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ON HYPER COMPLEX NUMBERS WITH HIGHER ORDER
BALANCING NUMBERS COMPONENTS

R. MOHANTY!, H. MAHATO, §

ABSTRACT. In this article, we define higher-order balancing numbers. Next, we employ
higher-order balancing numbers to present a novel family of hyper complex numbers.
These families are referred to as the higher-order balancing 2"-ions. We give various
algebraic properties of this higher-order balancing 2"-ions, such as the recurrence relation,
the generating function, Binet’s formula, Catalan’s identity, Cassini’s identity, d’Ocagne’s
identity and Vajda’s identity and so on. Furthermore, we derive the matrix representation
of the higher-order balancing 2"-ions, therefore establishing Cassini’s identity as a new
type.

Keywords: Hyper complex numbers, Higher-order balancing numbers, Recurrence rela-
tion.
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1. INTRODUCTION

One of the simplest and most celebrated integer sequence is the Fibonacci sequence.
Many mathematicians have studied the generalizations of Fibonacci sequences. Another
renowned and well-known sequence is the balancing sequence. Balancing number sequence
was introduced by Panda and Ray [15]. The recurrence relation for balancing number is
B,4+1 = 6B, — B, with initials By = 0 and B; = 1. The characteristics equation is
z? — 6z + 1 = 0 with roots y1 = 3 + V8 and Yo =3 — v/8. The Binet’s formula for the
balancing number are given by
i el

] 1
2v/8 M
The recurrence relation for Lucas-balancing number is D,,+1 = 6D,, — D,,_1 with initials
Dy =1 and D; = 3, the characteristic equation is same as the balancing number and it’s

B, =
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Binet’s formula is

n n
Dn _ il ;72 . (2)

The study of normed division algebra with a number sequence begins with the ear-
lier work of A.F. Horadam [3] on quaternions with Fibonacci and Lucas numbers. In
1843, William Rowan Hamilton discovered the quaternions by extending the concept of
the set of complex numbers C to the set of quaternions; where quaternions Q is 4 = 22-
dimensional algebra over R. This algebra is non-commutative and associative. Inspired
by W.R. Hamilton’s work, in 1843, J.T. Graves discovered the octonions(Q), which is
an 8 = 23-dimensional algebra over R. The octonions(Q) are a non-commutative and
non-associative algebra. Another generalization is sedenion(S) algebra, which is a non-
commutative, non-associative, non-alternative, but power-associative 16 = 2*-dimensional
algebra with a quadratic norm and whose elements are constructed from real numbers
R. In 1845, A. Cayley rediscovered these algebras and in their respect, they are some-
times also referred to as the Cayley numbers. The subsequent doubling process applied to
sedenion(S) generates the trigintaduonions(T) is 32 = 2°-dimensional algebra over R. This
doubling process can be extended beyond the trigintaduonions to construct the 2"-ions (or
hyper complex numbers). The real 2"-ions algebra is a 2"-dimensional R-linear space with
basis {eq, €1, €2, ..., ear_1}, where e is referred as the unit element and {ey,ea,...,ear_1}
are imaginaries.

Numerous mathematicians have investigated quaternions, octonions with balancing and
Lucas-balancing number components. The nth balancing quaternion and the nth Lucas-
balancing quaternion were defined by Patel and Ray [10]. Gaussian balancing and Gauss-
ian Lucas-balancing quaternions were introduced by Asci and Aydinyuz [1]. They show
matrix representations for these quaternions. Tasci [16] studied the bicomplex balancing
and bicomplex Lucas-balancing quaternions. Prasad et al. [11] presented the k-balancing
and k-Lucas-balancing octonions and hyperbolic octonions. Subsequently, Gécen and
Soykan [2] introduced the Horadam 2°-ions, which are the generalizations of quaternions,
octonions, etc.

A hyper complex number is given by Kantor and Solodovnikov (1989) as an element of
a unital, but not necessarily associative or commutative, finite-dimensional algebra over

the real numbers. The elements are generated with real number coefficients (ag, a1, . .., a,)
for a basis {1,41,12,...,i,}. Where possible, it is conventional to choose the basis so that
ik? € {-1,0,1}.

Many researchers have recently focused on studying higher-order numbers. Randid [14],
for instance, established the higher-order Fibonacci numbers. Also, higher-order Fibonacci
quaternions were defined by Kizilateg and Kone [4]. Furthermore, higher-order Fibonacci
hyper complex numbers were introduced by Kizilates and Kone [5]. Subsequently, Ozkan
and Uysal [9] presented higher-order Jacobsthal and Jacobsthal-Lucas numbers, as well
as higher-order Jacobsthal and Jacobsthal-Lucas quaternions. Then Ozimamoglu [7, 8]
introduced the hyper complex numbers with higher-order Pell number components and
Jacobsthal number components respectively. In [12, 13] Prasad et al. studied the higher-
order Mersenne numbers and higher-order Balancing numbers respectively.

