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A STUDY OF FUZZY P-ESSENTIAL SUBMODULES
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ABSTRACT. In this paper, we introduce the concept of fuzzy P-essential submodule of
an R-module M. This concept is a generalization of the concept of fuzzy essential
submodule. Also, we investigate various properties of P-essential submodules concerning
fuzzy multiplication modules over a commutative ring.

Keywords: Fuzzy essential submodules, fuzzy P-essential submodule, fuzzy fully P-
essential submodule, fuzzy P-uniform module.

AMS Subject Classification: 16D10, 08A72.

1. INTRODUCTION

In 1965, Zadeh [15] introduced the concept of a fuzzy subset as a generalization of the
characteristic function in classical set theory. Rosenfled [12] in 1971 applied this concept
to the theory of groupoids and group. Negoita and Ralescu [7] were the first ones to
introduce a fuzzy submodule. Kalita [4] defined a fuzzy essential submodule and proved
some characteristics of such submodules. Nimbhorkar and khubchandani [8] applied this
concept of essential submodules to fuzzy essential submodules with respect to arbitrary
submodules. Also, Nimbhorkar and khubchandani [9] studied fuzzy semi-essential sub-
modules and fuzzy small-essential submodules. Finally, Nimbhorkar and khubchandani
in [10] and [11] studied fuzzy semi-essential submodules, fuzzy closed submodules and
L-fuzzy hollow modules, L- fuzzy multiplication modules respectively.

The purpose of this paper is to define fuzzy P-essential submodule and study some of
its properties.

2. PRELIMINARIES

Throughout in this paper R denotes a commutative ring with identity, M a unitary
R-module with zero element 8. We use the notations “C "and “ <7 to denote inclusion
and submodule respectively. We recall some definitions from Moderson and Malik [6].
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Definition 2.1. [6] A fuzzy subset of an R-module M, is a mapping U : M — [0, 1].

The support of a fuzzy set U, denoted by U*, is the set U* = {x € M | u(z) > 0}. We
denote by U, the set Uy = {z € M | U(x) = 1}.

Definition 2.2. [6] If N C M and « € [0,1], then ay is defined as,

o (z) = {a, if x €N,

0, otherwise.

If N = {z}, then a, is often called a fuzzy point and is denoted by xq.
If @« =1, then 15 is known as the characteristic function of N and is denoted by xn-.

Definition 2.3. [6] Let X and Y be two nonempty sets and f : X — Y be a mapping.
Let W € [0,1]% and V € [0,1]Y. Then the image f(U) € [0,1]Y and the inverse image
F7YV) € [0,1)% are defined as follows: for ally €Y,

V{UW(z) |z € X, f(x) =y}, of ' (y) # o
0, otherwise.

fW(y) = {

and f~Y(V)(x) = V(f(x))for all z € X.

Definition 2.4. [6] Let M be an R-module. An fuzzy subset u of an R-module M is said
to be a fuzzy submodule, if for every x,y € M and r € R the following conditions are
satisfied:

(1) W) =1,

(2) Wz —y) > Uz) AUy),

(3) U(rz) > U(x).

The set of all fuzzy submodules of M is denoted by F'(M).

Lemma 2.1. [6] U, is a submodule of an R-module M if and only if U is a fuzzy submodule
of M.

Theorem 2.1. [4] A submodule A of an R-module M is essential in M if and only if xa
1s an essential fuzzy submodule of M.

Theorem 2.2. [4] Let U be a non-zero fuzzy submodule of an R-module M. Then U <M
if and only if W A M.

Corollary 2.1. [2] Let V be an L-fuzzy prime submodule of M. Then V., = {x €
M | V(z) =V(0pr)} is a prime submodule of M.

Theorem 2.3. 2] a). Let N be a prime submodule of M and o a prime element in L. If
W is the fuzzy subset of M defined by

1, ¢ N
a, if otherwise
for all x € M, then U is an L-fuzzy prime submodules of M.
b). Conversely, any L-fuzzy prime submodule can be obtained as in (a).

Definition 2.5. [9] Let M be an R-module and let W € L(M). Then U is said to be an
essential L-submodule of M, if for any V € L(M) satisfying UN'V = xg itmplies V = xp.
If L =[0,1], then U is called a fuzzy essential submodule of M and is denoted by U <y M.
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Definition 2.6. [1] A fuzzy submodule U of an R-module M s called a fuzzy semi-essential
submodule of M if for any nonzero fuzzy prime submodule V of M,
UNYV # xg and then we write U Dgepm; M.

