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PARTIAL CONTROLLABILITY OF SEMILINEAR SYSTEMS

A. E. BASHIROV™, §

ABSTRACT. The paper considers semilinear control system in the product of Hilbert
spaces X = H X G driven by densely defined closed linear operator A generating a
strongly continuous semigroup. For the linear operator L, projecting X to H, it is proved
a sufficient condition for L-partially exact controllability to L(D(A)) which means that
for every initial state £ € X and every n € D(A) there exists a control u such that
Lac‘f’“(T) = Ly, where 2% is the state process corresponding the initial state & and the
control u. The result is demonstrated on examples.
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1. INTRODUCTION

Controllable systems play an important role in engineering. These systems are able to
move every initial data to every terminal data for a finite time duration. Mathematically,
a concept of controllability was defined by Kalman [1] in 1960. Further studies [2, 3]
suggested to split it into stronger and weaker versions. Nowadays, they are called exact
(or complete) and approximate controllability and form two basic concepts, each having
a number of variations.

Most completely, the necessary and sufficient conditions of exact and approximate con-
trollability are investigated for linear systems and discussed in several books, for exam-
ple [4-7]. For nonlinear systems, the investigations are directed to proving sufficient con-
ditions of controllability for different kinds of systems [8-22] basically by use of fixed-point
theorems. An alternative method consisting in a construction of a steering control piece-
wisely and avoiding fixed-point theorems was suggested in [23]. In this paper, we follow
to this method.

For many engineering applications, tasks are defined for outputs [24]. Therefore, the
ability of a control system to steer any initial state to any target output becomes important.
This leads to the concept of output-controllability which has been extensively developed
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in [25-28] for discrete systems. In particular, outputs may be projections of the terminal
value of the state. This type of output-controllability has been defined in [31] under
the name of partial controllability. For an infinite dimensional state space, approximate
and exact types of partial controllability concepts can be defined. The conditions of
partial controllability are similar to those of controllability for linear systems. However,
for nonlinear systems, the issue is different.

The conditions of partially approximate controllability for semilinear systems by piece-
wise construction method are obtained in [32]. In the present paper, we prove a sufficient
condition of partially exact controllability for an infinite dimensional semilinear system
by the method of piecewise construction of steering control which avoids fixed-point the-
orems. Besides the restrictions directed to the existence and uniqueness of the solution of
the equation under consideration, we make the only restriction to the nonlinear term of the
system assuming that it is bounded. Additional restrictions to the partial controllability
Gramian include its coercivity at all non-initial instants and a specific rate of convergence
to zero operator as time approaches the initial instant.

In the rest of this paper, Li(a,b; X) and La(a,b; X) denote the Lebesgue space of
integrable and square integrable, respectively, functions on [a,b] with the values in the
space X. If X is the space R of real numbers, then Li(a,b) = Li(a,b;R) and Ls(a,b) =
Ls(a,b;R). Scalar products and norms in all considered spaces will be denoted by (-, -) and
|| - ||, respectively. The spaces, to which they correspond, will be clear from the context.
In ambiguous cases, they will be shown in the subscript. A* is the adjoint of the linear
operator A. Zero and identity operators will be denoted by 0 and I, respectively. The
spaces between which they are operating will follow from the context.

2. DESCRIPTION OF SYSTEM

A deterministic semilinear control system of our study has the form
2'(t) = Az(t) + Bu(t) + f(t,z(t),u(t)), 0 <t <T, (1)

with T' > 0. Here, x and u are the state and control processes. The following conditions
on the entries of (1) are assumed throughout this paper:
(A) H, G, and U are separable Hilbert spaces and X = H x G.
(B) A is a densely defined closed linear operator on D(A) C X, generating a strongly
continuous semigroup e*, t > 0.
(C) B is a bounded linear operator from U to X.
(D) f is a function from [0,7] x X x U to X, satisfying
e f is Lebesgue measurable in ¢ (the first argument);
e f is Lipschitz continuous in z (the second argument) in the form

1f (@t z,u) = f(E gy, u)| < L)z —yll,
where L € L1(0,7);
e f is continuous in u (the third argument);
e f is bounded in the total argument.
Note that X = H x G means that X is a separable Hilbert space with the scalar product
defined by
((h,9), (v,w))x = (h,v)g + (g, w)q, h,v € H, g,w € G.