Motivated by some of the previously listed articles, we present higher-order balancing

numbers B7(f). We define higher-order balancing 2"-ions (higher-order balancing hyper

complex numbers) ’HCBﬁLS) whose components are balancing numbers. We find recurrence

relation, Binet’s formula, generating function, exponential generating function, various
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identities for HCB,({S). After that, we construct a matrix with higher-order balancing
2"-ions entries and obtain Cassini’s identity by using the matrices.

2. HIGHER ORDER BALANCING 2"-IONS

In this section, we introduce the higher-order balancing 2"-ions. Also, we derive new
properties and identities of them. Throughout this article, let
271

5 ‘ 2r—1

m= Z VWei=eo+ e %2+ ..+ 75 ey,
i=0
21

- ; 2r—1

Y2 = Z Vse; = e+ Vie1 +73%ea + ... + 'yé )5627«,1.
i=0

Now, with the help of the Equation 1, we describe a generalization of balancing numbers
as follows:

Definition 2.1. The higher-order balancing numbers for s > 1 integer are defined by

B ns __ A ns
Brr(f) — ns _ 718 ’Yz ] (3)
Bs M2

As B, is divisible by Bg, the ratio %”: is an integer. Therefore, all higher-order
(s)

balancing numbers B,,’ are integers. Let s = 1, then the higher-order balancing numbers

B,(LI) become the well-known balancing numbers B,,. We present the higher-order balancing

(s)

numbers B;,’ for some n and s in Table 1.

B [s=1 s=2 s=3 s=4 s=5
BY o o 0 0 0
B 1 1 1 1 1
BY)| 6 36 198 1154 6726
B | 35 1155 39203 1331715 45239075

(s)

TABLE 1. The higher-order balancing numbers By, ’ for some n and s.

Definition 2.2. The higher-order balancing hyper complex numbers ’HCB (or higher-
order balancing 2"-ions) are defined by
2"—1
HCB) Z BYLiei = BYeo + Bl ye1 + BUlyes + ...+ By jear

where Bﬁf) is the n-th higher-order balancing number.

(s)

Some special situations for HCB;,’ in Definition 2.2 are as follows:

If we take 7 = 0, we get the higher-order balancing numbers BT(LS) [equation 3]
)

If we take r = 1, we get the higher-order balancing complex numbers CB7({9

If we take r = 2, we get the higher-order balancing quaternions QB&S)

If we take r = 3, we get the higher-order balancing octonions (O)B,(f)

If we take r = 4, we get the higher-order balancing sedenions SB;LS)

If we take r = 0 and s = 1, we get the well-known balancing numbers B,

S ot L=
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7. If we take r = 1 and s = 1, we get the balancing complex numbers CB,,
8. If we take r = 2 and s = 1, we get the balancing quaternions QB,,
9. If we take r = 3 and s = 1, we get the balancing octonions OB,

10. If we take r = 4 and s = 1, we get the balancing sedenions SB,,.

The conjugate of the higher-order balancing 2"-ions HCBT(ZS) is
2r—1
20 R
HCB = B¢y Z B\ i

— B®)ey — B(lle _ 37(3%1627_1, (4)
Proposition 2.1. For higher-order balancing 2" -ions HCBn , we get
HCBY 1+ HCBL = 2B
Proof. Using Definition 2.2 and Equation 4, we obtain the required result. ([l

Theorem 2.1 (Binet’s formula). The Binet’s formula of the higher-order balancing 2" -
ons HCB%S) 18
HCBL — V?SVE - 7%”72.
RAD)
Proof. From Definition 2.2 and 2.1, we obtain

HCBL) = BYeo + B je1 + B yes + ...+ BY)y_jear s

+1 +1 +2 +2
_ [7{‘5 E 75”]60 N [%n L )8]61 N [%n A )5}62
Qe Rl 0l
(n+2"—1)s (n+27—-1)s
7 — 72
+ ...+ €or_1.
[ Y= )

After some mathematical calculations, we get
NS~ ANSA
T2
This completes the proof. ]
Corollary 2.1. For some special values of s, by Theorem 2.1, the Binet’s formulas of
'HCBS) are given as follows:
(i) For r =1, we derive the Binet’s formula of the balancing complex numbers as
Ny AN
CB, = V1L Y22
2V/8

(balancing 2" — ions)

(ii) For r =2, we derive the Binet’s formula of the balancing quaternions as
M — V372
B, =—"—F*—=

(balancing 2% — ions)

(iii) For r = 3, we derive the Binet’s formula of the balancing octonions as
Ny AN
0B, = YL — V22

