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AN INTEGRAL TYPE OPERATOR ON S? SPACES AND ITS
ESSENTIAL NORM

M. SAFARZADEH', M. HASSANLOU?*, M. ETEFAGH!, Z. Z. CHARANDABI', §

ABSTRACT. Given two analytic functions A : D — D and v : D — C and n € N,
we study boundedness of the integral-type operator CY, acting from derivative Hardy
space into Zygmund space. We also get an approximation for the essential norm of this
operator. A characterization for compactness of the operator can be obtained from the
essential norm.

Keywords: Integral-type operator, Essential norm, Zygmund type space, Hardy space.

AMS Subject Classification: 47B38, 30H30

1. INTRODUCTION

Let Hol(D) denotes the space of analytic functions in the unit disk D = {2z € C: |z| <
1}. There has been some well-known subspaces of Hol(D) which arise in the operator
theory, such as Hardy space, Bergman space and so on. The space of holomorphic functions
with mean square value on the circle of radius r which is bounded below as r — 1,
is denoted by H2. More generally, the Hardy space HP, 0 < p < oo is the class of
holomorphic functions f on the open unit disk satisfying

1 27 i %
| f || e :oiugl 27r/0 |f(re®)|Pdt ) < oo.
'

This space is Banach space for 1 < p < oo with the above norm. See [8] for complete
information on the Hardy spaces.
Let SP be the set of analytic functions whose first derivative is in HP:

SP = {f € Hol(D) : f € HP}.
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SP is just one of the examples of the spaces related to derivatives in another spaces.
Another one is Besov-type space BP which is the space of analytic functions with derivative
in Bergman space AP. See [18] for properties of BP and weighted composition operators
on them.

We define SP-norm of f by
1fllse = [FO)] + [1f [l 2e-

I|l.|ls» defines a norm and in the case 1 < p < oo, it is a complete norm in which S? is a
Banach space. Hardy inequality shows that for p > 1, S C ¢!. One can now verify that
SP is an algebra and that multiplication is continuous with respect to the norm ||.|/s».

The properties of composition operators on S? first studied by Roan in [17]. Bounded-
ness and compactness of these operators characterized in [14]. They proved that, among
other results, C) : SP — SP is compact if and only if ||A]lcc < 1, 1 < p < co. Contreras and
Hernandez-Diaz investigated boundedness, compactness, weak compactness, and complete
continuity of weighted composition operators S? — S9, 1 < p,q < oo, [6].

For an analytic function A : D — D, the composition operator C) is defined by C\f =
foA. Let v € Hol(D). For n € Ny, the integral-type operator C’;\‘yy is

L f(2) = /0 TN (e)de

which is an extension of C} = C¥, first defined in [12] and somehow called Volterra-
composition operator The above operator also includes Volterra-type operators I, and
Jus Lf(z) =[5 f( §)d¢ and J, f(z) = [y f'(§)v(§)dE. More specially if v(z) = z then
J, is the 1ntegral operator and if v(z ) ln(l/(l - z)) then J, is Cesaro operator. The
composition operator C) is obtained for n =1 and v = X.

The original work for I, and J, is [16] where it was shown that J,, on the Hardy Hilbert
space H? is bounded if and only if v € BMOA, the space of analytic functions with
bounded mean oscillation. The boundedness characterization of J, on the HP and AP has
been obtained in [3, 4]. More researches on the operators I,,, J,,, Cy, C¥ and CY , mapping
between spaces of analytic functions to be bounded, compact, computed the essential norm
and some other properties of operators, refer to [1, 2, 5,7, 9, 10, 11, 12, 13, 14, 15, 19, 20, 21|
and references therein.

In this paper, we firstly give a necessary and sufficient condition for the boundedness of
the operator CY , from S? to a-Zygmund space, n € N. Then we will concerned with the
essential norm of this operator. Finally in the case n = 0 we find a criteria for boundedness
and compactness.

For any a > 0, the a-Zygmund space Z¢ is defined by

={f € Hol(D) : || fllz« = [£(0)] + | £'(0)] +§1€l]1;va(2)|f”(z)\ < oo}

Here vy (2) = (1 — |2|?)®. Under the norm ||.||za, Z¢ is a Banach space. Z! = Z is called
classical Zygmund space. Also a-Bloch space is defined by

* =A{f € Hol(D) : || fll= = |£(0)] +§§Bva(2)|f’(2)| < oo}

If £(X,Y) is space of all bounded linear operators between Banach spaces X and Y, then
the essential norm of 7' € £(X,Y’) is the distance of T' to the compact operators,

T |le,x—y =inf{||T" — L||x—y : L € L(X,Y) is compact}.
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It is a measure for finding the conditions under which the operator T is compact or not.
In this paper, if there exists a constant C' such that A < CB, we say that A < B. The
symbol A ~ B means that A < B < A.