Here, X is regarded as a state space and U as a control space. The set U,q = L2(0,T;U)
is considered as a set of admissible controls. Under the preceding conditions, the equation

x(t) = e + /0 A=) (Bu(s) + f(s,z(s),u(s)))ds, 0 <t <T, (2)
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has a unique continuous solution for every control u € U,q and initial state z(0) =& € X
[33]. Moreover, given z(7) at some 0 < 7 < T', we can express z(t) for 7 <t <T as
t

(t) = e a(r) + / M=) (Bu(s) + f(s,x(s),u(s))) ds, 7 <t <T. (3)
The solution z of (2) is called a mild solution of (1). It depends on the initial state
2(0) = ¢ and the control v € U,q. Therefore, we will denote it by 2 = 25%. Note that the
terminal value z5%(T) of this mild solution ranges in X and can take values in X \ D(A).
However. the most important values are those which are in D(A). This motivates to
modify the concept of exact controllability and partially exact controllability for (1) in the
following way.

Denote by L the linear operator from X to H defined by L(h,g) = h, h € H, g € G.
Then L*h = (h,0) and P, = L*L is a projection operator, projecting (h,g) € X = H x G
to (h,0). We denote H = Pr(X) and G = H* (orthogonal complement of H). Then
X = H® G (the direct sum of H and G) while X = H x G.

Definition 2.1. System (1) with the set of admissible controls U,q is said to be

(a) Exactly controllable on [0,T] if for every &, n € X, there exists u € U,q such that
25T = .

(b) L-partially exact controllable on [0,T] if for every &, n € X, there exists u € Uyg
such that La&"(T) = Ln.

(¢c) Ezxactly controllable to D(A) on [0, T] if for every £ € X and n € D(A), there exists
u € Uyq such that 25%(T) = 1.

(d) L-partially exact controllable to L(D(A)) on [0, T] if for every £ € X and n € D(A),
there exists u € U,q such that La&"(T) = L.

The exact controllability is a particular case of the L-partially exact controllability
when L is the identity operator on X. In a similar way, the exact controllability to D(A)
is a particular case of the L-partially exact controllability to L(D(A)). The L-partially
exact controllability is motivated from the fact that some systems such as higher order
differential equations, delay equations, wave equations, etc. can be written in the standard
form if the dimension of the state space is enlarged. This trend is observed for stochastic
systems as well. It is known that colored noise driven stochastic systems can be reduced to
white noise driven system if the dimension of the state space is enlarged [34]. In [35-40],
it is shown that the stochastic systems driven by wide band noises and by shifted white
noises can also be handled in a similar way. Then the exact controllability of the enlarged
state equation becomes too strong for the original state equation. In this regard, the L-
partially exact controllability of the enlarged system becomes the exact controllability of
the original system if L is an operator from the enlarged state space to the original one.

The approximate version of Definition 1 can also be defined. The concept of L-partially
approximate controllability was studied in [31] for linear and in [32] for semilinear systems.
In this paper, we deal with the concept of L-partially exact controllability to L(D(A)) only
and prove a sufficient condition for the semilinear system in (1) to be controllable in this
sense.

