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ON SEPARATION PROPERTIES IN SOFT TOPOLOGICAL SPACES

ESSAM H. HAMOUDA, §

ABSTRACT. In this paper, we explore separation axioms Tj, for ¢ = 0,1,2, within the
framework of soft topological spaces, utilizing the concept of soft points as defined in
[16]. We define Tp and 71 in terms of the mapping 7 and establish that a soft space is
T iff the soft point is soft closed, assuming the soft topology is enriched. Furthermore,
we provide a new characterization of T> soft spaces, contributing to the understanding
of separation properties in soft topology.
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1. INTRODUCTION

Soft set theory, first introduced by Molodtsov [11] in 1999, is a mathematical framework
aimed at addressing uncertainty, imprecision, and vagueness in decision-making scenarios.
Unlike conventional set theories that struggle with ambiguity, soft set theory offers a
more adaptable approach by linking parameters to elements, which facilitates a more
detailed representation of information. This theory has been extensively researched and
applied across various disciplines, including algebra, topology, and decision analysis. Soft
topological spaces [14] expand on classical topology by incorporating open and closed sets,
as well as continuity within a soft set context. In topology, separation axioms are criteria
applied to a topological space to distinguish and separate points or sets, which aid in
categorizing different types of topological spaces based on their separation characteristics.
Owing to the various definitions of soft points and the concepts of soft continuity, soft
separation axioms also admit multiple interpretations. This diversity has prompted several
studies to explore soft separation axioms from different perspectives. For example, T;- soft
spaces have been defined using distinct crisp points ([9],[14], [16]) as well as distinct soft
points ([4],[8],[15] ) respectively. The authors in [5] introduced two new soft belonging
relations and used these relations to define novel soft separation axioms. FKl-Shafei and
Al-Shami utilized these relations to establish e-soft T; spaces [1] and w-soft T; spaces [6].
In [7], each soft set F : 2 — P(X) is linked to a mapping 77 : X — P(2l). It was also
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demonstrated that F is completely characterized by the mapping 7r. In this paper, we
study separation axioms T;, (i = 0,1, 2) in the context of soft topological spaces, based on
the definition of soft points from [16]. We define Ty and T} in terms of the mapping 7r.
We demonstrate that a soft space is T3 iff the soft point is soft closed, provided that the
soft topology is enriched. Finally, we give a new characterization of T, soft spaces.

2. PRELIMINARIES

2.1. Soft sets. Let X represent a universe set, P(X) be the power set of X, and 2( denotes
the set of all possible parameters related to X. A Soft set (S-set) is defined as follows:

Definition 2.1. [11] A pair (F,2A) is referred to a S-set over X, where F : A — P(X)
is a set-valued mapping.

The set SS(X, ) represents the collection of all S-sets over X. For simplicity, we write
F instead of the pair (F,2).

Definition 2.2. [8, 13] Let F,G € SS(X, %), then

(1) FC G, if F(a) C G(a), for all a € 2.

) F=6,if Fla) =G(a), for all a € A.

) (FNg)(a)=F(a)NG(a), for all a € A.
)(]—"LIQ)() Fla)UG(a), for all a € A.
) Fé(a) =X — F(a), for all a € .

(2

(3
(4
(5
(6) F xGeSS(XxX,), defined as (F x G)(a) = F(a) x G(a).

Definition 2.3. [10] Let X,2) be two nonempty sets and f : X — 2) be a mapping, then
(1) f maps F € SS(X,2) into ?F € S5(9),2) such that 7.7—"(04) = f(F(a)),Ya € 2.
(2) The inverse image of G € SS(9),2) is f G € SS(X,A) where f G(a) = f1(G(a)),
for all « € .
In [7], every S-set F € SS(X,2) is linked to a mapping 77 : ¥ — P(2() where
Tr(x) ={aeA:z e Fla)}

Also, the author showed that F is fully defined through the mapping 7r. Below, the
relationship between 7r and soft operations is examined.

