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BERNSTEIN-TYPE INEQUALITIES FOR COMPLEX POLYNOMIALS

M. SHAHMORADI!, M.BIDKHAM', §

ABSTRACT. Considering a class of polynomials G(2) = anz" + > an—vz" ", 1<t <n
v=t

having all it’s zeros in the disk |z| < k, k < 1, we present a generalization and improve-

ment of results by Malik and Vong[8]. Also a variety of intresting results emerge as

special cases of our findings.
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1. INTRODUCTION

Let p(z) be a polynomial of degree n, and p/(z) denote it’s derivative. According to the
well-known Bernstein’s inequality, we have
FPX@()!<HFPX@(N (1)
The result is best possible and equality holds only when p(z) is a constant multiple of 2.
If we restrict ourselves to the class of polynomials whose zeros all lie in |z| < 1, Turan [10]
proved

ﬁwm<ﬂz§ggm@» (2)

The Inequality (2) is sharp, and equality holds for a polynomial whose zeros are all located
on |z] = 1.

As an extension of (2) Malik [7] showed that if p(z) has all zeros in |z| < k where k < 1,
then

n 1
> " 3
max [ (2)] > - { maxp(=)| + oy min (<) 3)
The estimate is sharp, and equality is attained for p(z) = (z + k)™.

While seeking for the inequality analogous to (3), Aziz and Shah [4] studied the class of
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polynomials p(z) = an2" + Y 1, an—pz" ", 1<t <mn of degree n, where all zeros lie in

|z| <k, k <1, they demonstrated

n 1

Bernstein [5] proved the following result from which Inequality (1) can be deduced for

Q(z) = M 2", where M = |m‘ax]p( ).

Theorem 1.1. Let p(z) and Q(z) be two polynomials, with the degree of p(z) not exceeding
that of Q(z). If Q(z) has all it’s zeros in |z| < 1, and

p(2)] <1Q(2)|,  for |2] =1,
then

P (2)] < 1Q'(2)], for 2| = 1. ()
More generally, Malik and Vong [8] proved that for every real or complex number B with
|B| <1, Inequality (5) can be replaced by ,

)+ Q) forlel =1 (0

Concerning the minimum modulus of the polynomial p(z), the following result is attrib-
uted to Dewan and Hans [6].

()+7p ‘<‘ZQ

Theorem 1.2. If p(z) is a polynomial of degree n, having all it’s zeros in |z| < 1, then
for every real or complex number  with |B] <1,
np

min |zp/(z) + —p(z)‘ > n‘l +=
|z|=1 2

min [p(z)]. (7)

|2[=1
As an application of Theorem 1.2, Dewan and Hans [6] established the following result.

Theorem 1.3. If p(z) is a polynomial of degree n, having no zeros in |z| < 1, then for
every real or complex number B with |5] <1,

n
maxa2/(:) + 02| < 5| {] 5]+ [1+ 5[} maxloco)

|z|=1 |z]=1

{5151} min ] ®

2. MAIN RESULTS

In this section, we present our first result by considering a class of polynomials G(z) =
anz"+Y 0, an—pz" Y, 1 < ¢ < n having all their zeros within the disc |z| <k, k < 1. The
result generalizes Inequalities (1.5),(1.6) and leads to several interesting special cases.
Theorem 2.1. Let G(z) = an2" + Y oy n—pz" ", 1 <t <n be a polynomial of degree n
having all it’s zeros in |z| < k, |k| <1 and g(z) = bpz™ + > e bp—0p2™ 0,1 <t < m be
a polynomial of degree not exceeding that of G(z). If |g(2)| < |G(2)|, for |z| =k, then for
every real or complex number B with |5 <1,

nps
1+ s

24 (2) z)‘ < ‘zG'(z) + G(2)|, for |z|=1. (9)

1—|—Stg

Where
nla, — aby|k? + tlan_¢ — aby_¢|k' !

nlan, — abp k=1 + tlan—t — abp_4|

Sy =
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for |a| <1, a € C.
For 8 =0, t = 1, we have the following result which is a generalization of Inequality(5).
Corollary 2.1. Let G(z) = Zaz i1 < i< n bea polynomial of degree m, having

all it’s zeros in |z| < k, k < 1 cmd g(z) be a polynomial of degree at most n, such that
9(2) <G (2)] for |z| =k, then |g'(2)] < |G'(2)| for [2] = 1.

For t = k =1, we have S; = 1, and the Inequahty( 2.1) reduces to Inequality (6).
Applying Theorem 2.1 to the polynomials p(z) = Z a;z" and mZ , where m = min|p(z)|,

=0 t |z|=k
we obtain the following result.

n

Corollary 2.2. If p(z) = anz™ + > an—pz™ v, 1 <t < n is a polynomial of degree n,
v=t

having all it’s s zeros in |z| < k, k <1, then for any B with |5] <1,

np
1+St

min |p(z)], for|z|] = 1. (10)

B
min |2p/(2) + 1+ s¢ljz=k

z[=1

n
> —|1

p(Z)‘ =3
The result is best possible and equality holds for p(z) = az".

