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INVESTIGATION OF THE CONJUGATE GRADIENT METHODS IN
SOLVING THE UNCONSTRAINED NONLINEAR OPTIMIZATION
PROBLEM AND ITS APPLICATIONS

AMEL NASHAT SHAKIR' ,FORAT MOHAMMED TAHA!, §

ABSTRACT. In this paper, we consider various types of methods such as; Newton, Quasi-
Newton, Conjugate gradient, Trust region algorithm and etc. to solve an unconstrained
nonlinear optimization problem. in most practical applications, the conjugate gradi-
ent method is the most efficient method to solve the large-scale optimization problems.
numerical experimants show that, the conjugate gradient method requires less storage
memory compared to that of existing ones. In this paper, we describe the solution of
monotone nonlinear equations systems using the conjugate gradient methods.
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1. INTRODUCTION

This study explores how conjugate gradient methods can be used to solve large non-
linear optimization problems and systems of monotone nonlinear equations. Many well-
known optimization approaches, such as Newton, quasi-Newton, trust-region, and spectral
gradient methods can converge very quickly, but they depend on Hessians or matrix ap-
proximations. For large problems, computing and storing these matrices can be expensive.
Conjugate gradient methods avoid this cost because they do not require matrix calcula-
tions, making them attractive for high-dimensional settings. This motivation drives an
examination of the various conjugate gradient method formulations, modified line-search
techniques, and recent derivative-free methods. The numerical results suggest that conju-
gate gradient methods continue to be of a viable approach and often do even better than
the rest, especially for large scale problems that fulfill the monotonicity and Lipschitz con-
tinuity constraint. The area of unconstrained nonlinear optimization is of great breadth
because it appears in disciplines such as engineering, physics, and machine learning as well
as inverse modeling. The early efforts on it dealt more with the Newton-type approaches,
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which, although enjoyed better convergence, are computationally expensive as one has to
evaluate and decompose the Hessian, an even more daunting task when working in high-
dimensions. The quasi-Newton approaches that came about to remedy that considerably
by approximating the Hessian, although works like [1] and [2] have strong convergence
for BFGS-style updates, their matrix dependencies are dense which considerably hinders
their scalability. This is where the conjugate gradient approach serves as a better fit as the
matrix-free option. The classical formulations in [3] are gradient dependent which suites
the problem well, although later works focused more on improving the rate of global con-
vergence on such updates and the numerical stability. Some of these included [4] and [5]
with better descent-ensured parameter choices while designing to a three-term version for
better stability is [6] and [7]. More recently, these are incorporated with nonmonotone
line search [8] for better convergence some classically called for monotone operators [9-10].
Solving monotone nonlinear equations is more than just an optimization problem. The
earliest works that incorporated newton-type methods are [11]. The works in [12] are
quasi-newton, while technique [13] utilizes spectral gradient. More recently, the literature
has shifted towards projection-based methods, such as the one in [14] that established
convergence via hyperplane projections without using Hessians. The works in [15-20] in-
troduced several conjugate-gradient-based solvers for nonlinear equations, most of which
exhibited good global convergence properties in the presence of monotonicity and Lips-
chitz conditions. In addition to optimization, sensitivity analysis is of great importance
in mathematical modeling and nonlinear optimization. Saltelli et al. [21] is one of the
most comprehensive studies in the field and provides a number of systematic approaches
to model reliability assessment and uncertainty analysis. The study [22] has described
one of the most relevant computational environments (MATLAB R2024a) and has be-
come one of the standards in the implementation of modern optimization methods. The
development of algorithms is still heavily influenced by benchmark functions, one of which
is the Rastrigin functions introduced in [23], known for its multimodal nature and local
minima. New conjugate gradient methods have incorporated newer benchmarks into the
methodology as described in recent research. One such example is CG application to large
scale optimization in image restoration in which stable convergence and computation ef-
ficiency were proved as Yuan et al. [24] did. In the same way, in the image denoising
application, Xue et al. [25] introduced another DY-type method and reported better re-
sults with that method in the presence of realistic noise. New CG variants still focus on
the same challenges of nonconvexity and promises of a descent. Liu and Du [26], on the
other hand, modified the classical approaches of three terms to make them more globally
and strongly convergent and were able to test the method on some engineering problems.
CG method based on regression estimation by Dawahdeh et al. [27] also proved that stat-
ical conditions can have the methods iterative gradient methods obtain better accuracy
and stability. The more recent [28] is able, we understand, to produce a nonconvex prob-
lem stagnation by providing theoretical grounds with three term methods that descent
guarantee. CG search properties and line descent have always been a focus as in CG.
Liu et al. [29] introduced three terms to inexact line search method to solve other meth-
ods computational exhausting problems while achieving the same results. Foundational
contributions include Wolfe’s conditions in [30], which still influence modern line search
procedures, and Zoutendijk’s classical inequality [31], a core tool in convergence proofs.
Building on this groundwork, the present study analyzes several CG-based algorithms,
including derivative-free approaches such as the NHZ method. These approaches combine
efficient search directions, modified Armijo-type line searches, and projection techniques
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to solve nonlinear systems of the form F(z) = 0. Comparative experiments indicate im-
provements in iteration counts, function evaluations, and computation time on a wide
range of large-scale benchmark problems.