2. MAIN RESULTS

Lemma 2.1. [11] Let1 <p<ooand0#weD. Foranyi € {1,--- ,m}, there exist
constants ¢4, -+ , ¢, 1 such that

m—+1
Vi w :fl,w + Z C;fj,w c Sp,
j=1
V0 (w) =0
— T k=i,
vw) =3 -t
0, k #i.
Here "
(1 —|w|*)?
fiw(z) =

(1- Ez)ﬁ%_l ‘
It is easy to see that the functions fj., belong to SP and is a bounded sequence. Moreover
Vi converges to 0 uniformly in D. According to above lemma, there exist functions,
denoted by hy, and k,, such that
wn+1
h(w) =0, AGFI (W) = —— (1)
(1= |wp)™>

ETL

(1 = [w]?)" 15

Ko (w) =0, k§(w) = (2)

It is well-known that for f € HP,
n flla
|f( )(z)| < £ pl+n’
(1—[z[?)
n € Ng. If f € SP then ' € HP and ||f'||g» < ||f|lse- So
n f S
|f( +1)(z)\ < LZM (3)
(1 —[z?)7
Theorem 1 of [13] implies that SP C H°, the space of bounded analytic function with
sup-norm ||.||eo, and || fllec < 7| fllsr, 1 < p < co. Therefore if f € SP then

[F < 1 flleo <l flls2- (4)

The following is about conditions on the symbols induce the operator to be a bounded
operator.

Theorem 2.1. Let A: D — D and v : D — C are analytic functions, 1 < p < oo, a > 0
and n € N. Then the followings are equivalent:
(a) CY, : 8P — Z% is continuous.
(b) / ,
A
ap NGO @G
D (1 AR €D (1 [A(2)/2)r
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Proof. (a)=(b) Since C}, : S — Z is continuous (bounded), then we can obtain a
positive constant C' for which

ICX o fllze < Cliflise, ()

for all f € SP. Consider the function fi(z) = 2" € SP. Then ||C} , fi[ z« < C and so by
computing the norm in Z% we have

ICR, fillze =I(CX 1) (0)] + SUp va( 2I(CRL )" (2)]

=/ (A(0))]|2(0)] +Sg}gva(Z)\fl(n)(/\(Z))V'(z)l
<nlp(0)] + sup va(2)nl]v' ()] < C.

Hence

sup v (2) [V (2)| < . (6)
z€D

Now consider the function fa(z) = 2"*! € SP. Then we get
ICX v f2llze =|(C,, f2)'(0)| + sup va (2)[(CX , f2)" ()]

z€D

=| £3" (A(0))[1(0)] + sup va()N )TV @) + 15 ) (2)]
=n!|A(0)||v(0)| + 5161]1; va(2) N (2)v(2) + nIX(2)V (2)].

Then

sup v (2)|N (2)v(2) + M(2)V/ ()| < oo.
z€D

Therefore

Sggva(Z)IX( (2] < supva(z 2N (2)v(2) + A(2)V (2)]

+ sup va (2) M (2)V(2)] < oc. (7)
zeD

Fix w € D and apply (5) to the function hy(,). Form (1) we obtain
C 2 1€z 2 sup va(z DI(CR L haw))” (2)]

Zva( w)[(CX, haqw))" (w)]
_ w)IV(w)IP\’(w)HA(w)I"+1
=g .
(1= [A@w)2)»™
/
wp TN
Aw)>6 (1 — [A(w)[2)z "
where 0 < § < 1 is fixed. Also for |A(w)| <,
Va(w) [N (w)||v ( )| _ va(w) N (w)]|v(w)]
+n - 2 lin
(1= [A(w)?) (1—r2)»
and the equation (7) implies that supremum of the above is finite. From these equations
and noting that w € D is arbitrary, we get

va(2)|N(2)] IVI(Z)I
€D (1—|A(2)2)» ™"

Hence

< Q0.
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Now employing (5) to the function ky(,,) and using (2) we obtain

C > [|CY Jkx)llze > sup va(2)[(CX L EA@w))" (2)]

>0 ()| (CR kxw))” (w))]
Y @IA@)"_
(1= [Aw)[2)p !

