TWMS J. App. and Eng. Math. V.16, N.3, 2026, pp. 357-368

EXISTENCE AND UNIQUENESS RESULTS FOR THE BENDING
ELASTIC BEAM EQUATIONS

JAGAN MOHAN JONNALAGADDAM*, SUKRITI CHAKRAVERTI?, VANSHIKA JAIN?®, §

ABSTRACT. We examine the existence and uniqueness of solutions to a particular class
of two-point boundary value problems involving fourth-order ordinary differential equa-
tions. These problems have fascinating applications in the modeling of deflections of
beams. Applying the fixed point theorems by Banach and Rus is one of the main instru-
ments used in this investigation. Our theoretical findings are applied to deflections of an
elastic beam when subjected to a loading force with both ends hinged. We also ensure
the existence and uniqueness of solutions to the model for certain classes of linear and
nonlinear loading forces.
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1. INTRODUCTION

We consider the nonlinear fourth-order differential equation

y" + 8% = fla,y), = €0,L], (1)
together with the boundary conditions
y(0)=0, y(L)=0, y"(0)=0, ¢"(L)=0. (2)

Here L, 3 € RT, f : [0,L] x R — R is a continuous function, and f(-,0) # 0. The
assumption f(-,0) # 0 excludes the possibility of the trivial solution. By a solution to
(1) - (2), we mean a function y : [0, L] — R such that y is four times differentiable, with
a continuous fourth-order derivative on [0, L], which we denote by y € C*4([0,L]), and
satisfies both (1) and (2).

! Department of Mathematics, Birla Institute of Technology & Science Pilani, Hyderabad, Telangana,
India - 500078.
e-mail: j.jaganmohan@hotmail.com; ORCID: https://orcid.org/0000-0002-1310-8323.
Department of Mathematics, Birla Institute of Technology & Science Pilani, Hyderabad, Telangana,
India - 500078.
e-mail: £20202327@hyderabad.bits-pilani.ac.in; ORCID: https://orcid.org/0009-0001-2922-8434.
Department of Mathematics, Birla Institute of Technology & Science Pilani, Hyderabad, Telangana,
India - 500078.
e-mail: £20202268@hyderabad.bits-pilani.ac.in; ORCID: https://orcid.org/0009-0008-8314-7951.
Corresponding author.
Manuscript received: February 03, 2025; accepted: July 30, 2025.
TWMS Journal of Applied and Engineering Mathematics, Vol.16, No.3; (© Isik University, Depart-
ment of Mathematics, 2026; all rights reserved.

357

2

3

won



358 TWMS J. APP. ENG. MATH. V.16, N.3, 2026

Using fixed point theorems, this work aims to establish and compare results on the
existence of a unique solution to (1) - (2). Our significant findings indicate that there
exists a unique nontrivial solution to the problem if and only if L is small and the function
f meets the Lipschitz condition. To get these results, we first construct the related Green’s
function and rephrase our problem (1) - (2) as an equivalent integral equation. Next, we
utilize an infinite strip to apply the Banach fixed point theorem. The Banach fixed point
theorem is then used inside a closed and bounded set to extend the conclusion to a larger
class of functions. Ultimately, we utilize Rus’s fixed point theorem to extend the length of
the valid interval for the result. In order to compare the established results, we examine
a few examples.

The analysis of deflections in elastic beams naturally motivates the study of fourth-
order boundary value problems. Consider a thin beam whose ends are hinged at x = 0
and z = L on the z-axis. A transverse load h(x) varies throughout the beam’s length,
and a compressive force P are two of the forces acting on it. If y = y(x) represents the
resultant deflection of the beam at position x, the differential equation

y"" + %" = h(z), z€[0,L], (3)
depicts the displacement of the beam in the transverse direction caused by buckling with

b= \/g , where FE is the slender member’s Young’s modulus and I is the beam’s moment
of inertia along the direction of its length. Assume that the compressive load P and F - [
are constants for the sake of simplicity. It is obvious that 8 needs to be bigger than zero;
otherwise, P = 0 would result from 8 = 0. The beam has hinged ends at x = 0 and
x = L. Hence, the problem is susceptible to the boundary conditions (2). The fourth-
order differential equation (1) is obtained if we consider the beam’s transverse load, which
is provided by f(x,y). This load may not be linear.