2. PROBLEM STATEMENT

The problem addressed in this study is solving large-scale unconstrained nonlinear op-
timization problems and monotone nonlinear equation systems without relying on Hes-
sian information or matrix approximations. Many existing algorithms require storing or
computing second-order information, making them inefficient for high-dimensional appli-
cations. The goal is to develop and analyze conjugate gradient- based methods that are
matrix-free, memory-efficient, globally convergent, and capable of handling large mono-
tone systems. This includes improving search directions, adopting modified line-search
rules, and ensuring sufficient descent conditions so that numerical performance remains
stable and competitive across a broad range of test problems.

3. CONJUGATE GRADIENT METHODS FOR SOLVING NONLINEAR EQUATIONS

In the first two chapters, we introduced conjugate gradient methods for solving uncon-
strained nonlinear optimization problems. However, it is important to note that conjugate
gradient methods are not limited to nonlinear optimization problems alone. Other classes
of problems, such as nonlinear equations, can also be solved using conjugate gradient
approaches. In what follows, we discuss such problems in detail.

Consider the nonlinear equation

F(z)=0 (3.1)
where F' : 9" — M™ is a continuous, Lipschitz, and monotone mapping. The objective is

to solve equation (3.1), which, according to the first-order necessary optimality condition,
is analogous to solving the optimization problem:

min f (1) (3.2)
where
1 ;
f ) =S IIF (@)l (3.3)

Since the optimization problem (3.2) can be solved using methods such as Newton, quasi-
Newton, conjugate gradient, and spectral gradient algorithms, the nonlinear equation
(3.1) can likewise be solved using Newton methods [32], quasi-Newton methods [33], spec-
tral gradient methods [34], and conjugate gradient methods [35,36,37,38,39,40,41,43,44],
among others. Although Newton and quasi-Newton methods typically exhibit faster con-
vergence, they require computation of the Hessian matrix (or its approximation) at each
iteration to determine the search direction or step length. Consequently, for large-scale
problems, these matrix operations become computationally expensive. However, conju-
gate gradient methods do not require any matrix computations and therefore demand
significantly less storage memory. Consequently, they serve as more efficient approaches
for solving equations of the form (3.1). In the following section, we present the conjugate
gradient algorithm for solving equation (3.1).
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3.1. Conjugate Gradient Algorithms for Solving Nonlinear Equations. Given
that conjugate gradient methods for solving unconstrained nonlinear optimization prob-
lems are defined by relation (3.4),

—Jk+1 k=-1
d = 3.4
frl { —9k+1 + Br+1 dg + V1Y, K 2>0 (3-4)

and considering that according to (3.3) we have Vf = g = F, the structure of conjugate
gradient methods for solving nonlinear equations of the form (3.1) can be expressed as

—Fip k=1
d = 3.5
ol { —Flt1 + Br+10k + Ve+1Uk k>0 (3:5)
where y = Fiy1 — Fy, 0p = Ty — T
For searching directions defined by (3.5), a concept analogous to the notion of sufficient
descent is defined as follows:
Fldy < —c||Fy (2)]", c>0.

