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RELATION-THEORETIC COMMON FIXED POINTS FOR ALMOST
F4 ,-CONTRACTION TYPE MAPS IN B-METRIC SPACES AND
APPLICATION TO NONLINEAR FRACTIONAL DIFFERENTIAL

EQUATION

M. V. R. KAMESWARI'*, S. RADENOVIC?, M. MADHURI"®, A. BHARATHI"*, §

ABSTRACT. This paper introduces a novel class of contraction mappings called ” almost
Fpo-contraction type maps” in the framework of Bz-metric spaces. These contractions
are utilized to establish results regarding coincidence points and common fixed points
furnished with a binary relation. Furthermore, the paper aims to broaden the scope of
these findings by offering illustrative examples. The paper concludes with an application
of these concepts to prove the existence of solutions of a nonlinear fractional differential
equation. Our results broaden the scope of those reported in [16] and expand on com-
parable findings previously documented in the literature.

Keywords: Binary relations, Almost F 4 -contraction type maps, Bz-metric spaces, Com-
mon coincidence points, Common fixed points, Fourth-order boundary value problems.
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1. INTRODUCTION

An important concept in nonlinear analysis, the Banach contraction principle is well-
known for its numerous applications in various discussions. Researchers have expanded
this idea over time by modifying conditions related to abstract spaces and contractions.
Jaggi [14], Dass and Gupta [8], and Fisher [12] are notable for their investigation of
the application of rational-type expressions in the contraction condition, leading to the
widespread use of rational inequalities in fixed points, coincidence points, and proximity
point problems [1,8,12,14,18,21,28,38,39].
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FPT is used to define a variety of generalized structures, including B metric spaces,
partial metric spaces, and 2-metric spaces. Gahler [13] introduced 2-metric spaces, using
the area of a triangle in R? as an example. However, 2-metric spaces differ topologically
from metric spaces, limiting the direct applicability of their findings. Czerwik [7] defined
B metric spaces as a combination of 2-metric and metric spaces, with several publications
investigating fixed point theory in these spaces, to which we refer [2,6,7,13,35,36,39,40].

In 2014, Mustafa et al. [19] proposed a new metric structure termed Bs, which is an
extension of both 2-metric and b-metric. Some fixed point theorems in the By metric
spaces are proved. It is vital to note that a 2-metric space is a subset of by-metric spaces
with coefficient s = 1. Several authors, including those cited in [10,13,16,19,25,27,41],
have explored and established common fixed point theorems in these new By metric space,
primarily employing explicit or semi-explicit contraction conditions.

Recently, many fixed point results have not met the contraction conditions between
random pairs of points in the space, however, methods have been developed to restrict the
domains of these contractions. One approach is in this field of metric spaces with binary
relations, initiated by Turinici [32], represents a novel pathway of study. Subsequently,
in the order-theoretic metric setting, Ran and Reurings [24] have extended the BCP.
Recently, Alam and Imdad [4,5,6] proved the fixed point theorem for the classical BCP in
a completed metric space equipped with binary relations. In this result, it discovered that
the contraction condition holds only for those elements linked with the binary relation not
for every pair of elements. For additional literature on relation theoretic study, we refer

o [3,4, 5,11, 15, 17, 22, 24, 26, 27, 31, 32, 33, 34].  Wardowski [36] first proposed F-
contraction in 2012. Multiple researchers generalized Wardowski’s theorems by expanding
the concept of F-contraction. Zada et al.[38] utilized the concept of Fr contractions
developed in [9,20,23,27,29,31,37] to construct common fixed point results for rational
contractions. Additionally, substantial research has been devoted to weakly contractive
mappings.

Motivated by the existing literature on B metric spaces, rational expressions, Fr con-
tractions and relational theoretic study, in this paper, we define almost F5 ,-contraction
type maps with rational expressions in Bs-metric spaces and employ these contractlons to
obtain common coincidence points and common fixed points equipped with binary rela-
tions. To enhance the comprehensiveness of our findings, we provide illustrative examples.
The paper concludes with an application to a fourth-order boundary value problem mod-
eling the deformation of a fully elastic beam. Our results broaden the scope of those re-
ported in [16] and expand on comparable findings previously documented in the literature.

2. MATHEMATICAL BACKGROUND

Definition 2.1.[19] 6 : A3 — R be a mapping, A # ¢ and s > 1. If § satisfies the
following conditions (a) to (d), then ¢ is a Bo-metric on A:

(a) for all p,v € A, with p # v there exists v € A such that §(p,v,v) # 0.
(b) if at least two of the three points p, v, v are equal, then 0(g,v,v) = 0.
(c) 6(o,v,v) = d(o,v,v) = 6(v,0,v) = d(v,v,0) = 6(v,0,v) = §(v,v,0), for all
o0,v,V € A.
(d) d(o,v,v) <s[0(0,v,t) + d(v, v, t) + 0(v, o, t)], for all p,v, v, t € A.
Then (A, ) is a By-metric space.
Clearly, when s = 1, Bo— metric reduces to 2-metric.
Example 2.2.[19] Consider a 2-metric space on A as ¥(o,v,v) = (§(o,v,v))", where t > 1
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with s = 371, Evidently, from convexity of the function f(o) = o? for ¢ > 0, then by the
Jensen inequality,
(0+v+v)P <37l + P +0P).
Therefore 9 is a Bo-metric on A.
Definition 2.3.[19] Consider a Ba-metric space (A, J).
(1) A sequence {(,} in (A, ) is a Ba-convergent to ¢* if limy, 100 0((n, ¢*, 1) = 0. In
this case, lim,—+400Cn = C*.
(2) A sequence {(,} in (A, ) is a By — Cauchy if limy, s+ 00 6 (Cny Gm, T) = 0.
(3) A Bo-metric space (A, J) is consider to be complete if for any Cauchy sequence in
A is converges to a point within A.

Definition 2.4.[19] Consider (A,§) and (A, ) as two Ba-metric spaces and T : A — A.
Then T is Bs- continuous at T € A if for a given € > 0, there exists # > 0 such that T € A
and §(Y,Y,t) < h for all £ € A implies §(7TY,TY,t) < e. Further, T is By- continuous on
A if it is Bo- continuous for any T € A.