The study of solutions to boundary value problems often involves examining the con-
struction of Green functions specific to those problems. Consequently, Green functions
hold significance in the theory of boundary value problems. Fourth-order boundary value
problems and their relevance to elastic beam deflections have been extensively researched.
Numerous well-known studies focus on determining the solvability of fourth-order bound-
ary value problems and verifying the existence and uniqueness of solutions. One powerful
and efficient method for proving the existence or uniqueness of solutions to nonlinear
boundary value problems is to use fixed point theorems. Numerous authors have investi-
gated the existence of solutions to fourth-order boundary value problems using different
fixed-point theorems. We refer to [16, 17, 1, 10, 5, 2, 3, 6, 7, 18, 9, 19, 4] and the references
therein for a few recent publications in this area among an enormous number of papers
dealing with the solvability of fourth-order nonlinear differential equations subject to a
variety of boundary conditions using fixed point theory.

The problem under consideration is distinct from the aforementioned works. Further-
more, we highlight that our method of utilizing Rus’s fixed point theorem seems to hold
a distinct place in the literature to guarantee the existence and uniqueness of solutions to
boundary value problems of the fourth order. The findings presented here represent an
improvement over conventional methods, like using Banach’s fixed point theorem. This is
achieved by applying Rus’s fixed point theorem along with two metrics. As we will see,
this allows for a clearer understanding of the existence and uniqueness of solutions to a
broader class of problems. This involves fine-tuning the Lipschitz constants in closed and
bounded domains as well as in a global (unbounded) setting.

Since our primary tools in this paper are fixed point theorems, let us state Banach and
Rus’s fixed point theorems for the reader’s convenience.
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Theorem 1.1. [8] Let X be a nonempty set, and d be a metric on X such that (X,d)
forms a complete metric space. If the mapping T : X — X satisfies

d(Ty,Tz) < ad(y, z) for some o € (0,1) and all y, z € X;
then there is a unique yo € X such that Tyg = yo.
Theorem 1.2. [11] Let X be a nonempty set, and d and p be two metrics on X such

that (X, d) forms a complete metric space. If the mapping T : X — X is continuous with
respect to d on X and

(1) there exists ¢ > 0 such that
d(Ty,Tz) < cp(y,z) forally, z € X;
(2) there exists o € (0,1) such that
o(Ty,Tz) < ap(y,z) forally, z € X;
then there is a unique yo € X such that Tyo = yo.

The rest of the paper is organized as follows. In Section 2, we construct the Green’s
function corresponding to the boundary value problem (1) - (2) by employing the variation
of parameters formula and some additional assumptions. Section 3 is devoted to the
estimation of an integral that involves the Green’s function. In Section 4, we prove our

main theorems on the existence of a unique solution to to the boundary value problem (1)
- (2). Also, we provide a few examples to illustrate the applicability of established results.

2. CONSTRUCTION OF THE (GREEN’S FUNCTION

The goal of this section is to rewrite the boundary value problem (1) - (2) as an equiv-
alent integral equation. So, let us consider the linear equation (3) together with the
boundary conditions (2).