Remark 2.1. If we take f = —1 Inequality (10), the following inequality holds,
n
z >7m1n or|z| = 1. 11
)| = g min ) forle (1)

Also if k = t = 1, in Corollary 2.2, Inequality (10) reduces to Inequality (7). For

B =0, Corollary 2.2 reduces to the following result which is an improvement of result due
to Mezrji [9].

. min ‘zp (2) —

|z=1

Corollary 2.3. If p(z) = apz" + Z n_pz2" Y ,1 <t <n be a polynomial of degree n

having all it’s s zeros in |z| <k, k < 1 then

n
— min |p < min |p 12
S5 T ()] < i /()| (12)

For k=t =1, Corollary 2.3 reduces of the result due to Aziz [1].

For every real or complex number 3 with |5] <1 and k£ > 0 as s; > 0, we have

B > St ‘
1+ St 1+ St
Therefore, from Inequality (10) and || < 1, we have for —z—=1,

se|B] < |sg+ 14 Blor |1+

z'z—i—n’B z’>ns” min |p(z
P + ()] > 1+&|k%m<n
> —"“‘ . 13
> sy ™| 27| min () (13)
By choosing a suitable argument of 5, we get
> n+1 : 14
P ()] |ﬁ|1+s () +ms " gg}z‘p(z)" (14)

for |z| = 1.

By letting |5 — 1, we get the following result which is a refinement of Inequality (3).
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n
Corollary 2.4. If p(z) = apz™ 4+ > an—pz" " 1 <t < n, be a polynomial of degree n,
v=t

having all zeros in |z| < k, k <1 then,

1
max |p'(2)] > —2 (max 2)| + min z). 15
e 1(2)] > o (a2 + g i () (15)
The result is optimal, and equality holds for p(z) = (z + k)™.

Remark 2.2. Ift =1, then s; < k, and hence Inequality (15) improves upon the result

of Mezerji [9].

By applying Theorem 2.1 to the polynomials p(z) and M (%)n, where M = Tn|a)]§|p(z)|, we
zl=

obtain the following result.

n
Corollary 2.5. If p(2) = apz" + > an—pz™ v, 1 <t < mn, be a polynomial of degree at

v=t
the most n, then
/ np n
< —|1 . 16
\Iﬁi}f zp (2) + 1+Stp(z) S + T+s, glli71§|13(2)| (16)

z

This is the best possible result, with equality holding for p(z) = (E)n

Remark 2.3. By selecting a suitable argument for B and letting |3 — 1 in Corollary
2.5, we obtain,

max |p/(2)] <

|2l=k S 1+ { max |p(2)| + ——7 max \W)\}- (17)

|z|=1 spt |zl=k

For t = 1, Inequality (17) is an improvment upon the result by Mezerji [9]. If we consider

q(z) = z"p(%) and M = 1‘m|a>]§|p(z)|, then by applying Theorem 2.1 for the polynomials
zl=

q(z) and Mz", we obtain the following result.

n
Corollary 2.6. If p(z) = anz™ 4+ > an—pz" ", 1 <t < n, be a polynomial of degree at
v=t
most n, and M = malp(2)| k> 1 ihen for 8 with 5] < 1.
zl=

/ nBk ‘ Bk ‘
— < Mn|l+ —— =1 1
20(2) + a()] < Mol Lt | for 2= 1, (18)

where q(z) = z”p@.

Let p(z) be a polynomial of degree n and M = |rn|a>]§|p(z)|, then the polynomial s(z) =

zl=
p(2) — aM has no zeros in |z| < k for |a| > 1. Therefor the polynomial T'(z) = z"s(%) =
q(z) — @M z" has all it’s s zeros in|z| < § and |T(z)| = 2 |s(k?z)| for |z| = 1. By applying
Theorem 2.1 to polynomials k"T(Z) and s(k?z), then for |z| = 1 and |3] < 1, and by
choosing a suitabel argument of «, applying Corollary 2.10 and letting |o| — 1, we get
nBk 8k 8k

the following result,
(1
1+St 1+St 1+8t} (9)

nBk 9 "

1_’_Stp(k z)‘ +k
Next, we prove the following theorem which is a generalization of Theorem 1.14 due to
[9].