Lemma 2.5.[19] Consider a Bs-metric space (A,d). Assume {(,} and {{,} are Bo-
converges to ¢ and /¢, respectively. Then

5%(5((,&5) < 1im infrn 1000 (Cas bns t) < lim supn—s4000(Cny b, 1) < 526(C,4,1), for all £ €
A. In particular if /,, = £, is constant, then

%(5(@‘,6,5) < 1im infrn 1000 (G, £, 1) < lim supn—s1000(Cn, £, 1) < 56(¢, 4, 1), for all £ € A.
For relevant properties and examples on Bo-metric spaces, we refer[10,19].

In 2012, Wardowski[36] initiated the concept of F-contraction.

Definition 2.6.[36] Let (A,0) be a metric space and H be self map on A. Then H is F
contraction if: there exists 7 > 0 such that for all T, 0 € A

I(HY,HU) > 0 implies 7 + F(O(HY,HU)) < F(§(Y,V)),
where F is a mapping from R™ — R satisfying the following conditions:
(i) F is strictly increasing, i.e. for all v, A € RT such that v < A, F(v) < F()).
(ii) For each sequence {\,} of positive integers, limy 00X, = 0 if and only if
limp—s 4o F (An) = —00.
(iii) There exists i € (0,1) such that limy_,o+ A" F(A) = 0.
Example 2.7.[34] Let F : RT — R be defined by
F(Y) =T +1logY, for T € RT.

Then F is satisfying conditions (4)-(i7).

Throughout we refer § be the family of all functions F : RT — R satisfying the conditions
(1), (i1) and (ii7), R by set of all real numbers and N the set of nonnegative integers.
Definition 2.8.[8] Let (A, ) be a metric space and H be self map on A. Then H is a
rational contraction if for all T,U € A:

) - 5(0, HO)[1 + 5(0, HY)]
<
O(HY,HU) < ad(HY,HU) + b 1+ 8(T,0) ’

where @, b € [0,1) with a + b < 1.
Definition 2.9.[14] Let (A,0) be a metric space and H be self map on A. Then # is a
rational contraction if for all T, U € A:

) . 5(0, HU)S (Y, HY)
(& x <
5(IY,SV) < a8(HY, HUO) + b D)

where @, b € [0,1) with a+b < 1.
Theorem 2.10.[16] Consider two commuting mappings , H on a Bo— metric space (A, 0)
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into itself satisfying the inequality

S(HY, HU,a) < N(ST, S0, a), (1)
for all T,0,a € A, where 0 < A < 1. If the range of & contains the range of H and if & is
Bo-continuous, then & and ‘H have a unique common fixed point.

Let A # (. A binary relation R is a subset of A x A. Any two elements Y and U of A
are R- comparable if [T, U] € R i.e., either (Y, ) € R or (U, T)e R. Also, R* represents
binary relation on A whenever (T, U) € R with Y # U and R* C R.

Definition 2.11.[4] A sequence T, C A is considered R-preserving if for every n € NU{0},
the pair (T, Tni1) is an element of R.

Definition 2.12.[4] The R-completeness of A, is a property whereby every Cauchy se-
quence in A that preserves R converges in A. Evidently, in universal relation the com-
pleteness and R-completeness are same.

Definition 2.13.[4] For any R- preserving sequence {Y,} with T,, — Y, there exists a
subsequence {5} with (T, T) € R for all h € N, then R on A is d-self closed.
Definition 2.14.[4] Consider a self map H on A. R is H-closed if for any T, € A with
(T,0) € R implies (HY,HU) € R.

Definition 2.15.[4] Consider two selfmaps H and < defined on a nonempty set A. A
binary relation R on A is a (H,S)-closed if for any T, 0 € A, (ST,30) € R implies
(HY,HU) € R

Definition 2.16.[4] For any R-preserving sequence {Y,} C A, with T,, — T if HY,,—HY
then the self map H on A is termed to be an R-continuous at Y. Moreover, if H exhibits
this behaviour for all z € A, it is simply referred as R- continuous.

If & = I, then Definition 2.16 leads to Definition 2.15.

Definition 2.17.[4] Consider two self-maps H and & on A. We say that # is (3, R) con-
tinuous at a point T if there exists a sequence T, C A such that T, is a ﬁ-preserving
sequence and &Y, — Y, implying HY,, — HY. Additionally, H is said to be (%,7?,)—
continuous if it is continuous with respect to (<, 7%) at each point of A.

Definition 2.18.[15] Consider a subset @) of a nonempty set A. Then, the restriction of
R to Q is R|Q, defined by R N Q2.

Definition 2.19.[4] R is referred as transitive if for any Y,%,p € A,

(Y,2), (3,p) € R implies (T, )) € R.
Lemma 2.20.[27] Let H and S be two self-maps on A with respect to a binary relation
R. Suppose H(A) C I(A) and R is (H, I)-closed, with R | S(A) being transitive. If there
exists Yo € A such that (3Yo,HYy) € R, and there is a sequence Y, in A defined by
HY,, = 3T p41 for 0 < n, then for all m,n € N with n > m, we have
(ST, ST,) € R and (H Yy, HY,) € R.

Following on the same lines of proof of [30, Theorem 1] we have the following lemma.
Lemma 2.21.]27] Let R be a binary relation on Bo— metric space (A, ) and {37, } in
A such that limy, . 4000(STh, SThi1,t) = 0 and §(3T;, 3T, 3Y,) =0, for all 4,5, h € N.

