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INVESTIGATION OF THE CONJUGATE GRADIENT METHODS IN

SOLVING THE UNCONSTRAINED NONLINEAR OPTIMIZATION

PROBLEM AND ITS APPLICATIONS

AMEL NASHAT SHAKIR1∗ ,FORAT MOHAMMED TAHA1, §

Abstract. In this paper, we consider various types of methods such as; Newton, Quasi-
Newton, Conjugate gradient, Trust region algorithm and etc. to solve an unconstrained
nonlinear optimization problem. in most practical applications, the conjugate gradi-
ent method is the most efficient method to solve the large-scale optimization problems.
numerical experimants show that, the conjugate gradient method requires less storage
memory compared to that of existing ones. In this paper, we describe the solution of
monotone nonlinear equations systems using the conjugate gradient methods.
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1. Introduction

This study explores how conjugate gradient methods can be used to solve large non-
linear optimization problems and systems of monotone nonlinear equations. Many well-
known optimization approaches, such as Newton, quasi-Newton, trust-region, and spectral
gradient methods can converge very quickly, but they depend on Hessians or matrix ap-
proximations. For large problems, computing and storing these matrices can be expensive.
Conjugate gradient methods avoid this cost because they do not require matrix calcula-
tions, making them attractive for high-dimensional settings. This motivation drives an
examination of the various conjugate gradient method formulations, modified line-search
techniques, and recent derivative-free methods. The numerical results suggest that conju-
gate gradient methods continue to be of a viable approach and often do even better than
the rest, especially for large scale problems that fulfill the monotonicity and Lipschitz con-
tinuity constraint. The area of unconstrained nonlinear optimization is of great breadth
because it appears in disciplines such as engineering, physics, and machine learning as well
as inverse modeling. The early efforts on it dealt more with the Newton-type approaches,
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which, although enjoyed better convergence, are computationally expensive as one has to
evaluate and decompose the Hessian, an even more daunting task when working in high-
dimensions. The quasi-Newton approaches that came about to remedy that considerably
by approximating the Hessian, although works like [1] and [2] have strong convergence
for BFGS-style updates, their matrix dependencies are dense which considerably hinders
their scalability. This is where the conjugate gradient approach serves as a better fit as the
matrix-free option. The classical formulations in [3] are gradient dependent which suites
the problem well, although later works focused more on improving the rate of global con-
vergence on such updates and the numerical stability. Some of these included [4] and [5]
with better descent-ensured parameter choices while designing to a three-term version for
better stability is [6] and [7]. More recently, these are incorporated with nonmonotone
line search [8] for better convergence some classically called for monotone operators [9-10].
Solving monotone nonlinear equations is more than just an optimization problem. The
earliest works that incorporated newton-type methods are [11]. The works in [12] are
quasi-newton, while technique [13] utilizes spectral gradient. More recently, the literature
has shifted towards projection-based methods, such as the one in [14] that established
convergence via hyperplane projections without using Hessians. The works in [15-20] in-
troduced several conjugate-gradient-based solvers for nonlinear equations, most of which
exhibited good global convergence properties in the presence of monotonicity and Lips-
chitz conditions. In addition to optimization, sensitivity analysis is of great importance
in mathematical modeling and nonlinear optimization. Saltelli et al. [21] is one of the
most comprehensive studies in the field and provides a number of systematic approaches
to model reliability assessment and uncertainty analysis. The study [22] has described
one of the most relevant computational environments (MATLAB R2024a) and has be-
come one of the standards in the implementation of modern optimization methods. The
development of algorithms is still heavily influenced by benchmark functions, one of which
is the Rastrigin functions introduced in [23], known for its multimodal nature and local
minima. New conjugate gradient methods have incorporated newer benchmarks into the
methodology as described in recent research. One such example is CG application to large
scale optimization in image restoration in which stable convergence and computation ef-
ficiency were proved as Yuan et al. [24] did. In the same way, in the image denoising
application, Xue et al. [25] introduced another DY-type method and reported better re-
sults with that method in the presence of realistic noise. New CG variants still focus on
the same challenges of nonconvexity and promises of a descent. Liu and Du [26], on the
other hand, modified the classical approaches of three terms to make them more globally
and strongly convergent and were able to test the method on some engineering problems.
CG method based on regression estimation by Dawahdeh et al. [27] also proved that stat-
ical conditions can have the methods iterative gradient methods obtain better accuracy
and stability. The more recent [28] is able, we understand, to produce a nonconvex prob-
lem stagnation by providing theoretical grounds with three term methods that descent
guarantee. CG search properties and line descent have always been a focus as in CG.
Liu et al. [29] introduced three terms to inexact line search method to solve other meth-
ods computational exhausting problems while achieving the same results. Foundational
contributions include Wolfe’s conditions in [30], which still influence modern line search
procedures, and Zoutendijk’s classical inequality [31], a core tool in convergence proofs.
Building on this groundwork, the present study analyzes several CG-based algorithms,
including derivative-free approaches such as the NHZ method. These approaches combine
efficient search directions, modified Armijo-type line searches, and projection techniques
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to solve nonlinear systems of the form F (x) = 0. Comparative experiments indicate im-
provements in iteration counts, function evaluations, and computation time on a wide
range of large-scale benchmark problems.