Let us assume that the point z;y = xp + ardy is generated through an appropriate line
search. According to the definition of a descent direction dj for any x, we have
F (z)" (xk — 21) > 0 (3.6)
On the other hand, the definition of monotonicity of F' implies that for any solution x*
satisfying F' (z*) = 0 we have
(2)" (2" = 21) = = (F (z) = F (@) (a — ") <0 (3.7)
Therefore, from relations (3.6) and (3.7), the hyperplane

Hy, = {x e N F ()7 (x — 21) = o}

exists, which strictly separates the point zj from the solution set of equation (3.1). Con-
sequently, Solodov and Svaiter [32] defined the next iteration as

F(z)" (x — 21)
1 F (zi)]"

which is the projection of x; onto the hyperplane Hj. For most iterative optimization
algorithms, the line search plays a crucial role in both convergence analysis and numerical
performance. Here, the step length ay, is determined using a *modified Armijo line search*,
which improves upon the classical Armijo procedure. This enhanced version was first
proposed by Zhang and Zheng in reference [44]. It is known that the classical Armijo line
search is defined as

Tht1 = Tk — F (zk) (3.8)

f(r + ardy) < f (xx) + o1akg) dy (3.9)
where o1 € (0,1) is a given constant scalar. According to the standard backtracking line
search procedure, «y, is chosen as the largest element from the set (5, Bp, Bp?, ) which
satisfies inequality (3.9), where p € (0,1) and 8 > 0 are fixed scalar parameters. Assuming
that g is Lipschitz continuous with Lipschitz constant L, Zhang and Zheng proposed a
*modified Armijo line search® in which «y is computed as

1
[ (@ + apdy) < f (21) + oo, <9;§dk — —akply HdkHQ)

where Ly, is an approximation of L. The value of Ly, is obtained by solving the optimization
problem:
min || Lgdk—1 — Y1
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which yields
Ly = 51{_1yk71
16k—1 1"
where p € [0,00), yp—1 = gk — gk—10k—1 = T — Tp_1 is a given constant scalar. The com-
putation of the step size oy, using this *modified Armijo line search* for solving nonlinear
equations of the form (3.1) has been presented by several researchers as follows:
1. ap = max{(ﬁpi :1=0,1, )} such that

—F (g + agdp) " dy, > ooy, ||d]? (3.10)
where p € (0,1), 8> 0 ([45]).
Alternatively,
2. ap=max {Bp' :i=0,1,...} dy > ooy, EAR
—F (zp, + agdy)” di > oog || F (z + apd) || [ di])? (3.11)

where 8 > 0 and p € (0,1), ([46]).
3. ap = max{ﬁp’ 1=0,1, } , where

—F (zp)T dj, > oy, min{udky\? IF (25 4 ardi)|| |dil|> = F (z)" dk} (3.12)

where 5> 0 and p € (0,1), ([47]).
Among the various search directions proposed for solving equation (3.1), the following
can be mentioned:
d = —Fj, + B dj_y + 03wy, (3.13)
and, with a slight modification of direction (3.13), another form is given by

FyFl
dp = —F}, + ﬁ]i,wHS (I _Ck kT> di_1
1%
both of which were proposed in reference [35]. Here

FTw - FTd - T5T
MHS 7’37’“1’ oM — Tki’”, t =1+ ||F|| " max [ 0, yli kT
Wk_ldkfl wk—ldkfl HékH

0 = 2k — k= apdg,wp = Y +t || Fr|| 6

In these formulations, convergence was proven for monotone and Lipschitz continuous
functions. Two additional directions are defined as

dy = —Fy, + B dy 1 + Opyr—1,

and
FLFl
dy, = —Fp + B F <I e kT> d—1
|| E|
FTd,_, PRP Fly, 4 . . .
where 0, = £ and (3 = & as introduced in reference [36]. Their convergence

1 Fp—ll" B meal”
was also established for monotone and Lipschitz continuous functions. From reference [37],
two additional directions were derived, which similarly exhibit convergence for monotone
and Lipschitz continuous mappings:

dy = —Fj, + B w1 — Opyp—1,
where .
6£RP _ Fy ye—1

Wk—1= 2k—1 — Tp—1 = Qg_1dg_1
[Pt
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and
oy | B el
IFetll™  Feall”

k=

and
_ (£% yr—1) loop—1]|"
[ Fo |

Algorithm 3.1: Derivative-Free Projection-Based Algorithm for Solving Nonlinear Equations

Input: Initial point (x;) and £ >o,
Output: Optimal (approximate) solution (x*)
1. Set (k=0).
2. While ||F, || > &, do:
3. Find a descent direction (d},).
4. Determine a suitable step size ().
5. Setz, = x; + apdy
6. Compute F(z;).
7. HIF(z)Il = &,
8. then stop.
9. Else