For f(t,z,u) =0, the system in (1) takes the linear form:

y'(t) = Ay(t) + Bu(t), 0 <7 <t <T. (4)
The controllability Gramian Q(t) associated with this linear system is defined by

¢
Qt) = / BB e %ds, 0 <t <T.
0
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We define also the L-partial controllability Gramian by

Qr(t) = LQ()L"
Clearly, for all 0 < ¢t < T, Qr(t) is nonnegative (symbolically, Q1 (t) > 0), i.e., Qr(t)* =
Qr(t) and (Qr(t)h,h) > 0 for all h € H. We will say that Qr(t) is coercive if there exists
v > 0 such that (Qp(t)h,h) > ~||h||? for all h € H. Here, Q1(0) = 0 and has no chance
to be coercive while Q(t) may be coercive for 0 < t < T. Note that the coercivity of
Q1 (t) with the coercivity constant v implies the existence of Q(¢)~! as a bounded linear
operator and ||Qr(t)7!|| < v~L. Respectively, the following theorem holds.

Theorem 2.1. Under the conditions (A)—(C), the linear system in (4) is L-partially exact
controllable on the interval [1,T] if and only if Qr(T — T) is coercive. Moreover, for any
given £,m € X, a control steering y(1) = £ to y(T') with Ly(T) = Ln can be defined by

u(t) — B*eA*(Tft)L*QL(T o T)ilL(’I? - eA(TfT)é-)’ r<t<T. (5)

Proof. It can be straightforwardly verified that for the control u, defined by (5), Ly(T) =
Ln. g

According to this theorem, for linear systems, the coercivity of Qr(t) is required at some
fixed t > 0, which equals to the length of the time interval under consideration. However,
for semilinear systems, the coercivity of Q1 (t) is needed at all positive t up to the length of
the interval. In particular, if A =0and B = L = I, then Q(t) = tI and, therefore, Qr,(t)
is coercive for all 0 < t < T with Q;'(t) = t~'I. This means that lim,_,o+ ||Q}*(t)]| = c.
Therefore, we will adjust the possible unboundedness of the function ||Q;*(t)|| and add
technical conditions in the following form:

(E) QL(t) is coercive for every 0 < ¢t < T and there is 0 < a < 1 such that
QL ()| < W for all 0 < ¢ < T and for some W > 0.
(F) e*(G) C G, t>0.

Remark 2.1. Condition (F) holds, for example, for the following large class of semigroups.
Let {e,} be a sequence of complete orthonormal vectors in X and let {\,} be a strictly
decreasing sequence of real numbers. Define

o
Az = Z )\n<337 en>en7
n=1
where x € X is so that the series in the right side converges. Here, {\,} is a sequence of
eigenvalues and {e,} is a respective sequence of eigenvectors of A. Then A generates the
strongly continuous semigroup of the form

[o.¢]
ety = Ze’\"t(x,en>en, rze X, t>0.
n=1
Divide {ej,eq,...} into two disjoint nonempty finite or infinite sets {e, : n € J1} and
{en : m € Jo}, where Jy U Jo = {1,2,...} and Jy N Jo = @. Let H and G be the closed
spaces spanned by them, respectively. Then X = H x G and for every x € @,

ey = Z etz en)en € G, z € X, t>0.
neJa
This construction and its generalization to the case when the eigenvalues of A have finite
multiplicity covers a large class of second order partial differential equations which can be
solved by the Fourier method of separation of variables, including heat and wave equations
as well.
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Remark 2.2. The function Qp(t), 0 < ¢t < T, is continuous by definition. Then under
the inequality in (E), the function Qzl(t), 0 <t <T,is also continuous since 0 < 7 < s <
t < T implies

QL () — QL (s)]

IA

QL ()(QL(t) — QL(s)QL' )|
W2
< Sy 1Qu(t) = Qu(s)Il-

Therefore, we can consider the proper or improper integral fOT t||QZl(t)H dt. Then

WTl—a
11—«

w T Tdt
ez = | tHQzl(t)Hdtsw/O =

> < oQ.
to

At the same time, if we additionally assume that [|Q,'(t)] is a decreasing function, then

T
ool g/o Q7 (s)|ds, 0<t<T.
Therefore,
T T
| ler e < = @ = [ repw]a <o
0 0

This determines the place of condition (E) which is weaker than fOT HQZl(t)H dt < oo

while stronger than fOTtHQZI(t)H dt < co. Note that fOT Q% ()] dt < oo is a required
condition if the generalized Banach fixed-point theorem is applied to investigate the exact
controllability [22].