If {3Y,} is not a By- Cauchy sequence, we can choose a subsequences {87T),,} and
{Q7T,,} of {IY,} such that n(h) > m(h) > h for all h € N and

6(%771(71)7 %n(ﬁ)a E) >€2 6(%771(5)1 %n(ﬁ,)—la E)
Also, we have:

(i) e <lim suph_>+oo5(3m(h) Sn(n)s t) < se.
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(i) & < lim supn—to00(Sm(n)—1, Sn(ny-1, 1) < s€.
(%ii) % < lim Suphﬁ+oo5(%m(h), C\\Sn(h),l,j) < Se€.
(iv) ¢ <lim supn 1000 (Smn)—1> Sn(n), t) < s%€.
Definition 2.22.[1] Consider two self-maps H and < on a set A.
(i) If there exists T € A such that v = H(Y) = J(Y), then T is a coincidence point
of H and &, and v is a point of coincidence of H and .

(ii) If H and & share a unique coincidence point v = HY = Y, then v is the only
common fixed point between H and

The following theorem was proved by Saleh et. al. [27].

Theorem 2.23.[27] Consider two selfmaps J,H on a By— metric space A with a binary
relation R such that H(A) € S(A), I(A) is By- complete subspace of A, with the following
assertions:

(1) there exists To € A such that (HYo, STg) € R.
(2) for all T,U,¢ € A there exists As : [0,+00) = [0, 1) limp—1o00Xs(tn) = 1 implies
limp—4ootn =0 and £ > 0 such that

S(HY, HU, 1) < A(M(Y,0,8)) M(T, U, 1) + £N (Y, 6, 1), (2)
with (HY, HU) € R*, (IY,3V) € R where
M(T,0,1) = maz{6(IT, 30, 1), (ST, 1Y, 1), §(HU, ST, i),

(ST, HU, f) +0(SU, HY, f) )
2s

and
N(T,0, t~) = min{d(SYT,HT, f), 4(SV, HOU, f), (ST, HU, t~), (ST, HTY, f)}

(3) R is (H,S)-closed and R | H(A) is transitive.

(4) R | S(A) is d— self closed provided (2) holds for all Y, 0,7 € A with (XY, HU) €
R* and (37,30) € R.

(5) If H and & are weakly compatible mappings, there exists w € A such that
(Su, Sw) € R and for all coincidence points u,v of H and S and (Sv, Sw) € R,
then ‘H and & have a unique common fixed point.

3. COMMON FIXED POINT THEOREMS FOR ALMOST JFp -CONTRACTIONS
In the following section, we will discuss some common fixed point theorems for almost
F.. -contractions. Firstly, we define almost F5 -contraction on a Ba-metric space.

Definition 3.1. Consider a By-metric space (A, d) with the binary relation R and H,S :
A — A. Suppose that for all T,0,t € A, there exists F € §, £ > 0 and 7 > 0 such that
the condition

S(HY,HU,t) > 0 implies 7 + F(§(HY,HU, 1)) < F(My(Y,0,1)) + £Ny(T,0,t) (3)
holds, where

. i
My(T, 0, 1) = maz{5(3T, 30, 1), ‘5(“2?6” 5(ST, 1O, D),

S(ST,HY, D[1 + 6(ST,HY, D] (ST, HY, D)1+ 6(ST, 1Y, T)]
1+ 6(37, 30, 7) ’ 14 6(S7,30,7

}
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and
Np(7T, U,f) = min{d(37, %U,f), 5(%T,HT,1§), 5(%6,7—[0,5),
(ST, HU, f)é(SU, HTY, f) )

1+6(S7,SU, 1)
with (37, 30) € R and (HY,HU) € R*, then H called almost F,-contraction.

Now we give our first new result.
Theorem 3.2. Consider a Bo-metric space (A, ) furnished with a binary relation R and
mappings H,S : A — A. Assume that H is an almost FRq-contraction satisfying the
following conditions:
(i) There exists Yo € A such that (3o, HYo) € R.
(ii) HA C SA, where SA is a By-complete subspace of A.
(iil) R is (7—[ $)-closed and R | S(A) is transitive.
(iv) H is (S , R)-continuous.
(v) R | S(A) is §-self-closed, provided that (3) holds for all T, U, t € A with (ST, SUV) €
R and (HY,HU) € R*.

Under these conditions, H and & have a coincidence point.

Proof. Let Yoy € A such that (3Yo, HYo) € R. If STg = HYg, then Y is a coincidence
point of H and <, hence the proof. Thus, assume that ST # HYy, since HA C SA, we
can choose T1 € A such that HYo = ST;. By repeating this process, we can construct a
sequence {IY,,} in A by HY,, = ST,;1, for all n € N. From Lemma 2.21, {3Y,} is R—
preserving that is

(Y0, STpi1) € R and (MY, HYpi1) € R for all n € N. (4)

If HY )y = HY pyt1 for some mo € N then Y, +1 = HY 1 which implies Ty,11 is a
coincidence point of H and .
Hence suppose that HY,, # HY 41 for all n € N. In view of condition (a) of Definition
2.1 and condition (4), we have
T+ f(é(ng+l7 %Tn-f—Q? E)) =T+ -F(é(HTny HTTL-{-M E))
< *F(Mb(TannJrlaE)) + '£Nb(Tn7Tn+1aE)v (5)

where

i BT HY e, i
Mb(Tnv T’n+17t) = mam{(;(STn, %Tn+17t), 5(\5 ;—i + t) ; 5(3Tn+1aHTn+la t)?

S g1, HY D1+ 6(ST, H Y0, )]
14 6(STp, STnp1, 1)

8T, HY [T + 6(ST g1, H Y, )]
14 6(S7 0, SThp, 1)

S(HY 1, HY 0, T)

I

}

= max{é(HTn—lvHTn7£)7 75(HTH7HT7L+17£)7

2s
S(HY 1, H Y, 1)
1+ 0(HY,, H Y 1, f)}
< maz{§(HYp_1,H Y, 1), 0(HYpi1, H Y0, 1)} (6)
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and
No(Toy Tov1, 1) = min{d (ST, V011, 1), S(SV0y HY 00y 1), 6 (ST w1, HY i1, 1),
(S, HY i1, 1) (S i1, HY 0, )
1+ 6(3Y, S a1, 1) }
= min{6(STn, STns1,1), 6(SThit, SThyo, 1), (ST, STy, 1),0} = 0.
(7)