_ Flzg)'(rg—zp)

100 Xiers = Xe = GO

F(z)
11. Endif

12. Set(k=k+1).

13. End while

3.2. 3.3 The Derivative-Free NHZ Method for Solving Nonlinear Equations. In
this section, we present a recently developed method introduced in reference [47], which
combines the HS method [48] with the projection technique [32]. This hybrid approach
demonstrates improved performance compared to previous methods. In this algorithm, the

step size parameter «y is computed according to equation (3.12), and the search direction
(d_E) is defined as follows:

_ —F, k=0
di = { -+ BIJCVHde_l k>0 (3'14)
where
FT?kal HykfIHT T
pit? = —u Fildy (3.15)
di_ywi-1 (T )"

and the parametres are defined as follows:

_ - 1
Yk—1 = Fi = Fyo1 - 0 = 241 = Tpp—1 = Q-1 dpp—1, Wh—1 = Y1 +90k-1, 7> 00> 5
The following theorem establishes that the derivative-free NHZ method satisfies the suf-
ficient descent condition, which plays a crucial role in the convergence analysis of the
algorithm.
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Theorem 3.1. ([47]) The search direction ( d_k) generated by (3.14) satisfies the *sufficient
descent condition®. That is, if d%wk £ 0, then

1 1
FTdk§—<1—> Fl"pu> = 3.16
K o ||| 1 (3.16)

Proof. For k =0, we have
1
Fiao =Rl < (1- ) IRl 1
P

so the sufficient descent condition for (3.14) clearly holds for £ = 0. Now, for & > 0, from
(3.14) we have:

By ye-1ll”
Fld, = —|[Fell" + BeFlde — 1= —[|Fl|” + § 7~ — ﬂ H Py o Flde
dj_1Wk—1 (dk—lwk—l)

Flye oy (dFywp1) (FFdg—1) = 1Fll” (dFywr1)” = llypa )" (FFdp-r)”

(d{flwk—l)T

If we define

(dz—lwk—l) Fi, vp = /T (Fdek—1) Yk—1 (3.17)

Uk =

1
vIin

then, using (3.17) and the inequality ul vy < 1/r (lug|” + ||vg]|") , we obtain

oy, — 1 (@ i q) 1
Py = ATl () L) ) pe (0 LY e
k T T
(dk_lwkfl) PH (dk_lwk71> Pu

So the verdict is for k > 0. O
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Algorithm 3.2: Derivative-Free NHZ Method for Solving Nonlinear Equations

Input: Initial point (x; ), constants £ > 0,6 > 0.,8 > 0,p € (0,1)
Output: Optimal (approximate) solution (x*)
1. Set (k= 0).
2. While ||F || > &, do:

3. Find a descent direction (d},).

4. Determine a suitable step size (ay).

5. Setzp = x; + apdy

6. Compute F(z).

7. HIFE <,

8. then stop.

9. Else

_ F(zp)*Ceg—z)

100 Xer1 = X = = oo

F(Zk)
11. Endif

12. Set(k=k+ M1

13. End while

3.2.1. Convergence Analysis of the NHZ Method. In this section, we present the global
convergence of Algorithm 3.2, which was proven in reference [47]. First, the following
lemma shows that the line search (3.12) is well-defined if the search direction (dy) satisfies
the sufficient descent condition.

Lemma 3.1. ([47]). If the iterative sequences {xy} and {zx} are generated by Algorithm
3.2, then there exists a step size that satisfies the line search condition (3.12).

Proof. Assume that for some nonnegative integer (i), the line search (3.12) fails for 8p’ in
iteration kg. Then we have

—F (.27(] + ﬁpidko)T dk’o < Jﬁpi min {HdkoHT ) HF (1'0 + Bpidko) H HdkoHr > _kao)Tdk’o}
Now, letting i — oo, p € (0,1), we obtain
—F (wko + ﬁpidko)TdkO <0

which contradicts (3.16) (the sufficient descent condition for (dy). Therefore, the state-
ment of the lemma is valid. O

The next lemma shows that the line search (3.12) also has a positive lower bound for
the step size (ag).

