = span{e,: n € N*} and X* =
span{ fn, n € N*}X . For k > 1, we denote by

k
Xk = span{er}, Vi = @Xi and 7, = @Xi.
i=1 i=k

Proposition 2.2. ([4]) Let X be a separable space and 1 : X — R weakly-strongly con-
tinuous with 1 (0) = 0.
For each v > 0 given, = B(y) =sup{|¢(u)| : u € Z and ||u|| <~} = 0 as k — oo.



2196 TWMS J. APP. ENG. MATH. V.15, N.9, 2025

3. PROOF OoF THEOREM 1.1

Assume that (A1) and (A2) hold in which 7+ < ¢~ < ¢t < ¢~ The following proposition
shows the geometry of E.

Proposition 3.1. Assume that w(x) > 0 a.e x € Q. For each given p > 0, there exist
A= X*(u) >0 and 6,p > 0 such that for each A € (0, \), we have E(u) > p if ||u]] = 4.

Proof. Invoking Theorem 2.1, there exist two constants Cy, Cz > 0 such that
|ula@) < Callull,  |ulg@) < Collull, Vue X. (4)

Let u, A > 0 and 6 > 0. Based on Proposition 2.1, Remark 2.1 and (4), for ||u]] = d(< 1),
we have

u i u _ A )|l @dz — 2 [ (@) u)f®@dz
B(u) > ~K(u) _/|k:<>||| do— 2 [ wta)luf
2

> f/C — —)\ El aw  |ull,,— —,uw Bz) |U
okt |M> Jullin =~ bl
1 MC 5—gt +
qu T :8 S—q q
> ol T = WP M T

where 7 € [r~,r"] and § € [s7,sT]. Take the function & : [0,1] — R defined by h(y) =
2(} ’ﬁﬁ lw| s ¥ 1. Since ¢t < s, the function h is positive in the neighborhood
B(z)—s(z)
of the origin hence there exist d small enough such that h(4) > 0. In other part, define
N =100 T JAC gt K] e -
a(z)—r(z)

Therefore, the above estimate implies that for all A € (0,\*), E(u) > 57" JAqT = p, if
[[ul| = 4.

Let A > 0 be given and let © > 0. Fix ¢ € C§°(2). Then for p > 1, One has

q+
Blpy) <= /Q (1A + [V + | Ap[He) + [Ty )| [

-2 [ el

Hence E(p)) — —oo as p — oo due to 7 < g7 < s~ and w(x) > 0 a.e z € Q. Therefore
there exists some e € X such that |le]| > ¢ and E(e) < 0. O

The next lemma concerns the compactness condition for the functional E.

Lemma 3.1. Assume that w(z) > 0 a.e x € Q. For each given u > 0 and A € R, E
satisfies (PS). condition for all ¢ € R.

Proof. Let {up}nen be a (PS). sequence for E, ie., E(u,) — ¢ and E' (u,) — 0 in X'
For n large, we have
1 /
1+ c+ |lunl > E(un) — = < E (up), un >
1 1 o+ t
> (5~ =)(ual” = 1) - 4W(* + *)!’f! o (Coflunll™ +1).

This implies the boundedness of {uy },en in X reflexive, then up to a subsequence u, —
u € X. From this and taking into account that {u,}nen is a (PS). sequence for E, we
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have
O:ngr—sr-loo<E (up) — E (u), up, —u >
= lim (| Aty PP 72 Auy, — [AulP@ 2 Au)(Au, — Au) da
n—-+o0o 0

+ / (| Aty |72 Ay, — |Au|T® 2 Au) (Au, — Au) da
Q

+ / (|Vn PP 2V, — [VulP®2Vu).(Vu, — Vu) do
Q

+ / (|Vn | "2V, — [Vu|?® 72V (Vu, — Vu) dx
Q

D / k(@) (] 20 — [ @20 (ur, — ) da
Q

u / (@) (unl @211, — [u* @20, — w) . 5)
0
By means of Proposition 2.1, we have
| /Q bl 2=l 20) (=) < 3] [l =02 s fn—uly

(6)

and
|/ (|2l 720) ()| < Blw| sy NJounl*O P un—[ul*Y | ooy Jun—ulg,.
Q B()—s() s()—1
(7)
Moreover, utilizing Theorem 2.1 we have u, — u in L*®)(Q) and L#®)(Q). This yields,

a(x)
un|" @20, — [u| @2 in L@ (Q),

B(x)
un|*® 20, — [uf® 2y in L3@-1(Q).