Proposition 2.1. Assume sin L # 0. If h : [0, L] — R is a continuous function, then

the boundary value problem (3) - (2) has a unique solution which we can write as

L
o) = [ Gaoneds, o< @)
where the Green’s function is given by

DY T Galeg), 0<z<e<L

Here .
K(z,§) = 5 [B(z — &) —sin Bz — €],
I . 1 B(L —
Grla,g) = ~H L5 o IO =S 4 o), ©
and I ) —
Gala,§) =~ 28 IAMILLZ), ™
Proof. The general solution of (3) is given by
y(x) = c1 + cax + c3 cos fx + ¢4 sin fx + /:v K(z,&)h(§)d, 0<z <L, (8)
0

where ¢1, ¢, c3 and ¢4 are arbitrary constants. From (8), we have

(@) = 2~ Peysin b+ fexcos pr+ | Ka(r.Oh(©)de, 0<z<L  (9)
0
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y'(z) = —B%c3 cos fr — ey sin B + /w Kaz(z,)h(E)dE, 0<az <L, (10)
0
where )
Kol €) = 25 [1—cos Ba =], Kuuo€) = 0=,

2
Using boundary conditions (2) in (8) - (10) and rearranging the terms, we get

Cc1 = 0,
1 L
o=~ | (L= OhOE
Cc3 = 0,
1 L
= g | SmAL— s

Substituting the constants cj, co2, c3 and ¢4 in (8) and rearranging the terms, we obtain
(4). Hence, the boundary value problem (3) - (2) has a unique solution (4). To verify that
y € C*0, L], one can differentiate (4) four times and verify its continuity. O

3. ESTIMATION OF THE GREEN’S FUNCTION

In this section, we prove a useful inequality for an integral that involves the Green’s
function.

Proposition 3.1. Assume sin L # 0. The Green’s function in (5) satisfies

L L2 L4
/ G (x,€)|dé < —ky + Lko + =, (11)
0 2 24
where
T 1
ki = sup |—5|=—, (12)
wclo.r) | LB%| B2
and
sin Sx
ko = sup |——7—=]|. 13
? wefo.r] | B3 sin BL (13)

Proof. For all = € [0, L], we have

L T L
/O G, €)| dé = /0 G, €)de + / G, 0)) de

| z(L—¢§) T lsin Brsin B(L — &) *
< [T [P e [ ol
Ll gL —¢) Lsin Bz sin B(L — €)
+ /m g |k /x FsmpL  |°

<k {/OI(L —&)dE + /xL(L - §)d§}

x L
s [/O i (L — )| de + [ sin (L —§>d£]

+ /O K(z,€)de
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L L x
:’“/0 <L—£>+k2/0 IsinB(L—£)|d£+/0 K(z,€)d

2 4

L
< — —
k1+Lk2+24
4

L? L
<— L —.
k1 + k2—|-24

The proof is Complete. U

4. EXISTENCE OF A UNIQUE SOLUTION

In this section, we will apply fixed point theorems to prove our results on the existence
of a unique solution to the boundary value problem (1) - (2) and compare them. For this,
let us define two metrics on the set X of continuous functions defined on [0, L] such that

d(y,z) = sup ] ly(z) — z(2)],

z€[0,L

)= ( | () z(ac>12dx)é |

for all y, z € X. It is easy to show that (X,p) is a metric space and (X,d) forms a
complete metric space.

and

4.1. Application of Theorem 1.1 on an Infinite Strip.

Theorem 4.1. Assume sin BL # 0 and f satisfies the Lipschitz condition with respect to
its second argument with a Lipschitz constant K. If
L? L 1

—ki+ Lko + = 14
5 kLt Lhy 4+ o0 < 2, (14)

then there exists a unique non—trwml solution to the boundary value problem (1) - (2).

Proof. Tt follows from Proposition 2.1 that the boundary value problem (1) - (2) is equiv-
alent to the integral equation

L
- /0 G, O)f(6,y(©))de, 0<xz<L.

Define the mapping T : X — X by

L
(Ty)(z) = /0 G, ) f(6,y(©)de, 0<xz<L.