Lemma 2.1. [7] Let F,G € SS(X,2), then for all z,y € X
(1) T(’z;( z) = ¢ and az(r) =2,

) FEG=7r(z) € 19(2),

) Trg(x) = TF(x) N 76 (),

) Trug(x) = TF(x) U g (),

) Tre(x) = A — 77 (),

) TFxg(x,y) = 77 (x) N 76 (Y)

2.2. Soft topology. By i € SS(X,91), we mean a constant S-set (or, Stable soft set [5])

over X taking value U € P(X), that is U(a) = U, for all o € 2.

Definition 2.4. [14] A soft topology (S-top ) over X is a collection T' C SS(X, 2l) satisfies
the following:

(ST1) ¢, X €T,

(ST2) F,GeT = FnNgGgeT,

(ST3) If {F;,i € I} C T, then | |, F; € T.

(2

(3
(4
(5
(6
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The triplet (X, T,2) is referred to as a S-top space over X, which the elements of T" are
called soft open sets (S-opS) in X.

Definition 2.5. F € SS(X,2) is called a soft closed set (S-clS) in X if F¢ is a S-opS
in X.

Definition 2.6. T = {$, X} and A = SS(X,2) are called indiscrete S-top and discrete
S-top on X, respectively.

In S-top spaces, the concept of soft points can take on multiple meanings. Below, we
illustrate a few of these variations.

Definition 2.7. (1) For a € A,z € X, a soft point over X is a S-set over X such

that
_ =t ifa=p
(f) = {(;5 otherwise

for all B € A. Two soft points oy, ay are distinct if x # y. The soft point o
belongs to the S-set G, denoted by ay € G, if {y} C G(a)[17].
(2) The S-set F is called a soft point, denoted by ar, if F(a) # ¢ and F(B) = ¢,Vf €
A —{a}. We write ar #ag <= F #G and ay € H if F(a) C H(x) [10].
(3) We say x € F ,a soft element of F, whenever x € F(a), Va € A. Note that, x ¢ F,
if ¢ ¢ F(a) for some a € A [14].
Remark: We observe the following implications:
e rcgg=oa,;cq.
e arcgG=a, G ifreF(a).
Throughout this paper, SP(X,2l) represents the collection of soft points, as outlined in
item (i) of the definition provided above.

Definition 2.8. [3] F € SS(X,2) is called pseudo-constant (PC-) set if F(a) = ¢ or
X, VF € 2. We say (X,T,2l) is an enriched S-top space if T' contains all PC- sets.

Definition 2.9. [13] Let (X,7,%) be a S-top space over X. A soft set F is called a soft
neighborhood (S-nghd) of the soft point «, if 3G € T such that o, € G C F. We denote
the set of all S-nghds of a, by SN(ay).
Definition 2.10. [13] A function f : (X,7,2) — (), D, ) is called a soft continuous
(S-con) function at a, if for each H € SN( f o) there exists F € SN(ay) such that
F CH. We say f is a S-con function if it is a S-con mapping for all a,.

Theorem 2.1. [15] Let f: (X,7,2) — (2, D,2() be a (S-con) function. The following
statements are therefore equivalent:

(1) fis a (S-con) function

(2) for each G € D, 79 cT.

(3) for each S-clS, H € D, fH is a S-cIS € T.

3. MAIN RESULTS
Definition 3.1. Let 3 C X, then 3 € S(X,2) is a soft set defined by:
A ifxel
m3(z) =

10) otherwise

forall x € X
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Definition 3.2. [15] Let (X,T,2) be a S-top space over X and a,, ay € SP(X,2) where
oy # ay. If there exists F € T such that: case Iio, € F, o ¢ F or case Il:o, ¢ F o €
F, then (X,T,2) is called a Ty—S-top space.

Proposition 3.1. (X,T,2) is a To—S-top space <= for each v # y € X, there exists
F €T such that 7r(x) # 7£(y).