2. Problem statement

The problem addressed in this study is solving large-scale unconstrained nonlinear op-
timization problems and monotone nonlinear equation systems without relying on Hes-
sian information or matrix approximations. Many existing algorithms require storing or
computing second-order information, making them inefficient for high-dimensional appli-
cations. The goal is to develop and analyze conjugate gradient- based methods that are
matrix-free, memory-efficient, globally convergent, and capable of handling large mono-
tone systems. This includes improving search directions, adopting modified line-search
rules, and ensuring sufficient descent conditions so that numerical performance remains
stable and competitive across a broad range of test problems.

3. Conjugate Gradient Methods for Solving Nonlinear Equations

In the first two chapters, we introduced conjugate gradient methods for solving uncon-
strained nonlinear optimization problems. However, it is important to note that conjugate
gradient methods are not limited to nonlinear optimization problems alone. Other classes
of problems, such as nonlinear equations, can also be solved using conjugate gradient
approaches. In what follows, we discuss such problems in detail.

Consider the nonlinear equation

F (x) = 0 (3.1)

where F : Nn → Nn is a continuous, Lipschitz, and monotone mapping. The objective is
to solve equation (3.1), which, according to the first-order necessary optimality condition,
is analogous to solving the optimization problem:

min
x∈Nn

f (x) (3.2)

where

f (x) =
1

2
∥F (x)∥r (3.3)

Since the optimization problem (3.2) can be solved using methods such as Newton, quasi-
Newton, conjugate gradient, and spectral gradient algorithms, the nonlinear equation
(3.1) can likewise be solved using Newton methods [32], quasi-Newton methods [33], spec-
tral gradient methods [34], and conjugate gradient methods [35,36,37,38,39,40,41,43,44],
among others. Although Newton and quasi-Newton methods typically exhibit faster con-
vergence, they require computation of the Hessian matrix (or its approximation) at each
iteration to determine the search direction or step length. Consequently, for large-scale
problems, these matrix operations become computationally expensive. However, conju-
gate gradient methods do not require any matrix computations and therefore demand
significantly less storage memory. Consequently, they serve as more efficient approaches
for solving equations of the form (3.1). In the following section, we present the conjugate
gradient algorithm for solving equation (3.1).
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3.1. Conjugate Gradient Algorithms for Solving Nonlinear Equations. Given
that conjugate gradient methods for solving unconstrained nonlinear optimization prob-
lems are defined by relation (3.4),

dk+1 =

{
−gk+1 k = −1

−gk+1 + βk+1 dk + γk+1yk, k ≥ 0
(3.4)

and considering that according to (3.3) we have ∇f = g = F, the structure of conjugate
gradient methods for solving nonlinear equations of the form (3.1) can be expressed as

dk+1 =

{
−Fk+1 k = −1

−Fk+1 + βk+1δk + γk+1yk k ≥ 0
(3.5)

where yk = Fk+1 − Fk, δk = xk+1 − xk.
For searching directions defined by (3.5), a concept analogous to the notion of sufficient

descent is defined as follows:

F T
k dk ≤ −c ∥Fk (x)∥r , c > 0.