Thus from (5), (6) and (7), we get
T+ F((HYn, HY i1, 1) < F(maz{S(HYp—1, H 0, 1), S(H pi1, H 0, D)), (8)
Suppose that §(HYp_1, HYn, 1) < S(H i1, HY,, 1) in (8), we get
T4+ F(6(HYn, HYnp1,1)) < F(O(HYn, H Y nt1,1))
which implies 7 < 0, a contradiction. Hence {6(H Yy, HYnt1,%))} is a decreasing sequence
of a non negative real numbers, then from (8), we get
FO(H YL, HY i1, 1)) < F(O(H Y, HY o1, 1)) — 7
< F(S(HY 1, HY p—2,1)) — 27
< ... < F(8(HTo, HT1, D)) — nr,

for all n € N. Taking limits as n — 400, we attain limy, oo F (§(H Yy, HY pi1,1)) = —00,
using F2, we get

lzmn_>+oo(5(7-{’fn, HTn_t,_l, ) = 0. (9)
We now claim that §(37;, Y, 3Y,) =0 for all 4, j,h € N.
Since, {0(3Y,,, I, 11,1)} is strictly decreasing and §(37Yo, IT1,3To) = 0. We conclude
that §(SY,, ST 41,3 YTo) = 0 for all m € N.
Again, (S 1,3 0, IY,,) = 0 for all m € N and {§(SY,_1, STy, 1)} is strictly de-
creasing, we obtain that

(ST, ST pt1,3Y) =0, for all n >m — 1. (10)
Also, for 0 <n <m — 1, it follows that m — 1 > n + 1. Henceforth, from (10), we have
(ST =1, ST, ST 1) = (S -1, S 0, IT,) = 0. (11)

Hence by rectangular inequality, and using (11), we obtain
(ST, S a1, ST ) < s[0(STh, STht1, STm—1) + (ST rr1, ST, ST 0—1)
+ (ST 0, ST, SY0—1)]
=50(STp, ST hrt1, ST m—1) < 56(STh, ST 41, S hy1) = 0.
Therefore, we get (3T, ST 41, 3Y,,) =0, for 0 <n <m — 1.
For all i,5,h € N, j < i and 5(%TZ, %Tj, %Tj_l = (5(%Tﬁ, %Tj, %T]’_l) =0,
in view of rectangular inequality, we have
(Y5, Y5, ST s) < s[0(SY5, Y5, Y1) + (ST, S5, SYj-1) + 6(I 4, S5, Y1)
= 8[6(STh, ST, 3T -1)]
< 52 [5(S T, Y5, Y 2)]
<, < 715 (37T, ST, SY) = 0.

Therefore for all 7, j, h € N, we attain §(3Y;, I, ITy) = 0.
We now show that {3Y,,} is a Ba-Cauchy sequence.
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If {3Y,} is not a By- Cauchy sequence by Lemma 2.20, there exists ¢ > 0 and two
subsequences {r(h)} and {n(h)} with n(h) > r(h) > h such that 6(SY, ), STy, 1) > €
for all h and 6(GY,(n), STp(n)—1,t) < € satisfying (i) — (iv) of Lemma 2.20.

In view of Lemma 2.20, we have

(ST ()> STamy) € R and (KL, gy, HY ) € R,
for all r(h),n(h) € N with r(h) < n(h). On using (3), we have
T+ 6(Sr s Snnys 1) = 7+ 6(Hrny—1, Hu(my—1,1)
< FMy(Tomy—15 Trgny—1,1) + ENs(Try—1, Trgny—1,1),  (12)
where

~ ~, 5(%rh77%’nh7t)
Mp(Tr =15 Togmy—1,t) = maz{6(Syny—1, Sp(n)-1, 1), = ;5 - ’

~ 0(Snm=1> S DI+ 6(Sriny—1, Ho(ny )]
1+ 6(Sr(n)—1> Sngny-1, 1)
3(Sr(my=1> Srny» D1 + (S (ny— 1737»(5)75)]}

1+ 6(Sr(my—1> Snny-1,1) 7

)

thus from Lemma 2.20 and (9), we have

maz{z, 5z T 1+6 b < lim supp sy oo My(Trmy—1, Trr)—1 1) < max{se,¢,0, €+52}
this implies

€ .
352 = lim supho oo My(Triy -1, Tngny -1, t) < se. (13)
And
M(Tr(ﬁ)—h Tn(h)—l: f) = min{(s(%r(ﬁ)—la %n(ﬁ)—la ~)7 6(%7“@) Hr(h)—lv £>7
5(Sr(m)=1> Hn(n)—1, D)0 (Snm—1, Sr(my—1, )
5(Sn(n)=1> Hn(ry-1,1), 1+5( S D) }.
Therefore

lim Suph%+oo-/\/};(’rr(h)flv Tn(h)flu f) = 0. (14)
Hence from (12), (13) and (14), we have

T + F(se) < F(se),
this leads to a contradiction. Therefore, the sequence &Y, is a Bo-Cauchy sequence in A.
In light of $(A) is a complete subspace of A, there exists an element n € J(A) such that
limpy 10Ty = limp 1o HY, = S

We now demonstrate that n is a coincidence point of H and &. To show this, we consider
the following cases. ~
(1) Suppose that H is (3, R) continuous, which implies

limnﬁ+oogfrn+1 = lZmnH+ooHTn = Hn.
In view of uniqueness, we get
Sn = Hn.

Therefore n is a coincidence point of & and H.
(i3) Suppose that R|J(A) is d-self closed and condition (3) holds for all T, U, a € A with
(IY,30) € R and (HY,HU) € R*. Since {IT,} C I(A), {IT,} is R|S(A)-preserving
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and §Y,, — Jn so that there exists {ST, )} € {7y} such that (I, Sn) € RIS(A)
for all i € N, and since R is (3, H) closed then (HY (), Hn) € RIS(A) for all h e N,.

It HY,, 5y = Hn, for all b > R, and N, h, € N, and then limp 1 oHYpn) = Hn, and
since limy— 0o H YTy = S0, we have n is a coincidence point of H and .