Combining this with (6) and (7) we arrive at

lim k(Jun " @20, — [u"®20) (uy, — u)

= lim [ w(|un)* ™ 2u, — [u]*®72u) (u, — u)
n—oo Q

=0.

From the (S4)-property of the ((p(x), ¢(x))-Laplacian and ((p(z), ¢(z))-Biharmonic oper-
ator, we derive from (5) that u, — u in X. O

Hence, E satisfies the (PS). condition in view of Lemma 3.1. Invoking Proposition 3.1,
there exist 0 < § < 1 and p > 0 such that E(u) > p if ||u|| = §. Thus, invoking Mountain
Pass Theorem ([1]), the value ¢ characterized by
c¢=inf sup E(y(t)),

7€l te(0,1]
I'={y € C([0,1]; X) : 7(0) = 0 and (1) = e},

is a critical value of E. Let u be a critical point of E with F(u) = ¢. Consequently, u is a
nontrivial solution of the problem (1).
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4. PROOF OF THEOREM 1.2

Assume that (A1)-(A2) hold and r* < ¢~ < ¢" < s~. We start by proving assertion (i)
of Theorem 1.2.

Proposition 4.1. For each given u,\ € R and k € N, there exists d, = di(u) > 0 such
that

inf E(u) = 00 as k — oc.
u€Zy, |lull=dx

Proof. Let u € Zj, with ||u|| > 1. Using again Proposition 2.1, Remark 2.1 and (4) we have

)\ rix ILL SII/’
B 2 "/|k )l dz ”/| )l

+ +
E*HUH‘I —*Mllkl e (o |lul” +1)—*!ullw| O (|U|5 +1).

Since ¢~ > rT, we can find dy large enough such that

e

+
_I)\Ilk‘l _aw O lul S o

a(z)—r(x)

[ull” as [lull > do.

Let y, = sup{|ulg(z) : v € Z and [[ul| = 1}, then one has |u|g) < illul for all uin Zj.
Hence

1 - 4 + +
B(u) > oy ull” ——=lullwl_s@ (@ llull® +1)—*|>\||7€| st s u € Zy, ||lul| > do.
q S B(z)—s(z) a(@)—r(z)
1
s+—q*
Take dj, = 5 the last inequality vields
B et ilel sw i ’ AHatty’y
B(z)—s(z)
i
E(u 77_7 a(z) _7M Wl Ba) u € Zy ||ul| = dy.
)2 Do LNt~y Jul

Utilizing Proposition 2.2 we have 7, — 0 as & — oo. Since ¢~ < sT, it follows that
dj, — oo and thus we arrive at inf,ez, |ju|=a, £(u) — oo O

Proposition 4.2. For every pu, A € R such that pw(x) > 0 a.e x € Q and k € N, there
exists py > di > 0 such that

sup  E(u) <0.
u€Yy, |lull=pk

Proof. Let u in Yy, with ||u|| = 1. As dimY} = k, norms are equivalents on Yj. Since
pw(x) > 0aexz € Q rt < gt < s andpk—>ooask:—>oo,thenforpklargeenough
(pr > di), this completes the proof. O

We note that Lemma 3.1 holds true for p € R given such that pw(z) > 0 a.e z € ,
thus according to Fontaine theorem ([12]), Proposition 4.1, Proposition 4.2 and Lemma
3.1, we achieve the proof of assertion (i) of Theorem 1.2. Next we will prove the assertion
(ii) of Theorem 1.2.