3. Fuzzy P-ESSENTIAL SUBMODULES

In this section, we define fuzzy P-essential submodule, study some of its properties and
examples. Now onwards all the fuzzy sets involved in this paper have finite images.

Definition 3.1. Let M be an R-module and P be a non-constant fuzzy prime submodule
of M. A fuzzy submodule U of M is called P-essential if for any non-constant fuzzy
submodule V of P satisfying UN'V = xg implies V = xp, and is denoted by U <p M.

The above definition can also be stated as:

Definition 3.2. A non-constant fuzzy submodule U of M is called P-essential if UNV # xq
for any non-constant fuzzy submodule V subset of P (xg # V C P), where P be a non-
constant fuzzy prime submodule of M and is denoted by U <p M.

Remark 3.1. FEvery fuzzy essential submodule is P-essential.

Proof. Let U be a fuzzy submodule of an R-module M and V be an non-constant fuzzy
submodule of non-constant fuzzy prime submodule P, then U NV # xy as U is essential
submodule of M. Hence, U <y M. O

Theorem 3.1. (Kalita [4], Theorem 3.2.7, p.71) If A is a submodule of a non-zero prime
submodule P if and only if x4 is fuzzy submodule of non-constant fuzzy prime submodule

Xp-

Theorem 3.2. Let U be a non-constant fuzzy submodule of M. Then U <p M if and only
if U <p, M.

Proof. Let U <p M and A be submodule of non-zero prime submodule P,. Then by
Theorem 3.1, x4 is fuzzy submodule of non-constant fuzzy prime submodule xyp, .
Suppose that U*N A = 6. Then (UNx4)* = 6. Hence, UN x4 = xp. But U Jp M implies
that x4 = xp. Hence, A = 6. Thus, U* Jp, M.

Conversely, assume that U* Jp, M.

let x4 be a fuzzy submodule of a non-constant fuzzy prime submodule x,, then by
Theorem 3.1 A is a submodule of non-zero prime submodule P,. Suppose, U N x4 = Xxo
implies (U N x4)* = 0 gives U* N A = 6. But U* Jp, M, we get A = 6 implies x4 = xp.
Thus, U <p M. ]

The converse of Remark 3.1 may not be true.

Example 3.1. Consider the ring R = 7Z and its module M = Zoy.
Define fuzzy submodule U : M — [0,1] as follows:

1, ifx=0,

U(z) =< 0.7, if x € {6,12,18},

0, if = ¢ {6,12,18}.
Then U* = {0,6,12,18}.
Also, we define fuzzy submodule P : M — [0,1] as follows:

1, ¢ 3
fp(x):{ L ifr €<3>,

0.5, otherwise.
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Then by Theorem 2.3, P is fuzzy prime submodule of Zoy and by Corollary 2.1, P, =< 3 >
s prime submodule of M.

Then U* is < 3 >-essential submodule of M, that is U* <_3- M, as for proper submodules
< 6 >,< 12 > of Zoy are submodules of < 3 > and intersection of these with U* is non-
zero. Then by Theorem 3.2, U <p Zoy. But U* ﬁ Zoy as WN < 8 >=0.

Thus by Theorem 2.2, U 4 Zay.

Remark 3.2. A fuzzy semi-essential submodule may not be P-essential submodule of M.

Example 3.2. Consider the ring R = Z and its module M = Zsg.
Define fuzzy submodule V : M — [0, 1] as follows:

1, i@ 3
V() =4 b zfx€.< >,
0, otherwise.

By example 3.1 of [10], V is semi-essential submodule of M.
Again we define fuzzy submodule P : M — [0,1] as follows:

1, 4 5
Plz) = I - if x e<.5>,
0.8, otherwise.

Then by Theorem 2.3, P is fuzzy prime submodule of Zsy and by Corollary 2.1,

P. =< 5> is prime submodule of M. Now, V* =< 3 > is not Py-essential submodule of
M as {0,10,20} is the only proper submodule of <5 > but V* N {0,10,20} = 0. Implies
V* 5. M. Hence by Theorem 3.2, V 4y M.

Proposition 3.1. Let M be an R-module, P be a non-constant fuzzy prime submodule
and U be any fuzzy submodule of M. If P I M, then U <p M if and only if U < M.