If HY, # Hn for all b > ho and h,h, € N, then (HY, ), Hn) € R|S(A) and
(ST, Sn) € R|S(A). From contraction condition (3), we have

T+ .7'—(5(%Tn(h)+1, Hn,t)) =71+ f((S(’HTH(h,), Hn,t))
< F(My(Trgny, 1, 1) + £Np(Trry 0, 1)), (15)

where

6(%Tn(h),7-ln, f)

Mb(Tn(h), n, L?) = maw{d(%Tn(h), %n, t~), s 5(%‘(1, ’Hn, E),

§(S1, HY D)1+ (ST iy, HY iy )]
1+ 5(%Tn(ﬁ)7 S, 7?) ’

e 5C\Tn ) )
— maz{5(ST pny, 30, ), SRV

(5(%11, HTn(h) y f) [1 + 5(%‘(1, IHTn(h)a E)]
1+ 5(%Tn(h)7 Sn, E)

}

1+ 5(%'1‘”(;1), %n, Z?)]

. - . O(SYp(ny, Hn, t)
lim supp— 100 Mp(Tyny, 1, t) = maz{d(In, Hn, t), lim supp oo P .

Hence by Lemma 2.5, we get

- 0(Sn, Hn, 1)

max{0(Sn, Hn, t), e b < lim supp— oo Mp(Tpy s s t)

N .
< maz{§(In, Hn,t), W} (17)

Also

thus,
lim supﬁ_,Jroo./\/},(Tn(ﬁ),n,f) =0. (18)
Now, on using (16), (17) and (18) in (15), we get

T+ lim supp— oo F(6(HY ), Hn, 1))
< lim supp— oo F (Mp(Tr(ny, 1, 8)) + £1im supp 400 No(Trny, 1, 1),

which implies F(86(Sn, Hn, 1)) < F(5(Sn, Hn, 1)) — 7
this implies 6(Hn, In, ) = 0, for all £ € A.
Hence Hn = Sn.

Thus, & and H have a coincidence point. O
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Theorem 3.3. In addition to the conditions of Theorem 3.2, assume that the pair
(H,S3) is weakly compatible. Furthermore, for all coincidence points ¢ and & of H and
there exists ¢ € A such that (3¢, 3¢) € R and (I€,3¢) € R. Under these assumptions, zt
follows that H and § share a unique common fized point.

Proof. In view of Theorem 3.2, the set of coincidence points of H and & is nonempty.
Further, assume that ¢ and & are two coincidence points of & and H i.e., ¢ = H¢ and
€ = HE. We now claim that S¢ = €. In light of our assumption, there exists ¢ € A
and

(3¢, 3¢) € R and (S¢,3¢) € R.

Following similarly from the proof of Theorem 3.2, we can define a sequence {(,} in A
such that H{, = S(,y1 for all n € N, and {, = ¢, with

it s 1000 (SCny SCni1,1) = 0. Since (S6,3¢) € R, (I¢,3¢) € R and R is (3, H)
closed, it follows that (Hp,H(y) € R and (HE, H(y) € R. Hence (3¢, S¢;) € R and
(3¢,3¢1) € R . Thus by induction, we have

(S0, S¢) € R and (I€,3¢,) € R, (19)

for all n € N.
From (3) and (19), we get

T+ f(é(SQZ)? SCnt1s E)) =T+ f(é(/HQZ)» Hn, E))

where

M6 G B) = maz {636, 3, 1), 8(3Cn, Hé, 1), L2 1)

25 ’
§(SCn, Ho, D)1 + 6(Hp, ¢, 1)] 6(Hop, b, D)[1 + 6(SCp, Ho, T)] ,
1+ 6(S¢, SCn, 1) ’ L+ 6(S¢, SGn, 1)
= m(lﬂf{(;(%qb’ %Cn, 5)7 6(SCTL7 %Cn—f-la E)’ W?

5(S¢n, Ho, D)[1 + 6(Ho, S, 1) 6(Ho, S, 1)1 4 6(S¢n, 1o, 1)) }
1+ 0(3¢, ICn, 1) ’ 1+ 0(3¢, 3G, ?)
— ma${5(%¢7 %<n75)7 5(%¢7 %Cn-‘rht) 5(%€n,H¢,t) }

25 "1 4 5(30, S, 1)
and

Nb((z)v Q% E) = mm{(S(%Cn; HCTL? 5)7 6(%¢a H¢7 E)a 6(%C7L> H¢7 E)v
(3¢, Hén, 1)0(SCn, Ho, 1)
0ty g,
1+ 0(3¢, 3n, 1)
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If My(¢,Cnyt) = 6(S0, 3¢, t) then from (20), we have
F(6(36,3Cnr1,1)) < F(6(36, 3¢, 1) — 7
< F(6(S¢, SCn1,1)) — 27
<.
<.
<.
< F(8(S¢, 3¢, 1)) — n7.

Taking limits n — +o00 in the above inequality, we get

limns 400 F(5(S¢, SCnt1, ) = —o0.

Using condition (2) of F, we get limy—4+000(S¢, SCry1,t) = 0.
If Mb(¢7 Cn» E) = 5(%67” %Cn+17 t~)7 then
7+ F(5(S¢, SCni1, 1)) < F(6(SCn, SCni1,1)), which implies

F(6(36,3Cn+1,1)) < F(6(SCn, SCoy1, 1) — 7
]'-(5(%@1717 %Cn, E)) — 27

< F(6(3¢0, 8¢, ) — nT.

Taking limits as n — 400, we get

limp s 100 F(8(S¢, ICni1,t)) = —00. Again, by using condition (2) of F, we get
(3¢, SCrt1,t) = 0.
Thus from the above arguments, we can conclude that

Limn—s 4000(S6, SCn, 1) = 0. (21)

Similarly, we can show that

LMy — 4000 (I, SCp,y t)) = 0. (22)

Hence from (21) and (22), we get S¢ = IE.
Thus, & and H have a unique coincidence point. Now by utilizing Definition 2.21, it
follows that H and & have a unique common fixed point. O

Theorem 3.4. Along with the axioms of Theorem 3.2, suppose that the all the coinci-
dence points of H and & are R— comparable and one of H or & is one-one then coincidence
points of H and  is unique. Moreover, the pair (H, ) is weakly compatible then H and
S have a unique common fixed point.