3. MAIN RESULT

The following is the main result of this paper.

Theorem 3.1. Under conditions (A)—(F), the system in (1) is L-partially exact control-
lable to L(D(A)) on the interval [0,T].

Proof. We fix the initial state zp € X and n € D(A) and construct a control u in the
following way.
Let 7, = T/2" for n = 0,1,... Clearly, > °° , 7, = T. Define

n=1

n
to=0,t1=711,..., tn:ZTk,...
k=1

Then

o0
nlgl;o tn, = ;Tk =T.
According to Theorem 1, the linear system in (4) is L-partially exact controllable on the
interval [to, t1] and the control
uy (t) = B* e DL Q (1) LeA™ (1 — o), to <t < t,

steers o to y(t1) with Ly(t;) = LeA™n, that is,

t1
LeATy = LeA™ xg + / LeA=3) By, (s) ds.

to
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Letting u(t) = uq(t) for tg <t < ty, from (3), we obtain

t1
Lz®™%(ty) = LeA™n + / LeA(tlfs)f(s, x4 (s), u(s)) ds.
to
For brevity, we denote x%0"(t1) = z7.
Considering (4) on the interval [t1, 2], we let
up(t) = B* e 2D QN () LeA™ () — 1), t1 <t < to.
By Theorem 1, the control uy steers z1 to y(to) with Ly(ty) = Le™n, that is,
to
LeA™y = LeA™ ) + / LeA®279) Buy (s) ds.
t1

Letting u(t) = ua(t) for (t1,t2], we obtain

t2
Ll’xo’u(tz) — LGAT277+/ LeA(tQ—S)f(S,:L'Io,u(s),u(s)) ds.

t1
For brevity, let z%%(t3) = x3. Continuing this procedure, we recursively obtain the
sequence of controls
up(t) = B*eV 0L QT (1) LeA™ () — 2p1), tno1 <t <ty (6)

Using these controls as the steps of the total control, we define

ui(t), iftg <t <ty
UQ(t), if t1 <t§t2,
w(t) =9Q ool ol

Then .

LeA™n = LeA™x, 1 + / LeAtn=3) Bu(s) ds, (7)

tn—1
implying
tn
Lx™"(t,,) = LeAT"n + / LeA(t"_S)f(s, x4 (s), u(s)) ds. (8)
tn—1

Denote x*0%(t,) = x,. To estimate || Lz, — Ln||, let

K = sup HeAtH and M = sup || f(t,z,u)l.

(0,7 [0,T]x X xU

Using ||L|| <1 and (8), we have
| Lan = Lal| < [|L(zn = e*™n) || + | L(e"™n = n) |

tn
<=+ [ LA (s, ). u(e) ds

n—1
tn
<l =+ [ A o) ) s
n—1
< HeAT"n—nH—i—MKTn, n=12,... (9)

Therefore, limy, o Lz, = Ln since et is strongly continuous and lim,,_, o 7, = 0.

Note that up to this point we did not use the restriction n € D(A). This part of the proof
is valid for all n € X. Now, we are going to prove that u € U,q and use this restriction. For
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this, first of all, note that each piece wu, of u is continuous on the corresponding interval
(tn—1,tn]. Therefore, u is measurable. Moreover,

tn tn
* A*(tn— * y— Tn, 2
[ a0 de= [ |Bret 0 Qp ) et (g ) |

tn—1 tn—1
tn
= /t (LeAtn=D) BB*e =D L* QT (7)) on, Q7 () on ) dt
n—1
= {00, Q. (Tn)en) < [|QL (T)|[lenl® n=1,2,... (10)

where @, = LeA™(n — z,_1). To estimate ||, ||, write
N —an-1=PL(n—2n-1)+ [ —Pr)(n—Tn-1).