1+

2q'(2) +

‘zkzp'(kQZ) +

q(z)‘ < Mn{k"
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Theorem 2.2. If p(z) = ap2" + Z An_pz2" Y |1 <t <mn, is a polynomial of degree n,

having no zeros in |z| < k, k > 1, then for B with |5 <1,
nBk

/
<
e, [7'(2) + 7 o) <
n 6k n ﬂk n 6 .
2[{ 1+ s, Tk 1+1+5t }\Iﬁi}1§|p<z)| {k L+ 1+ 54 ‘1+5t }Izm_I}Jp(Z)@ (20)

The result is best possible and equality holds for p(z) = A1k™ + A2z, where
[A1] = [A2| = 4. For t = k = 1, Theorem 2.2 reduces to Theorem 1.3 and for 8 =0 and
k = 1, Inequality (20) reduces to the following inequality proved by Aziz and Dawood [2],

fn‘wflp( < 5 L max [p(z)| — min p(z )}

3. LEMMAS
We will need the following lemmas to prove our theorems.

Lemma 3.1. If all zeros of an n'" degree polynomial, p(z) lie in a circular region C and
w is any zero of Dap(z), then at most one of the points w and o may lie outside C' [9].

n
Lemma 3.2. If p(z) = apz" + > an—pz" %, 1 <t < n, is a polynomial of degree n

v=t

having all it’s s zeros in |z| < k <1, then on |z| =1 for q(z) = an@7
4'(2)] < silp'(2)], (21)

ant

(md < kt, where

n|an|k? + tlan,—¢| k1

22
nlan] T+ tan 7] (22)

St =
The above lemma is due to Aziz and Rather [3].

n
Lemma 3.3. Ifp(z) = apz™ + > an—pz" ;1 <t < nis a polynomial of degree n having

v=t
all it’s s zeros in |z| < k <1, then on |z| =1,

|p(2)] 23)

Proof . Since

we have

equivalently

Which implies for |z| =1,
|4'(2)] = Inp(2) — 2p'(2)]. (24)
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Now using the Inequalities (21) and (12) for |z| = 1 we get
Inp(2)| = [np(z) — 2p'(2) + 20" (2)| < |np(2) — 29/ (2)| + |29/ (2)]
=1d'(2)] + 12" (2)] < (s¢ + )P (2)].

This proves Lemma 3.3.

4. PROOFS OF THE THEOREMS

Proof of Theorem 2.1.

Since |af(z)] < |f(z) < |F(2)| (1), for |a| < 1, |z| = k, by using Rouche’s s theorem we
can say that for |a] < 1, F(z) — af(z) and F(z) have the same number of zeros in

|z| < k. By Inequality (1), for |z| = k, any zero of F(z) that lying on |z| =k, is also a
zero of f(z). Therefore, F'(z) — af(z) has all it’s s zeros in |z| < k, and using the Lemma
3.3, we have for |z| =1,

2F'(2) — azf'(2)] > 1fst\F(z) —af(z)]. (25)
For any g with |3| < 1, we have for |z| = 1,
[2F'(2) ~azf (2)] > 11 |F(2) ~ af (2)]
> PPLiRG) — asa) (26)
This implies
T(z) = (2F(2) — 02f'(2)) + 65 fSt (F(2) — af(2)), (27)
for |z| = 1, which is equivalent to
_ / nf3 / np
T(e) = 2F'(2) + o F(2) = o= (2) + 1700 () #0, (28)
for |z| = 1.
We conclude that,
o)+ 1) < [P + SR G) forled =1 (29)
If Inequality (29) is violated, there exists zg with |z9| = 1 such that
‘Zof’(zo) + ﬁfstf(zo)‘ > )zOF’(zO) + %F(zo)‘, for |z| = 1. (30)

We take

o Z()F’(zo) + %F(Zo) (31)
20f'(20) + 122 f(20)
with this choice of «, we find T'(z9) = 0 for |z9| = 1, which contradicts (28). For S with
|B| = 1, Inequality (29) follows by continuity.

Proof of Theorem 2.2.

Let p(2) #0in |z| < k, k> 1,and m = Irrﬂlri\p(z)\ If m = 0, by applying Theorem 2.1 to
z|l=

the polynomials p(k%z) and k"¢(z), we obtain the following result for |z| = 1 and |8 < 1,

2 1012 nBk 2 n npBk
zkp%ZH"——?%ZﬂSk ) (32)

/
I +s 202+
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Combining (32) and (19),confirms the theorem. Next, assume m # 0. For o with

la] < 1, consider the polynomial G(z) = p(z) — ma«, which has no zeros in |z| < k. Define
H(z) = 2"G(L) = q(2) — maz". All zeros of H(z) are contained whithin |z| < ¢ and

k" H(z)| = |G(k%2)] for |z| =

2, 1/1.2 nBk 2\ NPk ’
zk*p' (k z)+1+8tp(k: z) 1+Stma
k Bk
<l np B _
< k™| zq'(2) + Tr Stq(z) mnaz (1 + T+ % k:)‘ (33)