Proof. On the account of proof of Theorem 3.2, coincidence points of H and & is nonempty.
If is coincidence points of H and & is singleton set, then the proof is completed. Otherwise,
choose v and A be two coincidence points with v # A so that

Hy = Qv and HA = S (23)
_ By our assumption, we have (Sv, 3A) € R. Since R is (H, ) closed, we have (Hv, H)) €

R.
Using condition (3) and (23), we have

T+ F(§(Hv, HA 1)) < F(Mp(v, 5, 1)) + LNp(v, A, 1) (24)
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where
o -
My(v, N, 1) = maz{6(Sv, S\, D), 5(”‘”2?“) SN HN, D),
S(Sv, Hu, )[1 + 6(SN, Hu, t)] (SN, Hu, 1)[1 + (Sv, Hy, f)]}
1+ 6(Sv, SN, 1) ’ 1 +d(Sv, I\ 1)
9, k) X, %\ F
— maz{6(SA, S, ~)75(\w, S, )7 (S, \s)\,t)~ )
% 1+ 6(Sv, 30, 0)
= (S, SN\, 1) (25)
and
Ny(v, A, 1) = min{6(Sv, SN, 1), §(Sv, Hu, 1), 5(SA, HA, 1),
3 1),8(3 t
6(\91/7 HA? )’ 5(JA7ﬁV’ ) } — 0 (26)

On utilizing (23), (25) and (26) in (24), we get

T+ F(O(Hv,HA, a)) < F(0(Hv,HA,a)) , which yields HA = Huv.
Thus, & and H have a unique coincidence point. Now by utilizing Definition 2.21, it
follows that H and & have a unique common fixed point. O

Example 3.5. Let A = {(a,0)]a € [0,8]} U{(0,2)} € R? and let §(,U, ) denote the
square of the area of triangle with vertices Y, U and ¢ € A,
e.g., §((1,0),(0,0),(0,2)) = (U — T)2. Clearly, (A,§) is a Bo-metric space with s = 2.

We define relation R on A by

R = {((0,0), (3,0)),((1,0), (2,0)), (1,0, (2,0)), (1,0), (5,0)).((1,0), (3,0)),
(1,0), (1,0)), ((3,0)), (2,0), (0,0, (1,0)), (0,0), 2,0, ((3,0), (2,0)),

2 2
((0,0), (2, 0)), (0,0, (2.0))}.

2’ 2
We define §,H : A — A by

(1,0) if T el0,1]
H(Y,0) = { and

(2,00 if T e(1,8]

(1-72,0) if Y e[0,1]
3(Y,0) = {

(BH2,0)  if Te (1,8

and $(0,2) = #(0,2) = (1,0).
We now verify the postulates of the Theorem 3.2. There exists an Yo = (0,0) such that
(S0, HYo) = ((1,0),(1,0)) € R. Clearly, HA C IA, SA is a complete subspace of A.
R = R|JA is transitive and R|JA is 6— self closed. It is easy to verify that R is (H,S)
closed.
We define 7 : Rt — R* by F(v) = logr + § for all v € R*. Clearly, ¥ € §. We
verify contraction condition (3) when (3Y,30) € R, (HY,HU) € R, ¢ = (0,2),L = 3,
7 = Iny/3 and §(HY,HU,1) > 0.
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Case(i): When (Y,0) = (1,0),(U,0) = (5,0) or (Y,0) = (2,0) ,(5,0) = (3,0) then

9. 9 N

InV3 + In(7) + g =7+ FOHYT, HT, 1))
9 3 N 3
<9+ 3+ 5 = F(M(T,0,) + £N(Y, 5, 7)

Case(ii): When (7,0) = (0,0), (U,0) = (4,0) then

0,
Inv/3 + % = 7+ F(§(HY, HU, 1))

< m(%) + % = FMy(T,0,0) + £N5(T, 0, D)
Case(iii): When (Y,0) = (0,0), (G,0) = (2,0) then
InV3 + m(i) =7+ F(6(HY, HU, 1))
< 5 = FOM(0,5,5) + £N(T, 5, )

Case(iv): When (Y,0) = (2,0), (U,0) = ((3,0) then
Inv3 + ln( )

l\DM—l \1

+ F(S(HY, HOU, 1))

oo\»a

Case(v): When (T,0) = (2,0), (U,0) = (4,0) then

N F(O(HY, HU, 1))

2
SIn()+ g+ 5 = FOM(00,) + £AG(X, 5,1
Case(vi): When (7,0) = (1,0), (U,0) = (3,()) then
Inv3 + m(é) £ =7+ PO HO,D)
<In(4) + % + % = F(My(Y,0,t) + £N(Y, U, 1).
Thus, all the conditions of Theorem 3.2 are fulfilled, where H and & have two coincidence
points, (0,0) and (0, 2). However, the uniqueness of the coincidence point fails since (0, 0)

and (0,2) are not comparable under R.
Example 3.6. Let A = {1,2,3,4} and define § : A x A x A — R by

5(2,4,1) = 6(2,4,2) = 6(3,1,1) = 5(3,2,3) =2
544, 1) = §(2,1,1) = 6(2,1,2) 2, 1,3) =46(3,1,3) =1
5(1,4,3) = 6(2,4,3) = 6(2,4,4) =

5(4,4,3) = 6(3,2,2) = 4
with symmetry in all the variables and (Y, U, a) = 0, otherwise. Then (A, ) is a Bo-metric

space with s = %. We define relation R on A by

R=1{(1,1),(3,3),(1,4),(1,2),(4,4),(3,2),(2,2)}.
We define &, H : A — A by
H1=H2=1H3=2,H4=4.
$1=2,82=1,33=3,34 =4.
We now verify the postulates of the Theorem 3.2. There exists an Tg = 1 such that
(Yo, HYo) € R. Clearly, HA C IA, SA is a complete subspace of A. R = R|JA is
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transitive and R|SA is 6— self closed. It is easy to verify that R is (#,S) closed.
We define F : R — Rt by F(v) = logr + ¥ for all v € RT. Clearly, F € §. We verify

contraction condition (3) when (IY,3U) € R, (HY,HU) € R. The nontrivial case is
when ¢ = (3,2), L = 2, 7 = In\/3 and §(HY,HU,a) > 0.