2V/8

(balancing 2° — ions)
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(iv) For r =4, we derive the Binet’s formula of the balancing sedenions as

SB, =

(v) Forr € Z*", we derive the Binet’s formula of the balancing 2"-ions as

HCBY — VYL = Y572

Theorem 2.2. Forn € Z™, we get the following recurrence relation:

HCBY) . = 2D HCBY) — HCB(S_)l, where Dy is the Lucas-balancing number.

n+1 n

Proof. By using Binet’s formula in Theorem 2.1 and Equation 2, we obtain

(n+1)s
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YL — V5 Ve
2v/8

2v/8

n

(n+1)s

HCB(S) _ 7N Y1 — Vo 72
e %=
1 (n+1)s ~ (n+1)s
= (v i = V2)
- 2
1 +1)s ~ . N
= (W — e AR —
71— 72
1 ns _~ (n+1)s A~

= [0 = 25°72) + (15 2 — s

T2
=77HCBY +

= (v +~3)HCB

= 2D HCBY +
= 2D/HCBY +
= 2D /HCBY) —
= 2D, HCB —

Which completes the proof.

ns _~ (’fLJrl)S ~ )

1 S
W(Vﬂz 72— 72 V2

—SHCB +

Y~ Y2

1 A A ~

P [ = VY2591 + V3V55 2 + VivgSda —
1 2

]- —1 ~ -1 ~
N~ (1172)° (=" 4 Ao

—1 ~ —1 ~
A Dsg sy

7

HCBY .

(balancing 2* — ions)

(n+1)s ~

72)
2)]

ns o

1

(balancing 2" — ions).

n+1)s
( )2

)

O

Theorem 2.3. The generating function of the higher-order balancing 2" -ions HCB,(IS) 18

o o~ . S _ S0 t
UCBO (1) — (F1 = 72) — (371 —7iv2)
O = T - 2Dt + )

, where Dy is the Lucas-balancing number.
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(s)

Proof. The generating function of HCBy,’ is given by

HCBY) (t) =Y HCBYt

n=0
_ - [’Y{LS’YAI — 738’)72]tn
oS G e
1 oo o0
= ——— [N D> (i =72 Y _(vst)"]
T2 n=0 n=0
1 . 1 . 1

= N [711 it —721 —’YSt]’
after some mathematical calculations, we get
(V1 = 72) — (B —¥iv2)t
(7f =)L —2Dst +12)
Thus, the result is obtained. ]

HCBY) (1) =

Corollary 2.2. For some special values of v, by Theorem 2.3 the generating functions of
”HCBT(LI)(t) are given as follows:
(i) For r =1, we derive the generating function of the balancing complex numbers as
teg + e1
T 1—6t+ 12
(ii) For r =2, we derive the generating function of the balancing quaternions as

teo +e1+ (6 — t)es + (35 — 6t)es
QB (1) = 1— 6t +t2

(iii) For r = 3, we derive the generating function of the balancing octonions as

_ teg + ZZ:l(Bl — Biflt)ei
1 — 6t + 2

(iv) Forr =4, we derive the generating function of the balancing sedenions as

_ teo + S 121(B; — Bi1t)e;
1 — 6t +t2

(v) Forr € Z*, we derive the generating function of the balancing 2"-ions as

_ teo + Z?;II(Bi — Bi_1t)e;

CB,(t) (balancing 2* — ions)

(balancing 2% — ions)

OB, (t) (balancing 2% — ions)

SBy,(t) (balancing 2* — ions)

HCB,(lI)(t) T (balancing 2" — ions).
Theorem 2.4. For n € N and m € Z%, the generating function of balancing 2" -ions
”HCBT(L‘l)m is
. HCBY — HCBY) |t
HCB) (1) = ol

1—2D,gt+t2
where Dy is the Lucas-balancing number.

Proof. We have

HCBY),,(t) = Y HCBY), 1.
n=0
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Using Binet’s formula in Theorem 2.1 and some mathematical calculation, we obtain

HCBY) —HeBY ¢

HCBY), (1) = m-1
nem(?) 1 — 2Dt + t2
O
Theorem 2.5. The exponential generating function of the higher-order balancing 2" -ions
(s)
HCB, (.,
Mt — Nty
n+m "Yl - ,‘YQ
Proof. We have
77/
HCBnim Z HCBner*
[71 1 — vy 72]75”
|
n=0 Qb n
Lo 0f0" o (80"
-y G 5
N oo = nl
ity — eBly,
R
Thus, the proof is completed. O

Theorem 2.6 (Vajda’s identity). For any integers n, m and k, we get

Bi, (V7291 — 15 H172)

gi el
Proof. From Binet’s formula of the higher-order for balancing 2"-ions in Theorem 2.1 and
Equation 3, we obtain