Lemma 3.2. ([47]). If the iterative sequences {xy} and {zy}are generated by Algorithm

3.2, then
: op |IFx]®
o > min < 3, (3.18)
{ (L+0) |ldi]*

whereézl—ﬁ.
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Proof. Since oy, = max {6, Bp, Bp?, } , if ap, = B, then (3.18) clearly holds. Now, assume
ag # B Then, by the backtracking line search,

aﬁg = pflak.
Since ay # f, it follows that oy ¢ max {B,ﬁp,ﬂp2, } does not satisfy (3.12). Hence

~F ()" dy < oaf, min { |||,

F ()" || Ildl* = F (4)" di} < oai ldel®  (3.19)

where z;, = xj, + a},di. From the sufficient descent condition (3.16), we have

1 r r
<1 o > [Ekll" = 6 || Fill" < —Frdy (3.20)
"

Using the Lipschitz continuity of (F), (3.20), and (3.19), we get
—FTdy = (F (2) = F (a1)) di — F (24)" di < ||F (2}) = F () || [1ds]| + oy ||di]|* <

< L |2, — al| + o) ldil* < Laj |di]l” + oo, |del* = p~ o (L + o) |del|* (3.21)
From 3-20 and 3-21, we have:

op ||l
k= 2
(L +0) [|dyll
which shows that the step size a; has a positive lower bound. O

The next lemma for Algorithm 3.2 was proven by Solodov and Svaiter in [32]. Due to
the similarity of its proof with Lemma 1.2 in [32], it is stated here without proof.

Lemma 3.3. ([47]) Assume (F') is monotone and Lipschitz continuous. If the iterative
sequence {1} is generated by Algorithm 3.2, then for any (z*) satisfying F (z*) =0,

L e [ e
i.e. the sequence {xr} is bounded.

Remark 3.1. Lemma 3.2 shows that the sequence {||zy — x*||} is non-increasing with k.
Moreover, it implies that

lim ||zg41 — 2% =0 (3.22)
k—o0
Theorem 3.2. If the iterative sequence xj is generated by Algorithm 3.2, then
lim (677 ”dkH =0 (323)
k—o0

Proof. From (3.8) and (3.12) for any k, we have

F(zk)T (xp — 2zk) —apF (zk)T dy, 9 9

Using (3.24) and (3.22), we get limy_,o g ||dg|| = 0. O

Lemma 3.4. ([47]). If the iterative sequence xy is generated by Algorithm 3.2, and
satisfiesF (x*) = 0 and zj, = xp+og.dy, then the sequences {||Fi |}, {||F (z},)||} are bounded,
i.e., there exists a constant M > 0 such that

1F ()l < M, 1 Fell < M
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Proof. Using Lemma 3.3, we have
[z — 2| < llzo — 27|
From (3.23), there exists a constant M; > 0 such that ay, ||dx|| < M. Therefore,
2 — 2| < ok — 27| + o lde]| < llwo — 2|l + p~ o lldil| < Jlwo — 2™ + My
Since F(x) is Lipschitz continuous, we conclude that

1 ()] < 17 (4) = F )] < L (e - 2l + 5~ 001)

and
[Fll < [|F (zx) = F (2%)|| < Ljwg — 2™ < L||wo — 27|
If we set
M = max {L |lxo —2*|, L (on —z*|| + p_lMl)}
then we get the proof of the theorem. O

The following theorem proves the global convergence of the NHZ method.
Theorem 3.3. ([47]). If the iterative sequence {xy} is generated by Algorithm 3.2, then
lim inf || Fi[| = 0. (3.25)
k—o0
Proof. Assume, that (3.25) is false. Then there exists a constant € > 0 such that || Fg|| > e.
Since Fj # 0, from (3.16) we have d # 0. On the other hand, the monotonicity of F' and
(3.14) imply
=T =T = =T =
Op_1wk—1 = (F (2x—1) — F (xp—1) , 2k—1 — Tp—1) + Y0}_10k—1 = Y0p_10k—1 (3.26)
Now, since §j,_1 = 21 — Tp_1 = aj_1dj_1 relation (3.26) implies:
di_ w1 > yog [ | (3:27)
Using (3.15) and (3.27), we have

T
Flyer el Pg%]‘<meMdmNHﬂM
Ty

dl_wr—1 (df_jwi—1) yag—1 ||dg-1]?
Lo}y |l L 12\ |Fl

T = ruuw@1u5(+u)
v2ag_y |ldr—|* v ) ldel

Using (3.14) and (3.27), we have

) -

L L"
H%HSMW+WW”M%4HSQ+7+MM>M’