Clearly, y is a solution of (1) - (2) iff y is a fixed point of T'. To establish the existence of
a unique fixed point of T', we show that the conditions of Theorem 1.1 hold. To see this,
let y, z € X, z € [0, L] and consider

L L
(Ty)(@) — (T2)(x)] = /0 G, €)1 (€, y(€))dE — /0 G, €)1 (€, 2(€))de

L
< / G, O | F(E.y(©) — F(€. 2(€))] de

<K/ G(z,€)| [y(€) — 2(€)| de
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L
< Kd(y.2) /0 G, €)] de

L L*
<K <k1 + Lko + 24) d(y,z),

implying that

L? L
d(Ty,Tz) < K | k1 + Lk + o7 ) d(y, 2),
for all y, z € X. Since
L? L
— L 1
< k1 + Lk + 24> <1,

the mapping T is a contraction. Hence, by Theorem 1.1, T" has a unique fixed point in X.
Therefore, the boundary value problem (1) - (2) has a unique non-trivial solution y € X.
The proof is complete. O

4.2. Application of Theorem 1.1 within a Closed and Bounded Set. Consider a
closed ball By with radius N in X as follows:

By ={y € X :d(y,0) < N}.
Since By is a closed subspace of X, the pair (By,d) forms a complete metric space.
Clearly, T : By — X.

Theorem 4.2. Let f : [0,L] x [-N,N] — R be a continuous function and f(-,0) #
0. Assume sinBL # 0 and f satisfies the Lipschitz condition with respect to its second
argument with a Lipschitz constant K. If L satisfies the inequalities (14) and

L2 L4 N
—kl + Lky + ﬂ < (15)
where
M = sup |f(z,y)],

(z.y)€[0,L]x[-N,N]
then there exists a unique non-trivial solution y to the boundary value problem (1) - (2)
such that
Y@ <N, zef0L]

Proof. First, we show that T': By — By. To see this, let y € By, = € [0, L] and consider

L
(Ty)()] < / G, )] |76, y())] de
< M/ (z,€)| de
<M <k1 —i—LkQ =+ L4>

24
implying that

24
Thus, Ty € By. Therefore, T : By — By. It follows from the proof of Theorem 4.1 that
T : By — By is a contraction. Hence, by Theorem 1.1, T has a unique fixed point in By.
Therefore, the boundary value problem (1) - (2) has a unique non-trivial solution y € By.
The proof is complete. O

L L
d(Ty,0) < <k1 + Lks + ) < N.
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4.3. Application of Theorem 1.2 on an Infinite Strip.

Theorem 4.3. Assume sin BL # 0 and f satisfies the Lipschitz condition with respect to
its second argument with a Lipschitz constant K. If

1
koL kyLS\2 1

k3L4 L8
K212 + —— + kykoL? —
< 3 + ks L* + + kikoL® + i

252 12 + 12
then there exists a unique non-trivial solution to the boundary value problem (1) - (2).

Proof. To establish the existence of a unique fixed point of T using Theorem 1.2, we have
to show that the conditions of Theorem 1.2 hold. For this purpose, let y, z € X, z € [0, L]
and consider

L L
[(Ty)(z) = (T2)(2)| = ‘/0 G(wvé)f(&y@))d{—/o G(,8) (&, 2(§))dg

L
< / G, )] 1£(6,9(E)) — F(€,2(€))) dé
0

L

<K |G, 9] [y(8) — =(§)] dg

0

< K (/OLIG(w,i)IQd(S)é (/OL\y@) - Z(é)\2d§>%

<i s ([M6wor) p.2

implying that

for all y, z € X. Here

Also,

L , 3
< (/0 Oigngy(:r)—Z(ﬂf)l dw)

<o)

= L2d(y, 2).
Thus, we obtain that
1
d(Ty,Tz) < cp(y,z) < cL2d(y, 2),
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for all y, z € X. Then, for any € > 0, choose § = 2 such that d(Ty,Tz) < € whenever

cl2
d(y,z) < 6. Therefore, T' is continuous with respect to d on X. Consider

-

2 2

(/OL<Ty><x>—<Tz><x>|2dx>é< [ K</0L|G(x,§)|2d§>ép(y7z) "

< Kply.2) (/0 (/0 Gl ) dx)é.