Here, eA™ (I — Pr)(n — x,_1) € G by condition (F) and, therefore, PreA™ (I — Pp)(n —
ZTp—1) = 0. By (9), this implies

lonll = [[LeA™ (n = 2n_1)|| = [|Le*™ PL(n — 2n-1)]|
= |Le*™L*L(n — zp—1)|| < K| e*™'n—n|| + MK?7r_1, n=2,3,...

and by (10),
in
/ lun ()] dt < K[| Q7 ) [[([le*™ 0 = nl| + MET,-1)%, n=2,3,...
t

n—1
Thus, by (8),
T 2 — [+ 2
/t fu@Pdt =S / letmss ()12 dt
1 n=1 n

< K> Qi Garnl[(lle™n = n|| + MEKr,)*

n=1

oo
< 2K 3 [ Qp )| (le™n —nlf + MEK72)

n=1

. 2 -1 eAT’”?—U 2 212
:SKZTnHHQL (Tnr)||| [|[———|| + M°K*).
n=1

Tn

Here,
ATn o
i SN g
n—o00 Tn
since n € D(A) and lim,,—,o 7, = 0. Therefore,
==

Tn

<N

for some N > 0. Then by geometric test,

T
/ [u(®)||? dt < 8KW (N? + M*K?) ZT%_Q

" n=1
21—a

2 2712
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Thus,

11—«
21—a 1
implying u € U,q. For this control, 2*0-"(¢) is continuous and, therefore,

Lx™"(T) = nh_)ngo Lx®™"(t,) = nh_}rlgo Lz, = Ln.

T t1
/ |u(t)||? dt < / u(t)||® dt + SWT(N? + M>K?) < o0,
0 0

This completes the proof. O

4. EXAMPLES

In this section, we demonstrate Theorem 3.1 in examples. Among the conditions of this
theorem, (A) to (D) are of general nature. Therefore, we concentrate on conditions (E)
and (F).

Example 4.1. Consider system (1) with X = U = [y (the space of square summable
sequences). Define A = 0 and

Then et = I. For {z,} € lo, we have

B{xy} = {zn/n},

implying
0o 9 0
x
1B{z} i, =D 2 S > an = e}k
n=1 n=1

Therefore, B is a bounded linear operator on ls with ||B|| < 1 and, moreover, B* = B.
We calculate
t t
Q(t) = / e BB e S ds = / B%ds = tB>.
0 0
For the basis

er = (1,0,0,...), es = (0,1,0,...), e3 = (0,0,1,...), ...

in [y, we have

t
(Q(t)en,en), = <tB26men>l2 =3 — 0 as n — oo.

Therefore, Q(t) is non-coercive.
Consider the finite dimensional space H generated by ej,...,ex. Let L be an operator
from ls to H consisting in removing the terms containing e 1, €x12, ... in the expansion
of elements x € 5. Then
1 0 .- 0
/22 ... 0
Qr(t) = LQ(t)L* =tLB?L* =t L ,

0o 0 - 1/k?
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implying
1 0 --- 0
. 1 22 ... 0
Qr (t) = I R . .
0 0 --- K

So, Q' (t)|| = k* < co. Thus, although Q(t) is non-coercive, any partial controllability
Gramian Q) (t) obtained by projection to a finite dimensional subspace becomes coercive
and satisfies condition (E) with o = 0. Condition (F) holds as well because et = I.

Example 4.2. It is known that the Gramian of the heat equation is not coercive. Re-
spectively, the heat equation is not exactly controllable even in the linear form. In [41] the
null controllability of finite-dimensional projections of the heat equation has been proved.
Below, we demonstrate that the exact controllability of finite-dimensional projections of
the heat equation can be obtained from Theorem 3.1 as well.