InV3+6(2,1,a) = 7 + F(6(H3,H2,a)) < F(My(3,2,a)) + £N3(3,2,a)
Case(i): When a =1 and 1 = §(H3,H2,1) > 0 then

1
InV3 + 5 =7+ F(0(H3,H2,a))
<in2+1+ "E(O) = ]:(Mb(37 2, (I)) + £Nb(3a 2, (I)
Case(ii): When a =2 and 1 = 0(H3,H2,1) > 0 then

Inv/3 + % = 7+ F(6(H3,H2, a))
< % + ,5(%) — F(My(3,2, ) + £N3(3,2,a)
Case(iii): When a =3 and 1 = §(#H3,H2,1) > 0 then
Inv/3 + % 4 F(5(H3,H2, a)
<241+ £<%) — F(My(3,2,0)) + £N5(3,2,a)
Case(iv): When a = 4 and 2 = §(H3, H2,1) > 0 then
InV3+1n2+1 =1+ F(0(H3,H2,0))
SIn3 2+ £03) = FMu(3,2,)) + £N5(3,2,0)

Thus, all the conditions of Theorem 3.2 are fulfilled, where H and & have two coincidence
points, 2 and 4. Hence, the uniqueness of the coincidence point holds.

Additionally, for the values of T = 3,0 = 3, and a = 2, there isno A € (0,1) with A < 1
for which the contraction condition (1) holds. Since

1= §(HY,HU,3) £ A(1) = A(ST, S0, 3).

Hence, our results generalizes the results stated in [16].

4. SOME CONSEQUENCES

If § = I, we have the following Corollary.
Corollary 4.1. Let R transitive binary relation on a Ba-metric space (A,0) and H : A —
A such that:

(i) for all Y, U, € A, if there exists F € §, £ > 0 and 7 > 0 such that
S(HY, HU, t) > 0 implies T+ F(6(HY,HU, 1)) < F(My(Y, 0, 1) + £N(T,06,1) (27)

where

My (1,5,8) = ma{o(1,65,9), O 5 900,
55, HY, D)[1+ 6(T, 1Y, B (T, HT, B[ + 6(0, HY, )]

1+6(Y,0,1) ’ 1+6(T,3,17)

}
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and

5(YT, HU, 1)5(U, HY,?)

Y,0,t) = min{s(Y,0,1),5(T,HY,t),5(0, HU, t —
Nb(aa) mln{(77)7(7H7)7(7H7)7 1+5(T,HU,t>

}

with (T,0) € R and (HY,HU) € R*.
(ii) there exists Yo € A such that (Yo, HYo) € R.
(iif) R is H-closed.
(iv) R is 6— self closed provided (27) holds for all T, 0,7 € A with (HY, HU) € R*.

Then H has a fixed point. Moreover, if for all coincidence points of ¢, £ there exists ( in
A such that (¢,¢) € R and (&,¢) € R, then H has a unique fixed point in A.

Definition 4.2.]22] Let (A, <) be a partially ordered set and H, S be two self maps on A.
If for any T, U € A, if T < 30U implies HYT =< HU, then H is & non-decreasing.

R ==, we have the following Corollaries.

Corollary 4.3. Consider two self maps H and & on an ordered complete Bo-metric space
(A, 0, =<). Assume that:

(i) there exists T, € A such that STy < HYy.

(ii) H is & nondecreasing.

(i) HA C 3(A), (A) is a Be- complete subspace of A.

(iv) for all T,U,a € A, if there exists F € §, £ > 0 and 7 > 0 such that

S(HY,HU,a) > 0 implies T+ F(§(HY,HU,a)) < F(My(Y,0,1)) + £LNy(T, T, 1)

where
- - ST t -~
My(Y, 8, 1) = maz{5(SY, ST, 7), 5(“2?(“) (ST, HU, D),
S(SU,HY, D1+ 8(ST, HY, 8] §(ST, HY, D1 + (ST, HY, 5)]}
1+ 0(37,30,1) ’ 1+ d(ST, 0, 1)

and

No(Y,06,1) = min{d(IY,I0,1),6(ST, HY, 1), 5(IV, HU, 1),

S(IT, HE, D)8 (ST, 1Y, )

1+ 0(SY,HU, T) }

with ST < SO.

(v) If {SY,} is nondecreasing sequence in A with Y, — Sp as n — +oo, then
ST, = S for all n € N. Then & and H have a coincidence point.

(vi) If & and H are weakly compatible mappings, and for all coincidence points ¢, &,
there exists w € A such that either &¢ < Sw or € < Sw, then § and H have a
unique common fixed point in A.

Corollary 4.4. Consider a self map H on a complete partially ordered Bs-metric space
(A, 6, =). Assume that:

(i) there exists T, € A such that To < HYy.
(ii) H is nondecreasing.
(iii) for all T,0,a € A, if there exists F € §, £ > 0 and 7 > 0 such that

S(HY,HU,a) > 0 implies T + F(S(HY,HU,a)) < F(My(Y,0,1)) + LN(T, T, 1)
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where

- - T f -
My(T,0,t) = maz{d(T,U,t), W, 0(U,HU, t),

5(B, 1Y, D)1+ 6(T, HY,5)] 6(T,HY,D)[1 + (U, HY, )]

1+6(7,0,1) ’ 1+d(Y,0,1) }

and
)

Ny(Y,0,7) = min{d(Y, 0, 1), (T, HT, 1), d(©, HO, i)

5(0, HU, D)S(U, HTY, f)}

1+ 6(Y,HU, 1)

with T < ©.