Proposition 4.3. For any given A\, u € R, there exists an integer ko, such that for each k >
ko, there exists 7 (\) > 0 satisfying inf ez, |ju||=r, £(u) > 0.
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Proof. Let u in Zj with ||ul| < 1, we have

1 2I)\I 2|l
E(u) > qTr’C(U) — k| o [}y —7\W| 2o !u\ﬁ(x
|- 2|/\\ \u\C 5
> Flul® = =l _ew oo %] @ |l

Since ¢ < s7, we can find 79 > 0 small enough such that

1|Cp

. 1 N
wl s ull® < =—ul|? as 0 < ||ul| < 7.
|l (H(Z)H I 2q+H | [

Let 0 = sup{|ulq@) : v € Zy and |lul| = 1}, then one has |u|y ) < Opl|ul| for all u € Z.
Thus

1 2|\ =

B) 2 ool = 22 s Gl we 2ol <

a(z)—r(z)

(8)

1
+ -7
Take 7, = 4 |/\|0’“|k:| a@) >q . From (8) we get E(u) > 21+7'k+ - 2(}%7’{ =0, uc€
a(z)—r(z)
Zy, with ||u|| = 7. The proof is completed. O

Proposition 4.4. For each given A\, u € R such that Ak(x) > 0 a.e x € Q and all k > ko,
there exists 0 < lj, < 7y, fulfilling max, ey, | |ju||=1, F(u) < 0.

Proof. Let w in Yy with ||ul| = 1 and 0 < [ < 7, < 1. Since Ak(z) > 0 ae x € Q,
rT < ¢~ < s~ and norms are equivalents on Y}, one can find I, < 7, small enough such
that F(u) < 0 if ||u|| = lx. This proves the result. O

Proposition 4.5. For any given u,A € R and k > ko, there exists 1, > 0 given by
Proposition 4.3 such that

inf E(u) — 0, as k — oo.
UEZy, ||lul| <7y
Proof. By definition of Y}, and Z; we have Y, N Z, # (). Since [, < 7, where [, is given in
Proposition 4.4, it follows that

b, = inf E(u) < max  E(u) <0.
u€Zy,, |lull <y u€Yy, |lull=lk

Using (8), for every u in Zj with |ju|| < 7 one has

2W|k‘|

E(u) > - o (Okm)"

a(z)—r(z)
By Proposition 2.2 we have 07, — 0 as £k — oo. Consequently by — 0. The proof is
completed. ]

Lemma 4.1. For every given p € R such that pw(x) keeps a constant sign, The functional
E satisfies (PS)% condition for all ¢ € [by,,0).
Proof. Let {v,,} be a sequence in X such that n; — oo, vy, € Yy, E(vs;) — ¢ and
(Ely,,) (va) = 0.

For n; large enough, we have

<El(vnj),vnj > 1 1

E(un,) - = z(qj—;xnvn]u -1) )

- 4!>\!(* + *)Ikl 80 (Callvn, I +1).
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Asrt < q, {Unj} is a bounded sequence in X reflexive, up to a subsequence, v,, — u in

X. As X = Un; Yn]., there exists wn]. € Ynj such that wnj — v, hence

lim < E (Un;),0n, —v>= lim <E (vy,),0n; — n; > —i—n}igloo < E (vp;),Yn; —v >

nj—+00 n;j—00

= lim < (Ely,,) (vn,), 0, — thn; >=0.

In a similar manner used in the proof of (PS). condition in Lemma 3.1, we arrive at
vpn; — v. This yields E' (vn;) — E'(v). In other hand, for every ¢, € Y}, one has

<E),¢r>= lim <E(vy), 05 >= lim < (Ely,.) (vn,), b >= 0.
nj—00 nj—00 J

So E'(v) = 0. Finally E satisfies (PS)* condition for all ¢ € R.
Utilizing dual Fountain theorem ([12]), Proposition 4.3, Proposition 4.4, Proposition
4.5, and Lemma 4.1, we prove (ii) of Theorem 1.2. O

5. CONCLUSIONS

Invoking variational method and critical point theory, we established the existence of
at least one solution when w > 0 a.e. in {2 to the double phase (1), then the existence of
infinitely many solutions to (1) when pw(x) is positive and when it keeps a constant sign.

Acknowledgement. The authors would like to thank the referees for their helpful com-
ments and suggestions.
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