By selecting an appropriate argument for « on the right-hand side of (33) and applying
Corollary 2.2, we derive

2 1012 nBk 9 ’_ nk
2k (%2) + 2| = omla
Bk - Bk
< k"3 | n |- 1 | 4
< i |sd )+ ()| - w1+ 55 (39
As |a| — 1, the following holds,
k nBk
K (122) + O 2. ‘<k" / |
|22/ (K22) + 1+t< )| <K' ed @)+ ae)
— mn{ k"1 (—‘ | 35
mn{ * 1+St 1+St } ( )
which implies for || <1 and |z| =1,
2 7(1.2 npk 2’<‘2/2 nfk 2‘
2’21{: P (k“z) + T+ s, p(k“z)| < |zk°p'(k°z) + 1+Stp(k: 2)
nBk Bk Bk
K2 (2) + L q(2)] = mn{ -
* Zq()+1+ 1z mn{ | +1+5t 1+ s } (36)
this in conjanction with Inequality (19) gives for || <1 and |z| =1,
k
2‘zk2p’(k22)+ np pl2)] <
1+ s
n{ ‘+k:”1+ Pk }}M—{k”‘u ‘—‘ }m (37)
1+ s 14 s¢ 1+k 1+ ’

and therefore the theorem follows.

Acknowledgement The authors wish to sincerely thank the referees, for the careful
reading of the paper and for the helpful suggestions and comments.



348 TWMS J. APP. ENG. MATH. V.16, N.3, 2026

REFERENCES

[1] Aziz, A., (1987), Growth of polynomials whose zeros are within or outside a circle, Bulletin of the
Australian Mathematical Society, 35(2),pp. 247-256.

[2] Aziz, A. and Dawood, Q.M., (1988), Inequalities for a polynomial and its derivative, Journal of Ap-
proximation Theory, 54(3), pp. 306-313.

[3] Aziz, A. and Rather, N. A.; (2004), Some compact generalization of Bernstien-type inequalities for
polynomials, Mathematical Inequalities and Applications, 7(3), pp. 393 - 403 .

[4] Aziz, A. and Shah, M., (2004), Inequalities for a polynomial and its derivative, Mathematical Inequal-
ities and Applications, 7 (3), pp. 379-391.

[5] Bernstein, S., (1930), Sur la limitation des dérivées des polynémes, C. R.. Acad. Sc. Paris, 190, pp.
338-340.

[6] Dewan, K. K. and Hans, S., (2010), Generalization of certain well-known polynomial inequalities,
Journal of Mathematical Analysis and Applications, 363, 38-41.

[7] Malik, M. A., (1969), On the Derivative of a Polynomial, Journal of the London Mathematical Society,1(
s2), pp. 57-60.

[8] Malik, M. A. and Vong, M.C., (1985), Inequalities concerning the derivative of polynomials , Rendiconti
del Circolo Matematico di Palermo, 34(3), pp. 422-426.

[9] Soleiman Mezerji, H. A., Bidkham, M. and Zireh, A., (2012), Bernstien type inequalities for polyno-
mial and its derivative, Journal of Advanced Research in Pure Mathematics, 4.

[10] Turan,P., (1939), Uber die Ableitung von Polynomen, Compositio Mathematica, 7, pp. 89-95.

[11] Yalgin A., Gil E.; Akdemir A.O., (2025), Hermite Hadamard Type Inequalities for Co-ordinated
Convex Functions with Variable-Order Fractional Integrals Appl. Comput. Math., Vol.24, No.2, pp.326-
343

[12] Ekinci A., Akdemir A.O., Giirbiiz, (2025), Hermite-Hadamard Type Inequalities in the Framework of
Non-Newtonian Convex Functions, Appl. Comput. Math., Vol.24, No.4, 2025, pp.717-732

Mahboobeh Shamoradi is a Ph.D. student under the supervision of Professor Mah-

mood Bidkham at the Faculty of Mathematics, Statistics, and Computer Sciences,
Semnan University, Semnan, Iran. Her research interests include Complex Analysis
and Approximation Theory. She received her B.Sc. and M.Sc. (in pure mathematics)
from the University of Tehran,Tehran, Iran.

Mahmood Bidkham is a professor in the Faculty of Mathematics, Statistics and
computer sciences at Semnan University, Semnan, Iran. With over 30 years of teaching
and research experience, his research interests include Complex Analysis and Approx-
imation Theory. He has successfully supervised six Ph.D. students and 42 master’s
' theses. Additionally, he has published more than 60 research papers in various national
| and international journals. He has also authored books for undergraduate and post-
published in Iran.