Let us assume that the point zk = xk + αkdk is generated through an appropriate line
search. According to the definition of a descent direction dk for any xk we have

F (zk)
T (xk − zk) > 0 (3.6)

On the other hand, the definition of monotonicity of F implies that for any solution x∗

satisfying F (x∗) = 0 we have

(zk)
T (x∗ − zk) = − (F (zk)− F (x∗))T (xk − x∗) ≤ 0 (3.7)

Therefore, from relations (3.6) and (3.7), the hyperplane

Hk =
{
x ∈ Nn|F (zk)

T (x− zk) = 0
}

exists, which strictly separates the point xk from the solution set of equation (3.1). Con-
sequently, Solodov and Svaiter [32] defined the next iteration as

xk+1 = xk −
F (zk)

T (xk − zk)

∥F (zk)∥r
F (zk) (3.8)

which is the projection of xk onto the hyperplane Hk. For most iterative optimization
algorithms, the line search plays a crucial role in both convergence analysis and numerical
performance. Here, the step length αk is determined using a *modified Armijo line search*,
which improves upon the classical Armijo procedure. This enhanced version was first
proposed by Zhang and Zheng in reference [44]. It is known that the classical Armijo line
search is defined as

f (xk + αkdk) ≤ f (xk) + σ1αkg
T
k dk (3.9)

where σ1 ∈ (0, 1) is a given constant scalar. According to the standard backtracking line
search procedure, αk is chosen as the largest element from the set

(
β, βρ, βρ2, ...

)
which

satisfies inequality (3.9), where ρ ∈ (0, 1) and β > 0 are fixed scalar parameters. Assuming
that g is Lipschitz continuous with Lipschitz constant L, Zhang and Zheng proposed a
*modified Armijo line search* in which αk is computed as

f (xk + αkdk) ≤ f (xk) + σαk

(
gTk dk −

1

r
αkµLk ∥dk∥2

)
where Lk is an approximation of L. The value of Lk is obtained by solving the optimization
problem:

min ∥Lkδk−1 − yk−1∥
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which yields

Lk =
δTk−1yk−1

∥δk−1∥r

where µ ∈ [0,∞), yk−1 = gk − gk−1δk−1 = xk − xk−1 is a given constant scalar. The com-
putation of the step size αk using this *modified Armijo line search* for solving nonlinear
equations of the form (3.1) has been presented by several researchers as follows:

1. αk = max
{(

βρi : i = 0, 1, ...
)}

such that

−F (xk + αkdk)
T dk ≥ σαk ∥dk∥2 (3.10)

where ρ ∈ (0, 1) , β > 0 ([45]).
Alternatively,
2. αk = max

{
βρi : i = 0, 1, ...

}
dk ≥ σαk ∥dk∥2

−F (xk + αkdk)
T dk ≥ σαk ∥F (xk + αkdk)∥2 ∥dk∥2 (3.11)

where β > 0 and ρ ∈ (0, 1) , ([46]).
3. αk = max

{
βρi : i = 0, 1, ...

}
, where

−F (xk)
T dk ≥ σαk min

{
∥dk∥2 ∥F (xk + αkdk)∥ ∥dk∥2 − F (xk)

T dk

}
(3.12)

where β > 0 and ρ ∈ (0, 1) , ([47]).
Among the various search directions proposed for solving equation (3.1), the following

can be mentioned:
dk = −Fk + βMHS

k dk−1 + θMk ωk−1, (3.13)

and, with a slight modification of direction (3.13), another form is given by

dk = −Fk + βMHS
k

(
I −

FkF
T
k

∥Fk∥T

)
dk−1

both of which were proposed in reference [35]. Here

βMHS
k =

F T
k ωk−1

ωT
k−1dk−1

, θMk =
F T
k dk−1

ωT
k−1dk−1

, t = 1 + ∥Fk∥−1max

(
0,

yTk δ
T
k∥∥δk∥∥T
)

δk = zk − xk = αkdk, ωk = yk + t ∥Fk∥ δk
In these formulations, convergence was proven for monotone and Lipschitz continuous
functions. Two additional directions are defined as

dk = −Fk + βPRP
k dk−1 + θkyk−1,

and

dk = −Fk + βPRP
k

(
I −

FkF
T
k

∥Fk∥T

)
dk−1

where θk =
FT
k dk−1

∥Fk−1∥T
and βPRP

k =
FT
k yk−1

∥Fk−1∥T
as introduced in reference [36]. Their convergence

was also established for monotone and Lipschitz continuous functions. From reference [37],
two additional directions were derived, which similarly exhibit convergence for monotone
and Lipschitz continuous mappings:

dk = −Fk + βPRP
k ωk−1 − θkyk−1,

where

βPRP
k =

F T
k yk−1

∥Fk−1∥T
, ωk−1 = zk−1 − xk−1 = αk−1dk−1
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and