Proof. Suppose that U <p M.

Let P be a non-constant fuzzy prime submodule of M and V < P such that UNV = yyg
implies UN (PNV) = xg. As PNV <P and U Jp M, then PNV = yy. By hypothesis,
P <M, thus V = xy implies U < M.

The converse is obvious. O

Proposition 3.2. Let M be an R-module and Ui, Uy € F(M) such that Uy < Ug. If
Uy <p M, then Us <p M.

Proof. let V be fuzzy submodule of a fuzzy prime submodule P of M such that UsN'V = xy.

As U; < Us implies U1 NV < Ua NV = xg. Implies U3 NV = xy. But Uy Jp M, 50V = .
Thus, Uy <p M. O

The following example shows that the converse of Proposition 3.2 need not be true.
Example 3.3. Consider the ring R = Z and its module M = Zoq4.
Define fuzzy submodules U,V : M — [0, 1] as follows:

1, if x =0,
U(z) =< 0.9,if v € {4,8,12,16,20},
0,if = ¢ {4,8,12,16,20}.
1, if x =0,
V(z) =¢0.7,if x € {8,16},
0,if x ¢ {8,16}.
Here we observe that V C U.
Again we define P : M — [0,1] as,
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i]’(x):{l’ ifre<?2>,

0.3, otherwise.

Then by Theorem 2.3, P is fuzzy prime submodule of M.
Here P, =< 2 > is prime submodule of M by Corollary 2.1 .
Also, U* ={0,4,8,12,16,20} then U* Jp,_ M, then by Theorem 3.2 U <p M.
Thus V <p M, as for ( : M — [0, 1]

1, ifx=0,

((z) =105 if z €{6,12,18},

0, otherwise.

We observe that VN ( = xg but ¢ # xgp-

Corollary 3.1. Let M be an R-module and Uy,Us € F(M). If Uy NUy Jp M, then
Ui <p M and Uy <p M.

Proof. We know that U; NUs < U; and U; NUs < Us and given that U; N Uy Jp M, then
by Proposition 3.2, U; <p M and Uy <p M. ]

The following example shows that the converse of Cor 3.1 need not be true.
Example 3.4. Consider the ring R = 7Z and its module M = Zoy.
Define fuzzy submodules U1, Uy : M — [0,1] as follows:

1, if x =0,
Ui(x) =< 0.9, if v € {4,8,12,16},
0, if x ¢ {4,8,12,16}.
1, ifx=0,
Ua(x) = € 0.6, if z € {6,12,18},
0, if = ¢ {6,12,18}.
Then U™ = {0,4,8,12,16} and Us™ = {0,6, 12,18}
Also, we define fuzzy submodule P : M — [0,1] as follows:
1, i 2
T(az):{ , ifrEe<2>,

0.5, otherwise.

Then P, =< 2 > is prime submodule by Corollary 2.1. Also, P is fuzzy prime submodule
by Theorem 2.3. Then Ui* <p, M and Us* <p_ M. But Uy* NUg™ HAp, M and here we
observe that Uy* N U™ = (Us NUz)*. Thus, (U NU)* A9, M. Then by Theorem 3.2,
Uy <p M, Uy <p M and U; MUy ﬂg) M.

Proposition 3.3. Let M be an R-module and U1, Uy € F(M). If Uy <M and Uz <p M,
then U NUg <p M.

Proof. Let P be a fuzzy prime submodule of M and yg #V C P.
Since, Us <dp M, then Us NV # xp.
Again as Uy < M, then Uy N (U N'V) # xp, so (U1 NU) NV # xp.

This implies Uy N Ug <Jp M. ]
Proposition 3.4. Let f be an R-module epimorphism from M to My. If U <p M, then
F7HU) g M.

Proof. From Theorem 3.6 of [2], if U is an fuzzy prime submodule of M, then f~1(U) is
an fuzzy prime submodule of M. let xp #V C P and f~HU) NV = xy.
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To prove, V = yp.