=Va (W)

In a similar way the following condition is proved

va(2) |V (2)|

sup < 0.
€D (1 - [A(=)[2)>

(b)=-(a) Suppose that f € SP. Then
ICX o fllze =I(CX ) (0)] + sup va(2)[(C, )" (2)]

= O)II(0)] + sup va(2) X () F D (AR))w(2) + P (A=) (2)]

<[ FAO)[2(0)] + sup va(2)| X () f" D (A(2))v(2)]

zeD
+sup va(2) F" (A=) (2)]
< v(0)] 1 fllse -+ sup va(2) [N (2)[[v(2)] 11l

(1= A©)2)r ! €D (1 |\(z)]2)7 "

T sup —eCWEL_
2D (1 - A(z)P)p !

Here we use the equation (3). Definition of the operator norm implies that the operator
CY, + SP — Z% is bounded (continuous). O

The following theorem is about finding an estimation for the essential norm of the
operator CY , : SP — Z“. As a consequence of it we can find a criteria for the compactness
of the operator.

Theorem 2.2. Let A: D — D and v : D — C are analytic functions, 1 < p < oo, a > 0
and n € N. Let the operator C’ZV : SP — 7% is bounded. Then

/ /
1o ~ {hmsup NIV o v () } |
A= (1= [A2)2)7 T M@=t (1= [A(z)2)» !

Proof. The proof will be done in two parts, upper and lower bounded. For 0 < r < 1, set
fr(z) = f(rz) and K, : Hol(D) — Hol(D) by

Krf(z) = fr(z)'

Then f, — f uniformly on compact subsets of D as r — 1. Also K, : S — SP is a
compact operator and noting that Cf\L,V : SP — Z% is bounded, C’f\‘,VKT : SP— Z% s
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compact. Let {r;}, 0 < r; <1, be a sequence such that for j — oo, r; = 1. So

ICXylle <limsup [|CX, — C} Ky |
j—o0

=limsup sup [[(CY, = CX, Kr,)fllze
j=oo |[fllsp<1

=limsup sup ]1/(0)||(f—frj)(”)()\(0))|+limsup sup Sup@f,
J—oo | fllsp<1 j—oo ||f]lsp<12€D

where
O = va ()N ((2)(f = fr,)"TVAE) + V(S = fr) P (AR))].
As fr, — f uniformly on compact subsets of D and the subset {A(0)} is compact then

limsup sup  [1(0)]](f — fr,) ™ (A0))] = 0.

J=oo |Ifllsp<1

Then
[CY,lle <limsup sup sup @5
j—=oo  ||fllsp<1z€D
<limsup sup sup ©f +1lim sup sup sup @; ,
J=oo || fllsp<1z€D1 J—oo ||fllsp<12€D2
where

D, ={z€D:|\2)|<r}, Dy={ze€D:|\(z)|>r}
and 7 € (0,1) is fixed. Again using uniformly convergence of f.. — f on compact subsets

of D and also employing equations (6) and (7) we have

limsup sup sup el =o.
j—oo || fllsp<1z€D1

Therefore according to (3) we get

15l <lmsup sup  sup ©F
J=o0 | fllsp<12€D2

=limsup sup sup va(2)|N(2)v(2)(f — frj)(nJrl)()\(z))
=0 |[fllsp<12€D2

+V () (f — fr) )W)
va(2)|N (2)[v(2)

17 1se

=<2limsup sup sup T
j=oo |fllsp<12€D2 (1 — |>\(z)\2)5+"
/
4+ 2limsup sup sup va(2) [V (2)] 1.f I s

. 1in—1
j—=00 ||fllsp<12€D2 (1 — |\(2)]2)?
a(2) [N
< limsup sup =GN EIE)

; Lin
jooe 2€Ds (1 A(2)]2)7

/
+ 2lim sup sup Va(2)lV (f)|
j2 26Dz (1~ [A(2)[2) ]

and this completes the proof of upper bound.
Let {z;} be a sequence in D such that [A(z;)| — 1, j — +00. Then the sequence {hy.,)}
is bounded and converges uniformly on compact subsets of D to 0. If K : SP — Z¢ is any
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compact operator, then lim;_, ||Kh>\(2j)HZoc =0. So
ICX ) — K| Zlimsup [(CX, — K)hy(z)llze