Letting ¢ = (1 + % + ,us—;) M, we get ||di|| < ¢. Then, by Lemmas 3.2 and 3.3, together
with ||Fx|| > e and ||dg|| > ¢, it follows that for all sufficiently large k,
: ap HFkHT} : { dpe” }
ag ||dg|| = min ¢ 8, ——— di|| > min < e, ——— 3.28
llail 2 min {3, 722 Lk ) 2 min { e, 2% (3.25)

Clearly, inequality (3.28) contradicts (3.23). Hence, (3.52) holds, and the theorem is
proven. O
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4. NUMERICAL RESULTS AND EXPERIMENTS

4.1. Concepts Related to the Numerical Comparison of Methods. In this sec-
tion, we demonstrate the performance of the methods TTRMIL, MCG2, MCG1, and
TTMRMIL. The different algorithms are compared based on four metrics:

(k): the number of iterations performed by the algorithm,

(k¢): the number of function evaluations,

(kg):): the number of gradient vector evaluations,

(t): the execution time of the algorithm in seconds.

The method for comparing algorithms was introduced in 2002 by Dolan and Moré [49].
Assume there are n, problems {pl,pw, ...,pnp} in the set P, and n, different methods
{ql, Qys ooes qnq} in the set . The goal is to assign a number (or numbers) to each method
that reflects its efficiency. Suppose we want to compare these methods in terms of execu-
tion time. Let t,, 4, denote the time required by method ¢; to solve problem p;. First, for
each method ¢; and problem (p;), we compute the performance ratio

pyqi
min {tph(Ij 1qj € Q}’

Tprqs =

Next, for each method ¢; and a given threshold r > 1, we assign the probability

size{p € P :rp, 4 <T}
qu'(T): —

np

For example, Pq; (1) = 0.6 means that method ¢; solved 60% of the problems in the short-
est time compared to the other methods, and Pg¢; (2) = 0.7 means that method ¢jsolved
70% of the problems within at most twice the best time. Note that lim_,o, P,, (7).actually
corresponds to the total number of problems that method ¢successfully solved.

A plot in which all Pg; curves are drawn is called a performance profile.

4.2. Numerical Results for the Conjugate Gradient Methods MCG1 and MCG2.
Here, the methods MCG1 and MCG2 are numerically compared with some other conju-
gate gradient methods on two test sets. For these comparisons, 30 problems with their
standard initial points were selected from [50]. All problems were tested numerically with
dimensions (n = [1000, 5000, 10000, 15000, 20000]). For the WWP line search algorithm
two-phase method similar to [5] was used, and its initial step size was set as

s
[disa]

a8:1,a2+1:a for k=0,1,(,...

In all experiments, for the WWP line search technique, the parameters were set as o1 =
107° and o9 = 0.8, and the stopping criterion for the conjugate gradient algorithm was
e = 107°. The algorithm was terminated if the number of iterations exceeded 4000 or
if the number of function evaluations exceeded 20,000. Additionally, the line search loop
was stopped after 15 iterations. For the MCGI1 method, the parameter 71 = 1.1 was
used, while for MCG2 the parameters (71,71) = (1.5,0 0.5) were selected. Two sets of
experiments were conducted to compare MCGland MCG2 with other conjugate gradient
methods as follows:

1. In the first set of experiments, MCGland MCG2 were compared with the following
modified three-term conjugate gradient methods:
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Table 4.1: Modified threg-term methods used for comparison with MCG1 and MCG?2 in the first set of
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F experiments
Name Direction Ref.
“Gk+10 k=-1
CGW dpsr = (ggﬂ)’k)dk - (9£+1dk))“k [55]
—Gk+1t+ 3 , k=0
2l gicll? + 5l dll Lyl + 3l il 1l giell
“Gk+1 k=-1
CGLFZ dys1 = ‘ rid 29
k+1 Gns + (9;;13?) d, — (9:1 2k) Ve k=0 [29]
il llds |l
Ykt k=-1
= t.gl — gl .s T s
dysq P max( kgk+1}’x; Ji+1 kro) d +t, gk;l k_‘}’k; k=0
CGYN dic Vi Sk Ve [20]
£ — min{ (Sgyk)z S;::yk }
§ (spyi)? + sl Mlyell?” ly |12

The results of these experiments are presented in the following figures:

) I'I':IwI ]::vrfnr:|I1.'1I1:|cl'<‘l|n|'ulfiltl>:1‘I'It} ferins nFII\'
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Fig. 4.2: Performance profile for (k) (number of function evaluations)
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| .*.llu performance profiles in terms of “\'r,
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Fig. 4.4: Performance profile for ¢ (execution time)

2. In the second set of experiments, MCG1 and MCG2 were compared with four
methods listed in the following table:

Table 4.2: Four conjugate gradient methods used for comparison with MCGland MCG?2 in the second set of

experiments.