Consider the semilinear heat equation

oy(t,0) 0?y(t,0)

for (¢,0) € (0,T) x (0,1) with the initial and boundary conditions
y(0,0) = y(t,0) = y(t,1) = 0. (12)

Let X = L5(0,1). Here, A = d?/df? is a densely defined closed linear operator with
domain

D(A)={he X : 1" € X, h(0) = h(1) = 0}.

By use of Fourier method of separation of variables, it can be proved that the strongly
continuous semigroup generated by A has the form

o0 1
eAh = Z 2Tt sin(nm6) / h(a) sin(nma) de. (13)
n=1 0

In the Fourier expansion, the weights of higher order terms are negligible. If the terms of
order higher than k are regarded as negligible, then tasks can be defined with regard of
the first k£ terms. Motivated from this scenario, define Hilbert spaces H and G as

k
H = {Zansinnﬂﬁzal,...,ak ER}
n=1
and

o (o]
G:{ E Qp Sinnml @ g1, ko, ... € R, E ai<oo}

with (-,-)i = (-,-)a = (-, ") 1,(0,1)- Then X = H x G and we can define the subspaces H
and G of X making X = H & G. Let P, = L*L be the projection operator from X to H.
Here, L is a linear operator from X to H assigning to h € X the sum of the first k terms
in the Fourier sine expansion of h.

The semigroup in (13) definitely satisfies condition (F) with regard of the space G
because this falls to the case discussed in Remark 2.1. To verify condition (E), calculate
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Qr(t). Since e = ¢4 and B = I, we have

t kot 1
[QL(t)h]p = / [LeQASL"‘hL9 ds = Z/ e 2nm’s sin(nm0) / ha sin(nma) dads
n=1"0 0

0

1— —2n27r2t 1

= Z 55 Sln(nﬂ'Q)/ hq sin(nma) de. (14)
nem 0
Here, the sequence {a,} = %} is decreasing. To prove, let u = n?7? and consider
the functi
e function L 2t
flu) = —, u>0.
U

Its derivative equals to

—2ut __
F(u) = (2ut + 11); 1

From the inequality 1+ z < €, it follows that f’(u) < 0. Therefore, f(u) is a decreasing
function, implying that {a,} is decreasing too. We conclude that

1— —2n2n2t 1— —2k2 72t
min{e:nzl,...,k}ze:c(t)>0ift>0.

, u> 0.

n2m2 k2m2

Using this in (14), we obtain

k 1 2
. c(t
Qun) 2 0 ( [ hasintmarda) = S,
n=1
This means that Q(t) is coercive for all ¢ > 0. Furthermore, this implies that
2 2k?
HQL H ﬂ = 1 — o—2k272t’
implying
2tk*m?
-1
QL) < T -

Here, by L’Hopital’s theorem, the limit of the right side when ¢ — 07 equals to 1. So,
the left side is bounded and, consequently, condition (E) holds with o« = 0. It remains
to assume that f satisfies (D) and obtain that the system described by (11) and (12) is
L-partially exact controllable to D(A).

Resuming, it is seen that the non-coercivity of Q(¢) in the above examples is due to
the infinite dimension of the state space. Every finite dimensional projection removes the
non-coercivity and makes valid condition (E). However, the non-coercivity may be sourced
within each dimension. In such cases, condition (F) fails.

5. CONCLUSION

In this paper a sufficient condition for the partially exact controllability of a semilinear
system is proved. The specific feature of the proof method is that it does not use a fixed
point theorem but constructs a steering control by use of a piecewise construction method.
This result is demonstrated on two examples one of which is a heat equation. It is known
that a linear heat equation is approximately controllable but not exactly. However, it is
demonstrated that finitely many orthogonal components of the heat equation are exactly
controllable.
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