Proof. (=) Let a, # oy be soft points and F € T such that: case I: o, € F, 00y ¢ F,
then z € F(a),y ¢ F(a). Thatis, o € 77(x), @ ¢ 77(y) which means that Va # y, 77 (z) #
77(y). Similarly, we arrive at the same result when examining case II.

(<) For z € X,y € X — {z}, the soft points oy, o, are distinct, and then there is F € T'
such that 77(z) # 77(y). Since o € A is arbitrary, then o € 77(z), a0 ¢ Tr(y) = a5 €
F,oy ¢ F which is case I. A similar argument verifies case II. O

Example 3.1. Let A = {a, 8}, X = {x,y} and (X,T,2) be a S-top space over X, where
T ={¢,%X,F,G, H} such that

Fla) =X, F(B) ={y}, G(o) ={=z}, G(B) = X, H(a) = {a}, H(B) = {y}-

Then, according to Definition 3.2,(%,T,2l) is a Ty—S-top space [15]. Now, to verify

Proposition 3.1, consider the corresponding mappings:

TF = {('T’ {a})’ (yvm)}’ TG = {(x,Ql), (y’ {B})}v ™ = {(SL‘, {a})’ (3/7 ) {B})}v
obviously, for each = # y € X there exists H € T such that 7y (z) = {a} # {8} = ™u(v).
Definition 3.3. [15] Let (X,T,2) be a S-top space over X and oy, 3, € SP(X,2) where

oy # ay. If there exist F,G € T such that: case I: o, € F,a, ¢ F and case II: o, ¢
G,ay € G, then (X,T,2) is called a T1—S-top space.

The authors in [15] demonstrated, in the following lemma, that if every soft point of a S-
top space is a closed set, then the space is a 177 —S-top space. Additionally, they provided
a counterexample showing that the converse does not hold in general. In Theorem 3.2, we
introduce an additional condition on the soft space under which the converse of Lemma
3.1 is valid.

Lemma 3.1. [15] If every a; € SP(X, %) is a S-cIS, then (X,7,2) is called a 71 —S-top
space.

Theorem 3.1 ([17], Theorem 5.16.). A soft set in (X,T,2) is S-opS iff it is a S-nghd
of each of its soft points.

Theorem 3.2. Let (X,T,2) be an enriched S-top space, then
(X,T,2) is called aTy — S-top space <= each a, is a S-clS.

Proof. (<) follows directly from Lemma 3.1.
(=) Let z € X, a € A. To prove that o, is a S-clS., we show that af defined by

. N E {z} if 6=a
& (8) = {% otherwise

is a S-opS. Let y €€ X — {z}. Then «, # o, = there exists G, € T such that oy, € G,
and o, ¢ G,. Thus, we have a, € G T af. Assume that H € T is a PC-set defined by
H(a) = ¢ and H(B) = X, VB € A — {a}. Now, we get

(I—lye{oc}C gy)(a) U H<a) = {x}ca and (I—lye{ac}C gy)(ﬂ) U H(ﬁ) =X

Clearly ag = Uye(sye Gy UH, showing that a; is a S-clS for every z € X. O
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Theorem 3.3. Let (X,T,2d) be a S-top space over X. Then @\} is a S-clS <= for
each x # y € X there exist F,G € T such that

Tr(z) = A, 7r(y) = ¢ and1g(y) = A, 19(z) = ¢. (1)

Proof. (=) For x € X,y € X — {«}, the soft points oy, c, are distinct. The soft sets

{z}¢,{y}¢ are S-opSs. By Definition 3.1, we have, T{;?C(.T) = (T{/x\}(.%'))c = ¢, T{;?C(y) =
(T ) = A and 7= (2) = (T5(2)) = A, 752 (y) = (75(¥)" = ¢

(<) For z € X,y € X — {z}, the soft points «a,, a, are distinct, and then 3 F,G € T

satisfy condition (1). Since a € 2 is arbitrary, then a € 7x(z),a ¢ 7r(y) = a, €
F,oy ¢ F which is case I in Definition 3.3. A similar argument verifies case II. u

The following example demonstrates that an enriched S-top space may not qualify as
a T1—S-top space as defined in Definitions 3.3 and 4.1.