As UN f(V) = xp and as U <p M7 and f(V) C P, then f(V) = xp implies V C f~1(xy) =
kerf < f~1(W). But, f~Y(U) NV = xy, gives V = xp. Thus, f~1(U) <p M. O
Proposition 3.5. Let M be an R-module and U,V,'W € F(M) such that U <V <W. If
ULdpV and V <p W, then U Lp W,

Proof. Let P be a fuzzy prime submodule of W and A be a fuzzy submodule of P such
that UNA = xp.
Also we can write,
xo=UNA
=(UNA)NYV
=UNANY).
If VCA, then xp =UNANYV)=UNYV, hence UNV = yxp. Bt U<V, 50 UNV =U

implies that U = x4, a contradiction. Thus, V £ A and ANV = P. But U Iy V, therefore
ANU = xp and since V < W, then A = xyp, that is, U <p W. O

The following example shows that the converse of Proposition 3.5 need not be true.

Example 3.5. Consider the ring R = Z and its module M = Zoy.
Define fuzzy submodules W,V : M — [0, 1] as follows:
1, ifx=0,
U(z) ={ 0.5, if = € {6,12,18},
0, if = ¢ {6,12,18).
1, ifx =0,
V(z) =140.7, if v € {2,4,6,...,22},
0, if = ¢ {2,4,6,...,22}.
Here we observe that U C V.
Also, we define fuzzy submodule P : M — [0,1] as follows:

Pa) = {1, if T €< 3>,

0.5, otherwise.

Then P, =< 3 > is prime submodule by Corollary 2.1. Also, P is fuzzy prime submodule
by Theorem 2.3. Here, U* = {0,6,12,18} =< 6 >, then U* <p, M. Then by Theorem
3.2, W<y M. Again, V* = {0,2,4,6,...,22} =< 2 >. We observe that U* Hp, M and
V* <y, M. Again by applying Theorem 3.2, U Lo M and V <p M.

Proposition 3.6. Let M be an R-module and Uy, Uy € F(M) such that Uy <p M, Us<p M
and Uy N Usg # xg, then Uy NUs Jp M.

Proof. Let P be fuzzy prime submodule of M and V € F(M) such that V < P and
(Uy NU2) NV = xp. This can be written as Us N (U1 N'V) = xp.

If Uy <V, then we get a contradiction to the assumption, so U; £ V. This implies Uy NV
is a submodule of M. As Uy <p M and Uy NV is a submodule of M, then U; NV = xp.
But U; <p M, therefore V = g, hence U; N Uy <Ip M. O

4. P-ESSENTIAL SUBMODULES IN FUZZY MULTIPLICATION MODULES

In this section we study some properties of P-essential submodules concerning fuzzy
multiplication modules over a ring.
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Theorem 4.1. Let M be a faithful fuzzy multiplication R-module, I < R and U < M.
Then U <p M if and only if I <p R.

Proof. Assume U <p M.

let V1 be a fuzzy ideal and P be a fuzzy prime ideal of R such that Vi < P and INV; = xy.

Since, M is faithful fuzzy multiplication module, then (INVy)xar = Ixar N Vixam = Xo-

Now by Theorem 17 of [3], V1xas is fuzzy prime submodule of M.

Also, Vixm € Pxay and Iy = V1 is P-essential submodule of M, implies Vi x iy = xo-

Since M is faithful fuzzy multiplication module, then Vi = xy. Therefore, J <y R.
Conversely, assume J <y R.

let P be fuzzy prime submodule of M and Vs fuzzy submodule of P such that UNVs = xp.

Now by Proposition 5 of [3] there exists an fuzzy ideal ¢ of R with ((0)r = 1 such that

Vo = (xar- Hence, UNVo = Ixar NCxar = (INE)xr = xo, as M is faithful so IN¢ = xp.

But J <9 R, then ¢ = xg therefore Vo = (xar = xp- Thus, U Jp M. O

Proposition 4.1. Assume M is faithful fuzzy multiplication R-module. If C lp F, then
Cxnr Jp Fxar, for every fuzzy ideal C and F of R.

Proof. Let P be a fuzzy prime submodule of Fx s such that P = Dy for some fuzzy
prime ideal D of R and D < F. Let U be a fuzzy submodule of P such that

Cxm NU = xp (4.1)

Since, M is fuzzy multiplication R-module, then € = Exs for some fuzzy ideal € of R.
So equation (4.1) becomes Cxar N Exar = Xp this can be written as (€N &E)xar = xo-

Since, M is faithful R-module, then €N E = xy. Since, Cxar € Dxnr, Dxar # xar and as
M is faithful fuzzy multiplication R-module, then by Proposition 18 of [3], € C D. Since,
C <y F, then € = xp and hence U = xg. Thus, Cxar Ip Fxus. O

Theorem 4.2. let M be a faithful fuzzy multiplication R-module. If there exists an fuzzy
essential ideal U of F(R) such that C = Uxpr, where C is fuzzy submodule of M, then C
1s essential.