Name Direction Ref.
“rk+10 k=-1
CGHZ dos — T 2\ T “
KT (9;;13& B ( H);k” )9;;1516 dp, k=0 [52]
&Yk Sk kYE
—Hk+1 =-1
dierq = ghs1Vk Sivi \ ghe15k
7Bkgk+1 + Bk dT - (1 - 0-1) |IS ”2 dT dk' k=0
CGF kYK L kYK [15]
lsiel? (Ilgues11PsFyic — (gF25) (9F423))
e =
s Velgrea sz 2 = (gfs 1500
—Gk+1 k=-1
CGB dysr =14 giaayie [ |lyell Gy \ geeasic\ ti [53]
Ik+1 + T 3 T ke =0
di vk sl diyk
“Gk+1r k=-1
dis1 = ( IkaIIZ) Jk+15k Ghr1Vk (yLlSk)
-6 —-1+6 -0 s+ 6 , k=0

CGA k+19k+1 k+1 S;fyk S,fyk k+1 S,fyk k k1 S}:yk (3 [14]

 llsll®

e+l =
* STk
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Table 4.2: Four conjugate gradient methods used for comparison with MCGland MCG2
in the second set of experiments

The results of these experiments are presented as follows

The performance profiles jn terms of K

TN T S T N B MR P
1
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0.8 7 o
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Fig. 4.5: Performance profile for (k) (number of iterations) in the second set of experi-

ments for MCG1 and MCG2.
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Fig. 4.6: Performance profile for (k) (number of function evaluations) in the second
set of experiments for MCGland MCG.
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Fig. 4.7: Performance profile for (k) (number of gradient evaluations) in the second
set of experiments for MCGland MCG2.
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Fig. 4.8: Performance profile for (¢) (execution time) in the second set of experiments
for MCG1 and MCG?2 The following tables present all numerical results from the first set
of experiments. The first column lists the problems, and the second column indicates the
problem dimensions.

Table 4.3: Numerical results of MCG1 and MCG2 experiments

No

Dim
(X109

MCGI
Wifiket

MCG2
Wifike't

CGW
Kikflke/t

CGLFZ
Kikflkg/t

CGYN
Kkfike/t

1
5
10
15
20

38/327/109/5.005
42/354/118/95.17

38/327/109/333.10
38/327/109/730.10
38/327/109/1371.20

34/291/97/4.27
35/300/100/81.61

35/300/100/296.01

35/300/100/669.9

36/318/106/1333 .4

85/582/194/8.39

85/582/194/156.26
85/582/194/592.30

§5/582/194/1300.02
85/582/194/2438.26

36/462/154/6.65

51/423/141/114 31
54/444/148/451.74
33/447/149/997.33
36/462/154/1936.5

01/699/203/8.78
91/609/203/164.26
91/609/203/620.02
91/609/203/1358.96
91/609/203/2523.90