L T L
2 _ 2 2
/0 G, )] de = /0 Gla, ) de + / Gl )2 de

T

Now, consider

T __£\6
g/o (k%(L—§)2+k§+(x36@ + 2k1ko(L — €)

IR k2<x3—5>3> s

L
[T R 9P+ 1+ 2huka(D - ) de

k213 L7 ko L4
<M 27 4 2 1.2 2
<=3 + k5L + 552 + k1ko L* + D
T I _ 3 _
p [0,
0 3
k213 L’ ko L4
<M 27 4 2 1.2 2
<=3 + k3L + 552 + k1ko L* + D
Lk (_ [<x—s>4<L—s>r [ <x—5>4d§>
3 4 0 0 4
< kiL + — + k1koL
> 3 + 2 + 952 + 1h2 + 12
(D [
3 4 20 0
k2L, L’ 5  kelt K LP
< kil + — + k1ko L .
S 73 + k5L + 552 + K1k ™ + D + 5

Hence,

1/2

(/ YTy a) (T2) (o) e )

1/2
L 213 7 4 5

ks L L koL kL

<K L k3L 4+ —— + k1koL? d

< p(y,z)(/o ( 3 + k5L + 559 + kiko L™ + B + 15 x

1
k2L L3 koL® | kLS
= K( 13 + k%L2 + ﬁ + k‘lkﬁ2L3 + §2 + 112 p(y’ Z)’
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implying that
p(Ty,Tz) < ap(y, z),
for all y, z € X. Here

252 12 * 12

1
k?LA L3 koL®  kiLS\2
a_K<13 FRIL? + = 4 kyko LB 4 2 ! > <1.

Hence, by Theorem 1.2, T has a unique fixed point in X. Therefore, the boundary value
problem (1) - (2) has a unique non-trivial solution y € X. The proof is complete. O

4.4. Application of Theorem 1.2 within a Closed and Bounded Set.

Theorem 4.4. Let f : [0,L] x [-N,N] — R be a continuous function and f(-,0) #
0. Assume sin 8L # 0 and f satisfies the Lipschitz condition with respect to its second
argument with a Lipschitz constant K. If L satisfies the inequalities (15) and (16), then

there exists a unique non-trivial solution y to the boundary value problem (1) - (2) such
that

ly(x)| < N, z€[0,L).

Proof. To establish the existence of a unique fixed point of T using Theorem 1.2, we have
to show that the conditions of Theorem 1.2 hold. First, we show that T': By — By. To
see this, let y € By, « € [0, L] and consider

L
(Ty)(z)] < / G, )] | £(6.5(€))] de
0
L
gM/O Gla, €)| de
2

L L
<M|— L —
< <2k‘1+ k2+24>

implying that

L? L*
d(Ty,0) <M (2]€1 + Lko + 24> < N.

Thus, Ty € By. Therefore, T : By — By. It follows from the proof of Theorem 4.3 that

(1) T is continuous with respect to d on By;
(2) T is a contraction with respect to p on By.

Hence, by Theorem 1.2, T" has a unique fixed point in By. Therefore, the boundary value
problem (1) - (2) has a unique non-trivial solution y € By. The proof is complete. O

Remark 4.1. From (14) and (16), we observe that

1
L? Lt (KL L? koL® ki LS\?
ki + Lky + = ! k3L? + —— + kiko L? .o
5 k1t 2+24<<3+2 togg TRkl +—o-+ 5 (17)

Consequently, Theorem 4.3 = Theorem 4.1, and the converse need not be true. Similarly,
Theorem 4.4 = Theorem 4.2, and the converse need not be true.
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5. EXAMPLES