Example 3.2. Let A ={a, 5}, X = {z,y} and (X,T,2) be an enriched S-top space over
X[2], where T ={¢, %X, F,G, H,K} such that

TF = {(1'7 {Oé}), (yam)}u TG = {(x7¢)7 (ya {/8})7

™ = {(z,{8}), (0. {8}), 7c = {(z,{a}), (. {a}}.
Then, according to Definition 3.3, Theorem 3.2 implies that (X,7,2() is not 71 —S-top
space . Also, Theorem 3.3 implies that condition (1) is not hold and cosequently (X, 7, 2)
is not 71 —S-top space according to Definition 4.1.

Theorem 3.4. Let (X,T,2l) be an enriched S-top space over X. Then each oy, € SP(X,2)
and each {x},Vax € X, is a S-clS <= for each v # y € X there exists F,G € T satisfy
condition(1).

Proof. (<=) By observing, that T" includes all the PC-sets, and as a result, each PC-set
is also a S-clS. Let a, be a soft point, and H € T be a PC-set defined as: H(a) =

X, H(B) = ¢ for all 5 € A — {a}. Then clearly, oy = {x} M H. By Theorem 3.3, since «,
is an intersection of S-clSs, it must also be S-clS.
(=) The proof used for Theorem 3.3 can be applied here to demonstrate that condition
(1) is satisfied.

O

Notation: For a nonempty set X, define £ = {(z,z) € X x X}.
Theorem 3.5. Let (X,T,2) be a S-top space. Then £ is a S-clS in (Xx X, T x
ARA) < {z} isa S-clS in (X,T,A), Vo € X.

Proof. (=) For all z € X, it is sufficient to demonstrate that {z}¢ is a soft open in X.
Let y € X — {2z}, € {2}°. Then x # y, that is (z,y) € X x X — {z}. Definition 3.1
implies that o, ,) € 3 = X x X — {z}, and consequently, there exist F € T,G € A such
that Agy) € F X G C 3. Hence
a € 7rxg(r,y) = TF(x) N7g(y) € 16(y).-
Then a € 7g(y) implies o, € G. Furthermore, we have
Trxg(z, ) = 7r(x) N1g(x) C 3(x,2) = ¢. [Since (z,x) € &].

Since 1g(z) # ¢, then 7r(x) = ¢ = F C {z}°. Thus oy € F C {z}°. In view of Theorem
3.1, the soft set {z}¢ is soft open.
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(<=) Let a(yy) € 3 =X x X — &, then x # y. Since {y}° is soft open, then o, € F C 3,
where F € T. By hypotheses, consider F x {y} € T' x A. We obtain
Trx(y}(@,y) = 77 (@) N7 (y) = 77 (2).
This implies that o, ,) € F x {y}. Now observe that F C {y}° = 77(y) = ¢. This, along
with the fact that 7,(z) = ¢ when z # y, verifying that
Trx{y} (2, 2) = 77(2) N7y (2) = &
therefore, o, ) € F x {y} C 3, showing that 3 = X x X — & is soft open. O

Proposition 3.2. (X,T,2) is a 71— S-top space if{/x\} is a S-clS ,\Vr € X.

Proof. Suppose that {x} is a S-clS Ve e X then {a:} is a S-opS. Let y ¢ € {z}°, then

ap # oy and ay € {9:} ay ¢ {x} Similarly, {y} € T such that o, € {y} ay ¢ {y}

Thus (X,7,2) is a T1— S-top space . O
In general, the converse of Proposition 3.2 is not true.

Example 3.3. Let X = {z,y},A = {«a, 8} and F,G, H € SS(X,A) where,

77 ={(z,{a}), (v, {61}, 76 = {(=,{B}), (v {a})}
be a Ty —S-top space over X where T = {gg, X, 7, G} [16].

Now, since 7‘{/\0( r)=¢, T ( ) =2, then {/:L‘\}c € T. That is, {/ﬁ is not S-cl8S.