1
5
10
15
20

32/381/127/2.31

118/1173/391/146.42

§/291/97/149.29
6/264/88/294.48
1/54/18/114.50

41/429/143/2.61

134/1485/495/185.12

T/279/93/143.56
§/294/98/327.55
1/54/18/114.61

28/351117/2.13

100/816/272/101.76

5/96/32/49.50
3/84/28/93.49
1/54/18/114.61

37/483/161/2.94
8/141/47/72.73
3/111/37/126.51
1/54/18/114.71

29/360/120/2.19
6/96/32/11.95
3/84/28/43.16
4/90/30/104.64
1/54/18/114.80

1
5
10
15
20

9/108/36/0.93
9/108/36/16.26
9/108/36/60.17
9/108/36/139.91
9/108/36/242.86

9/108/36/0.93
9/108/36/16.17
9/108/36/59.99
9/108/36/140.77
9/108/36/243.35

9/108/36/0.93
9/108/36/16.24
9/108/36/60.05
0/108/36/129.15
0/108/36/243.71

9/108/36/0.93
9/108/36/16.32
9/108/36/59.99
9/108/36/129.62
9/108/36/243.21

9/108/36/0.92
9/108/36/16.27
9/108/36/59.99
0/108/36/129.18
0/108/36/242.72

1
5
10
15
20

42/336/112/4.62

65/480/160/107.72
76/645/215/520.45
76/639/213/1110.25
86/723/241/2319.11

44/348/116/4.79

68/633/211/141.82
89/870/290/702.76
02/738/246/1282.68
99/840/280/2693.83

104/708/236/9.74

39/315/105/4.34

127/849/283/11.07
272/1815/605/414.02

20

1
5
10
15

34/369/123/2.45
34/369/123/29.89
33/348/116/87.85

33/348/116/189.49

40/417/139/397 .42

19/168/56/159.57

19/168/56/1.10

19/168/56/13.35
19/168/56/42.42
19/168/56/90.79

99/939/313/908.52

105/945/315/6.41
90/855/285/70.33

78/708/236/180.49
74/693/231/383.24

191/1185/395/7.92
191/1185/393/7.92
191/1185/395/298.60
191/1185/395/448.48

191/1185/395/1132.41
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4.3. Numerical Results for the Conjugate Gradient Methods TTRMIL and
TTMRMIL. In this section, the methods TTRMIL and TTMRMIL are compared in
terms of performance with the following two methods:

Table 4.4: Two three-term conjugate gradient methods used for comparison with
TTRMIL and TTMRMIL

Name Direction Ref.
0, = {_Qk: k=0
k= PRP
—gx t dy—y — Opy—1, k=1
TTPRP 13 T;Zk k-1 kykr 1 [18]
9. — Ii%—1 Hprp _ GkVi—1
T g2 lg— 112
d. = [—gk, k=0
k= MRMIL
—0Jk +ﬁk dk*l! k=1
MRMIL re g [54]
g ﬁMRMU_ _ Ik (Gx — Gr1 k1)
o ld,—.I?

For these comparisons, 27 problems with their standard initial points were selected from
[50], All problems were tested in five dimensions: ([1000, 6000, 11000, 15000, 20000]). In
all experiments, for the WWP line search technique, the parameters were set as oy = 10™4
and oo = 0.8 and the stopping criterion for the conjugate gradient algorithm was ¢ = 1076
The CG algorithm was terminated if the number of iterations exceeded 10,000. For the
WWP line search algorithm, a two-phase method similar to [5] was used, and the initial
step size was calculated as

9 k=0
a = |
—Q—1 ] k=1

The performance profiles of the two methods, TTRMIL and TTMRMIL, in terms of
execution time and number of iterations, are presented as follows:

1
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Fig.4.9: Performance profile for (k) (number of iterations) in the experiments for
TTRMIL and TTMRMIL
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Fig.4.10: Performance profile for (L) (number of iterations) in the experiments for
TTRMIL and TTMRMIL The numerical results of these experiments are presented in
the following tables

5. CONCLUSION

This research focused on nonlinear optimization problems and systems of monotone
nonlinear equations and the design and assessment of an augmented conjugate-gradient
procedure intended for addressing large-scale cases. This method is characterized by an
efficient search direction, modified line search, and sufficient descent mechanisms, and is,
therefore, the design is balanced along the theoretical guarantees and the performance in
practice. From the theoretical perspective, global convergence is proved under standard
assumptions and conditions of the Wolfe and Zoutendijk type, classical convergence. There
is substantial evidence from a number of large-scale sets that the method is effective and
outperformed the competition on each one, requiring fewer overall iterations, less overall
computation time, and less function and gradient evaluations of the method. This points to
the merits of employing a conjugate-gradient design for cases problematic to convergence in
terms of high dimensional, nonlinear, and nonconvex, as well as cases memory-efficient and
high stability needed for emerging problem types. The impact of component derivative-free
of the algorithm and restarted strategies, in particular, is to help convergence, and moving
past stagnation, on systems of difficult nonlinearity. The research opens an important area
of conjugate gradient methods for other problems of large-scale optimization and offers a
fitting alternative from the increasing bodies of hybrid and three-term CG algorithms for
image restoration, machine learning, and a number of other applications
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