(iv) If the nondecreasing sequence {Y,} in A with Y,, — p as n — +o0, then T,, < g,
for all n € N. Then H has a fixed point.

(v) For all ¢,& € Fix(H), if there exists ¢ in A such that ¢ < ¢ and £ < ¢, then H
has an unique fixed point in A.

Proof. The proof of this corollary follows by setting & = I in Corollary 4.3. (]

5. APPLICATION

In this section, we will provide an application of the corollary 4.1 for proving the exis-
tence of a solution of the following nonlinear fractional differential equation.

{ cDBWI(s)) + f(5,9(5) =0;(0<s < 1;8< 1) (28)

9¥(0) =0 =9(1),
where f € C(]0,1] x [0,00),[0,00)). The operator H is defined by

1
Hu(s) = / & (s, ) f(t, (1)) dt
0
The Green function related to (27) is

(5(1_0)@;(;_)(5_{)%1 ifo<t<s<1

S(s,t) =
_¢))a—1 .
bl if0<s<t<L
where I is a gamma function. Let A = C[[0, 1], R] be set of all continuous functions defined
on [0,1] and we define p: A x A — R by

p(1,5) = mazye(o [ T(s) — B(s)],
for all T, U € A equip A with the 2-metric given by 1 : A3 — R* which is defined by
(Y, 0,1) = mazo<s<i {min{|T(s) — U(s)], [U(s) — (s)], [E(s) — T(s)[}},
for all T, U, € A. As (A, p) is complete metric space, (A,n) is a complete 2-metric space.
We define a Bo-metric on A by §(Y,U,t) = n3(Y, U, 1), for all T,U,t € A.
Therefore, (A,0) is a complete By—metric space with s = 9.
We define a relation R on A by

R ={(Y,0) € A% : T(s) < U(s) for all s € [0, +00)}

We prove the following main result of this section.
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Theorem 5.1. Consider the differential equation (28). Suppose that:

min{|Y(s) — U(s)],|T(s) — #(s)],[V(s) — i(s)[}
(1+ 7 My(Y,0,1))3

|f(s,T(s) = f(s,0(s))| <

for all X, U,t € A, s €[0,1], where

My(Y,6,t) = maz{§(Y,U,1), (S(T’;;m’t), §(6,HU, 1),
SO, HY, 1)1 + 5(T~,HT,t~)} S(Y,HY, )1+ (017-['1“,5)]}
1+6(7,0,1) ’ 1+d(T,0,1)
Under the above postulates the equation (28) has a unique solution.
Proof. The equation (28) can be written as
I(s) = /01 S(s, t) f(t,9(t))dt, (29)

for all s € [0,1]. Now ¥ € A is a solution of (29) if and only if it is a solution of an
nonlinear fractional differential equation (28). We define a map H : A — A by

1
~ [ sta) (0
0
We choose an R preserving sequence {0,,} such that 9,,(t) = w(t). Then for all t € [0,1],
we get
Do(t) < 91(t) < 9a(t) < ... <) < o

and converges to w(t) which implies J,(t) < w(t) for all t € [0,1]. We can choose
subsequence {1, (t)} of ¥, (t) such that [0, (1), =w(t)] € R for all n € N. Hence R is
0-self closed.

For (¥,w) € R, we have 9(t) < w(t) and &(t,5) > 0 for all t,s € [0, 1].

1
HOI(®) = suprego. /0 &(t,5)(f(s, 0(s)ds

1
< supeqy [ S()(f(e.w(e)ds
=Hw(t) for all t € [0,1]
which implies (H9(t), Hw(t)) € R i.e., R is S- closed.

ot
Now for (19 w) € R, we have
[HO(t) — Hoo(t)]

,0(s)) — f(s,(s))]ds]

1o ind19(s) — w(s)], [9(s) — i(s)], |o(s) — E(s)1}
(T/\/lb(ﬁ,w,f) +1
< mm{|19(5) —w(s)], [9(s) —i(s)], |ow(s) — ¢
(T My(9, @, 1) + 1)%

\\

(30)
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Since fol S(t,5) < 1 and taking supremum in both sides we get

SUPte[o,l]‘HQS‘(t)_Hw(t)’ < Supiefo,1) mm{lﬂ(s)ﬁ_(j((j\ljf(?;t;ﬂﬂ)?ﬁ)_t(ﬁ)”.supte[o’l] fol &(t,s)ds

which implies

t v, w,t
n(HY, Hw, t) < maxep)[HI(t) — Ho(t)] < n(v,w,t)

(TMb(ﬂa w, t) + 1)é .

From here we have,

59, w,t) < My(9,w,t)

S(HY t) < = - :
(Ho, He, ) < TMp(9,w,t) +1 — 7Mp(9,w,t) + 1

which yields

1 | | )
- = < — = < — — + LN(Y,0,t
TS HO, Heo D) = My(HO, Hooo 1) = My (HO, Heo, 1) ol )

On choosing F = _71 in the above, we get
T+ F(§(HY, Hew, b)) < F(My(Y,0,1)) + LN (Y, T, t).

This shows that H satisfies condition (27) of Corollary 4.1. Consequently, all the hy-
potheses of Corollary 4.1 are verified and we conclude that H has a unique fixed point,
which is a solution of periodic differential equation (28). O

6. CONCLUSIONS

In this paper, we introduce the notion of almost FRS3-contraction type mappings and
establish results concerning the existence of common coincident and fixed points for such
mappings within the structure of a B2-metric space equipped with a binary relation. We
provide examples to illustrate our findings and discuss potential applications in solving
nonlinear fractional differential equations.

Our methodology is distinguished by its reliance on more flexible conditions. Specifi-
cally, we assume (S, 7~€)—c0ntinuity of ‘H rather than standard continuity, and we impose
R-completeness only on specific subspaces instead of requiring completeness across the en-
tire metric space. This approach allows the contraction condition to be applied selectively
to related elements rather than universally. Moreover, in cases where the binary relation
is universal, these contraction conditions reduce to classical forms.
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