Definition 3.4. [4] Let (%,T, 2) be a S-top space over X and «y, 8y € SP(X,2) where
ay # ay. If there exist F,G € T such that a, € F, ay € G and F G = ¢, then (X,7T,2)
is called a To—S-top space.

For any S-con functions f,¢g: (X,7,2) — (2, D, %), consider the two sets A = {x €
X:f(zx)=g(x)} and G ={(z, f(z)) e X xY:z € X}
Theorem 3.6. Let (), D,2) be an enriched S-top space. Then
(1) (9,D,2) is a To—S-top space.
(2 £ is a S-clS in Y x .

)
()AzsaS-clSm.’{
()staS-clSm.’{xQ)

Proof. (1) = (2) : Let (y,2) € 3 =2 xQ — &, then oy, # a.. By hypotheses, 3F,G € D
containing ay,, o, respectively. Now, we have

o € Trxg(y, z) = 77 (y) N 1g(2).
This implies that «ay, ) € F x G. Further, ¥(y1,41) €9 x 9,
Trxg(W1,y1) = 7F(y1) N7g(y1) = 7rng(y1) = ¢. (being QY , T space)
This, along with the fact that 7rxg(y, z) C 2 when y # z, verifying that
A(y,2) € TFxg C 3

Hence, by Theorem 3.1 showing that 3 = 2) x2) — £ is a S-opS, and therefore, Eisa
S-clS.
(2) = (3) : To demonstrate that A is a S-clS, we begin by confirming that the mapping

T (X, T,2) — (Y x,D x DA, z— (flz),g(x)),
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is a S-con function. To establish this, it suffices to verify Theorem 2.1. Now, take
GxHeDxD,then for all z € X

T (gx) (2) = Toxn(m(2)) = Txu(f (2), 9(2)) = 76(f (x)) N (g(2))
= 7'7g($) NTgy(T) = T?QH?H(@

- —
That is, <7({4’ XH)= fGn ?”H Since, fg,?% eT = ?(g X H) € T. Hence 7 is a
S-con function. Clearly, T&(a) = 771(€) = A = A(a), Vo € 2. Soft continuity of = and
Theorem 2.1 imply that A is a S-clS.

(3) = (4) : By applying (3), for the S-con functions py,h : X xQ — Q) defined as

py(z,y) = y[10], and h(z,y) = f(z). Then, we have A(a) = {(z,y) : py(x,y) = h(z,y)} =
{(z,y) :y = f(z)} = G(a),Va € 2. Therefore, G is a S-clS in X x Q).

(4) = (1) : By applying (4), for the S-con identity function i : ) — 2)[10], the soft set
£ is a S-clS in 2 x Q. Now, let oy, .y € &% € D x D. Then Yy # z = oy # a,. From
Theorem 3.1, there are F,H € D such that

ayxazza(y,z)e}'x?-lggc.

In addition, ay € F and o, € H. Also, Trxu(y,y) = ¢, Yy € 9. In other words, 7rax(y) =
Trxu(y,y) = ¢ Vy € 9. That is, for every ay # ., Joy, € F and a, € H € D such that

o~

FNH=¢. 0

4. CONCLUSIONS

In classical topology, a space (X, T) is considered a T} topological space iff the set {x} is
closed for every x € X. However, this result does not hold in the context of S-top spaces
(as shown in Proposition 3.2). We propose an alternative definition of a T} —S-top spaces
which reestablishes the statements of Proposition 3.2 as equivalent.

Definition 4.1. An enriched S-top space (), D,2) is Ty if for each x # y € X there
exist F,G € T such that

Tr(x) = A, 7 (y) = ¢ and 7g(y) = A, 7g(x) = ¢.

In summary, we would like to emphasize that this definition preserves all the character-
istics of the earlier definitions. Lastly, it offers a more concrete framework for work, as it
is described through crisp points instead of soft points.

Acknowledgement. The author wishes to express their gratitude to the editors and
referees for their valuable comments that contributed to the enhancement of the article.
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