Proof. Let V € F(M) such that (Uxas) NV = xg. There exists an fuzzy ideal F of F(R)
with V = Fxs and hence, (UN F)xar € (Uxar) NV = xp. Since M is faithful, it follows
that U N'TF = xy and hence, F = xy. Thus, Uy s is fuzzy essential submodule of M. [

Definition 4.1. A non-zero ring R is called fuzzy fully P-essential if every non-constant
fuzzy P-essential ideal of R is essential ideal of R.

Definition 4.2. let M be an non-zero module over a commutative ring R. M is called
fuzzy fully P-essential if every non-constant fuzzy P-essential submodule of M is essential
submodule of M.

Remark 4.1. Every fuzzy fully essential submodule is fully P-essential but converse may
not be true.

Example 4.1. Consider the ring R = Z and its module M = Zq5.
Define fuzzy submodules U, P : M — [0, 1] as follows:
U(z) =1, forall x € Zs.
1, i 3
P(z) = 4 - .zfa:E <7 >,
0, ifx ¢ <3>.

Then P, =< 3 > is prime submodule by Corollary 2.1. Then by Theorem 2.3, P is fuzzy
prime submodule of M.
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Here we observe that U is not fuzzy fully P-essential because if we define fuzzy submodules
V:Zis— [0, 1] by:

1, ifx=0,
V() =407, if r € <6 >,
0, ifrd <6>.

Then V* ={0,6} and V* <p_ Z12. Then by Theorem 3.2, V 1p Z15.
But if we define a fuzzy submodule W : Z1o2 — [0, 1] by:

1, ifx=0,
W(z) =103, if r € {4,8},
0, if ¢ {4,8}.

Here we observe that VN'W = xg but 'V # xy.

Theorem 4.3. let M be a faithful fuzzy multiplication R-module where R is fuzzy fully
P-essential ring. Then M is fully P-essential.

Proof. Let U be a non-constant fuzzy submodule of M such that U <p M.

Since M is faithful fuzzy multiplication R-module then U = Vx,s for some fuzzy P-
essential ideal V of R. By hypothesis, V is fuzzy essential ideal of R. But M is faithful
fuzzy multiplication module, then U is essential submodule of M, by Theorem 4.2.

Thus, M is fully P-essential module. 0

Definition 4.3. A fuzzy module M is called P-uniform if every non-constant submodule
of M is P-essential.

Remark 4.2. Fach fuzzy uniform R-module is P-uniform but converse is not true.
Example 4.2. Consider the ring R = Z and its module M = Z15.
Define fuzzy submodules W, P : M — [0,1] as follows:
U(z) =1, forall x € Zs.
1, i 3
Py = 4 .zf:c €<3>,
0,if x ¢ <3>.
Then P, =< 3 > is prime submodule of M by Corollary 2.1.
Also by Theorem 2.3 P is fuzzy prime submodule of M and UW* = Zi5. Then U* Jp_ M.
Hence by Theorem 3.2, U dp M implies U is P-uniform.
Now define fuzzy submodule V : M — [0,1] such that V C U as follows:
1, ifx=0,
V(z) =40.7, if x € {5,10},
0, if x ¢ {5,10}.
we observe that PNV = xg but V # xg. Thus, V 4 M. Hence, U is not uniform.

Proposition 4.2. Let M be an R-module. Then M is uniform if and only if M is P-
uniform and fully P-essential.

Theorem 4.4. let M be a faithful fuzzy multiplication R-module. Then M is P-uniform
R-module if and only if R is a P-uniform ring.

Proof. Assume M is P-uniform and let U be a non-constant fuzzy ideal of R.

Then Uy s is P-essential submodule of M. By Theorem 4.1, U is P-essential ideal of R.
Conversely, assume that R is a P-uniform ring and V € F(M). Since, M is fuzzy

multiplication R-module, then there exists an fuzzy ideal J of R such that V = Jy,.

But R is a P-uniform, so J is P-essential. Thus, V is P-essential by Theorem 4.1. ]
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5. CONCLUSION

In this article, we have defined P-essential submodules and some of its properties are
investigated. Also, some properties of P-essential submodules concerning fuzzy multipli-
cation modules over a ring are studied.
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