J—00

=limsup [|C} Az, [l z
j—ro0

— limsup(|(C5, ha o)) (0)] + sup va(2)[(CF, hrge,)) (2)])

Jj—00 zeD
2 i sup v (25X (29) 1) B (M z5)
J—00

e BN )M )]
=limsup .

e (1= At
s PGV EIE)]

e (1= M (z)R)r

Hence

o(2)| N
13, = i%fHC'f,,, K| - limsup ()N (2)||v(2)]

Sty 8
A= (1 —[A(2)[2)7 " ¥

By a similar discussion applying to the sequence {k,\(zj)} the following can be obtained

/
[CX e = lim sup va(2)|v (Zl')‘ .
IA(z)|—=1 (1 _ |)\(z)|2)5+”_

9)

Now the lower bound comes from (8) and (9). O

In the two following theorems we consider CY , : SP — Z¢ in the case n = 0.

Theorem 2.3. Let A: D — D and v : D — C are analytic functions. Then

a(2) [N
Cg\)’,/ : SP — Z% is bounded <= v € B and M = sup va(2) (Z)HV(;Z)’ < 00
D (1 M)

Proof. If v € B* and M < oo then as in the proof of Theorem 2.1, using (3) and (4) we
can prove that Cf\) , o SP — Z% is bounded. Converse part is proved in Theorem 2.1. [

Set

N, = lim sup va(z)!)\/(z)HV(fﬂ, Ny = sup va (=) N (2)[I(2)].
M@= (1= [A(2)]?)? 2€D

Theorem 2.4. Let A: D — D and v : D — C are analytic functions. Then
CQW : SP — Z% is compact <= v € B*, Ny < oo and N; = 0.

Proof. 1f C’f\]’y : SP — 7% is a compact operator then it is bounded and so v € B* and
Ny < 00, see (6) and (7). Now let {z;} be a sequence in D such that |[A(z;)| = 1, j — oo.
Then the sequence {hA(zj)} is bounded and converges uniformly on compact subsets of
D to 0. Since C’g’y : SP — Z is compact then we have lim;_,o ||Cf\),yh,\(zj)||za =0. By
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computing the norm in Z% we get

lim sup HCE\),Z/h‘)\(Zj) HZO‘ = lim sup sup Ua(z) | (Cg,uh)\(zj))//(zﬂ
j—00 j—oo zeD

> lim sup va (2)|N'(2)[1v(25) 1Py, (A(23)]

J—00
~limsup Ua(zj)\/\'(zj)!\/\(zjl)\!V(Zj)!
dve0 (1= |A(zy) )"
imsup PG G )
e (1= Az)R)7
from which Ny = 0. On the other hand suppose that v € B, Ny < oo and N; = 0. To
show that C’gy is compact we need to show that for any bounded sequence {f;} in S?

which converges to 0 uniformly on compact subsets of D, ||CY  fj|lz« —, j — co. From
N; =0, for every € > 0 there exists 0 < § < 1 such that if § < [A(z)| < 1 then

Ua(z)!/\/(z)llv(f)l .
(1=1A(2)P)»
It follows from above and equations (3) and (4) that
1CR 0 Fillze =[£5(AO)[1w(0)] + sup va(2)| X (2) fj(A(2))v(2) + £5(A(2))V' ()]

<|£;(MO)[(0)] + sup va(2)| X' (2) £5(A(2))v(2)]

zeD
- sup 0 (2 M)V )
SUOO)PO) + N, s (700
b osup C@N@IEN e s sup £ 0))
s<hGI< (1—|A(2)R) zeD

<IfAODI ()] + No sup [fj(A2))] + €l fillse + [Vl sup [ £5(A(2))]-
IN(2)|<5 2€D
Noting to the facts: 1. f; — 0 and fj’- — 0 uniformly on compact subsets of D,
2. the sets {\(0)} and {|A(z)| < 0} are compact subsets of D,
we obtain that there exists a positive constant C' such that
lim sup HCgijHZa < Ce.
Jj—00

This completes the proof. ]

Remark 2.1. It should be mentioned that the results of the paper can be stated for the
operators included in C}iy. The boundedness, compactness and essential norm of compo-

sition operator Cy, Volterra-type operators I, and .J,, Volterra-composition operator C¥
can be obtained.
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