#eBY), HCBY), —HCBYHCBY) |, =

(n+m)s - (n+m)s ( +k)s (n+k)s
HCBT(ZlmHCBT(Zs) ,HCB(S),HCBT(im+k [71 71— Vo ’)’2][ Y1 — V2 72]
oG el Y=
k k)s ~
B [’7?571 V2 72][ R e S )Sw]
Y= et
1 (n+m)s_(n+k)s
= T s _swul ™7 Yo Y172
(i - 75)2[ !
T AL & Y e oV s )
+ ’YSS’YEMMM)SVE’YE]
1 A k)s ~
= [~ W T + AR
(’71 72)

k)s ~ k)s ~ A
_ 7§n+m)87§n+ )5,72,.)/1 _|_,.Y§Ls,y§n+m+ )5,),271]

1
s [ = WV (V] —
(71 73)? ol et ! )

+ Vo (V7 — 48]
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(V" = 25") (5271 — 15°F172)
(i —3)?
_ BROF i — )
a -
Which completes the proof. ]

Corollary 2.3 (Catalan’s identity). Let n,k € ZT be such that n > k, then we have

()2 — —Bi (V¥ a1 — 5 172)

" g5l

Proof. For m = —k in Theorem 2.6 and using the result B_,, = —B,, we obtain the
required result. O

1B, HCBY), — (HCB

Corollary 2.4 (Cassini’s identity). For n € Z™, then we have

HCBSLHCBSZI ~ (HCBW)Y? = 75’?173 — 75’?2’71_
=72
Proof. For k =1 in Corollary 2.3, by Equation 3, we have
HCB;S_)lHCB;i)_l _ (HCB,SS))z _ _Bf(’ﬁ'%’?_l _S'YS’YAl’)?Z)
M2
_ — (i = ¥37172)
M-
_ BN —iveh
W
This completes the proof. ]

Corollary 2.5 (d’Ocagne’s identity). Letn € N, t € Z*t such thatt > n+1. Then we get
() 2700 o) _ O % = T i)
HCBY) \ HCB,” — HCBOHCB,Y, = ~L v 7?5 :
1772

Proof. For m =1 and k =t — n in Theorem 2.6 and by using Equation 3, we find

s s 9 B T g = T )
HCBY) HCBY — HeBOHEBL, = =2 n-h
71— 72
B (P — AT, )
a Sblel ‘
Hence, the desired result is obtained. ]

3. A MATRIX REPRESENTATION FOR HIGHER ORDER BALANCING 2"-IONS

In this section, we obtain the matrix representation of the higher-order balancing 2"-
ions. We define two matrices A®) and B®) as

46 [QDS —01] and B®) — HCBS) HCBY

, 5
1cBY ncBlY (5)

1

where Dy is the Lucas-balancing number. In light of our conclusion, we provide the
following theorem.
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Theorem 3.1. For n € N, then we get
1cBY), HeB')

Ay Bl — ntt |
(A7) HeBY),  HeBl

Proof. We use the induction method on n to prove the theorem. For n = 0, the equality
holds. Assume that the hypothesis is true for n = i. Namely,

HCB{i;Q HCBZ%
HCB;, HCB;
For n =i+ 1, by Equation 6 and Theorem 2.2, we obtain

(ALYHIBE) = A)(4())igls)

(AG)YBE) = : (6)

_ [2D, —1] 7{013{132 HCBZf(j))1
L1 0] |HeB), HeB,
_ |2p#HeB), - HeBS), 2D HCBL), — HeB
i HCBY, 1CBY
_ %CB%)) HCB%Q
|(HCBy, HCB,
Therefore, the proof is completed. O

By using the matrices mentioned above, we generate Cassini’s identity for higher-order
balancing 2"-ions in the following corollary.

Corollary 3.1. Forn € Z*, then we get
HCBY) HCBY | — (HCBY))? = (—1)" MBS HCB) — (1CBY)?).

Proof. From Equation 6 and Theorem 3.1, we have

[2D5 —1}”‘1 HeBy wHeB| _ [HeB(), HeBY @
Lo #eBt  1eBl HeBY HeBY, |

If we take the determinant on both sides of Equation 7 , then we find that
HCBY) HCBY) | — (HCBE)? = (—1)" ' [HCBYHC B — (HCB)?).

n

4. CONCLUSIONS

In summary, we introduce the higher-order balancing 2"-ions and present Binet’s for-
mula, Vajda’s identity, Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity, or-
dinary (and exponential) generating functions, and give matrix representation for this
sequence.

In future, it would be interesting to study the higher-order balancing quaternions,
octonions, sedenions, trigintaduonions, and higher-order balancing hyper dual numbers.
In addition, it’s application in matrix algebra, spinor algebra and cryptography may be
explored.
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