In this section, we provide a few examples to illustrate the applicability of results
established in the previous section.
2
Example 5.1. Consider (1) - (2) with § = L = 1 and f(z,y) = 3 §/+2 + 10z + 1.
Y

Clearly, f : [0,1]xR — R is a continuous function and f(-,0) # 0. Also, sin1 = 0.0175 # 0
and f satisfies the Lipschitz condition with respect to its second argument with a Lipschitz
constant K = 0.5. Further, we obtain

1
k:l == @ == 17
and
i sin Sz sinx 1
9= SuUp |—o——— sup |— =1.
acEOL] B sin SL xE[O,l] sin 1
We have
1
k2L L8 koL®  kiLS\2
k2L + —— + kyko L3 + ~ 1.5824 < 2
<3+2 +252+12 12+12> 5824 < 2,

where -+ % = 2, implying the inequality (16) holds. Hence, Theorem 4.3 is applicable for (1)
- (2). Consequently, by Remark 4.1, Theorem 4.1 is also applicable for (1) - (2).

2
Example 5.2. Consider (1) - (2) with 8 =1, L = 2 and f(z,y) = 5 §+2 + 10z + 1.
Clearly, f : [0,1]xR — R is a continuous function and f(-,0) # 0. Also, 81112 =0.0349 # 0
and f satisfies the Lipschitz condition with respect to its second argument with a Lipschitz

constant K = 0.5. Further, we obtain

1
kl - @ - 1,
and
ko = sup | P wp 2T 1.0998.
xG[O L] 5 sin 5L z€[0,2] | S
Since

L? L
k14 Lk + 57 ~ 4.8663 > 2,

where + % = 2, the inequality (14) does not hold. Hence, Theorem 4.1 is not applicable in
this case. C’onsequently, by Remark 4.1, Theorem 4.3 is also not applicable in this case.

Example 5.3. Consider (1) - (2) with 3 = L = 1 and f(z,y) = 2%y* +1. Clearly,
f:]0,1] x R — R is a continuous function and f(-,0) # 0. Also, sinl = 0.0175 # 0.
But, f doesn’t satisfies the Lipschitz condition with respect to its second argument. Hence,
Theorem 4.1 is not applicable in this case. Consequently, by Remark 4.1, Theorem 4.3 is
also not applicable in this case.

Example 5.4. Consider (1) - (2) with f =1, L = 0.5 and f(z,y) = 2%y* + 0.5. Choose
N = 1. Clearly, f :[0,0.5] x [-1,1] = R is a continuous function and f(-,0) # 0. Also,
sin(0.5) = 0.0087 # 0 and f satisfies the Lipschitz condition with respect to its second
argument with a Lipschitz constant K = 0.5. Further, we obtain
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and
ko = sup M = sup sinz =1
wefo,r] | B3sin BL|  4ci0,0.5 [sin 0.5 7
and
M= sup |f(z,y)| = 0.75.
(I’y)e[ovo'sﬂ)]x[*lvl]
Since
L? L4
—Fk1 + Lko + — =~ 0.6276 < 1.3333,
2 24
and )
k3LA L8 koL® kL5 2
( 13 +R2L2 4+ 555 + kiko L3 + 21—2 + 112 ) ~ 0.6323 < 2,

where % ~ 1.3333 and % = 2, the inequalities (15) and (16) hold. Hence, Theorem 4.4 is
applicable for (1) - (2). Consequently, by Remark 4.1, Theorem 4.2 is also applicable for

(1) - (2).
6. CONCLUSION

In this article, we studied the existence and uniqueness of solutions to a particular
class of two-point boundary value problems involving fourth-order ordinary differential
equations using Banach’s and Rus’s fixed point theorems. Such problems have exciting
applications for modeling the deflections of beams. The future scope of this research
involves studying the existence and uniqueness of solutions of a hinged variable cross-
section elastic beam subjected to a loading force, or a hinged functionally graded elastic
beam subjected to a loading force [12, 13, 14, 15].
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