θk =
F T
k ωk−1

∥Fk−1∥T
+

F T
k ∥yk−1∥
∥Fk−1∥T

and

θk =

(
F T
k yk−1

)
∥ωk−1∥T

∥Fk−1∥T

3.2. 3.3 The Derivative-Free NHZ Method for Solving Nonlinear Equations. In
this section, we present a recently developed method introduced in reference [47], which
combines the HS method [48] with the projection technique [32]. This hybrid approach
demonstrates improved performance compared to previous methods. In this algorithm, the
step size parameter αk is computed according to equation (3.12), and the search direction
(d k) is defined as follows:

dk =

{
−Fk k = 0

−Fk + βNHZ
k dk−1 k > 0

(3.14)

where

βNHZ
k =

F T
k yk−1

dTk−1ωk−1
− µ

∥yk−1∥T(
dTk−1ωk−1

)T F T
k dk−1 (3.15)

and the parametres are defined as follows:

yk−1 = Fk − Fk−1 · δk = zk−1 − xk−1 = αk−1dk−1, ωk−1 = yk−1 + γδk−1, γ > 0, µ >
1

2

The following theorem establishes that the derivative-free NHZ method satisfies the suf-
ficient descent condition, which plays a crucial role in the convergence analysis of the
algorithm.
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Theorem 3.1. ([47])The search direction ( d k) generated by (3.14) satisfies the *sufficient
descent condition*. That is, if dTk ωk ̸= 0, then

F T
k dk ≤ −

(
1− 1

φµ

)
∥Fk∥r , µ >

1

4
(3.16)

Proof. For k = 0, we have

F T
0 d0 = −∥F0∥T ≤

(
1− 1

φµ

)
∥F0∥2 k ≥ 1

so the sufficient descent condition for (3.14) clearly holds for k = 0. Now, for k > 0, from
(3.14) we have:

F T
k dk = −∥Fk∥T + βkF

T
k dk − 1 = −∥Fk∥T +

{
F T
k yk−1

dTk−1ωk−1
− µ

∥yk−1∥r(
dTk−1ωk−1

)rF T
k dk−1

}
F T
k dk−1

=
F T
k yk−1

(
dTk−1ωk−1

) (
F T
k dk−1

)
− ∥Fk∥T

(
dTk−1ωk−1

)T − µ ∥yk−1∥T
(
F T
k dk−1

)T(
dTk−1ωk−1

)T
If we define

uk =
1√
Γµ

(
dTk−1ωk−1

)
Fk, vk =

√
Γµ
(
F T
k dk−1

)
yk−1 (3.17)

then, using (3.17) and the inequality uTk vk ≤ 1/r (∥uk∥r + ∥vk∥r) , we obtain

F T
k dk =

uTk vk −
1

r(∥uk∥r+∥vk∥r)(
dTk−1ωk−1

)r −
(
1− 1

φµ

) (
dTk−1ωk−1

)r(
dTk−1ωk−1

)r ∥Fk∥2 ≤
(
1− 1

φµ

)
∥Fk∥2

So the verdict is for k ≥ 0. □
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3.2.1. Convergence Analysis of the NHZ Method. In this section, we present the global
convergence of Algorithm 3.2, which was proven in reference [47]. First, the following
lemma shows that the line search (3.12) is well-defined if the search direction (dk) satisfies
the sufficient descent condition.

Lemma 3.1. ([47]). If the iterative sequences {xk} and {zk} are generated by Algorithm
3.2, then there exists a step size that satisfies the line search condition (3.12).

Proof. Assume that for some nonnegative integer (i), the line search (3.12) fails for βρi in
iteration k0. Then we have

−F
(
x0 + βρidk0

)T
dk0 < σβρimin

{
∥dk0∥

r ,
∥∥F (x0 + βρidk0

)∥∥ ∥dk0∥r ,−Fxk0)
Tdk0

}
Now, letting i → ∞, ρ ∈ (0, 1) , we obtain

−F
(
xk0 + βρidk0

)T
dk0 < 0

which contradicts (3.16) (the sufficient descent condition for (dk). Therefore, the state-
ment of the lemma is valid. □

The next lemma shows that the line search (3.12) also has a positive lower bound for
the step size (αk).

Lemma 3.2. ([47]). If the iterative sequences {xk} and {zk}are generated by Algorithm
3.2, then

αk ≥ min

{
β,

δρ

(L+ σ)

∥Fk∥2

∥dk∥2

}
(3.18)

where δ = 1− 1
4µ .
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Proof. Since αk = max
{
β, βρ, βρ2, ...

}
, if αk = βk, then (3.18) clearly holds. Now, assume

αk ̸= β Then, by the backtracking line search,

α′
k = ρ−1αk.

Since αk ̸= β, it follows that αk /∈ max
{
β, βρ, βρ2, ...

}
does not satisfy (3.12). Hence

−F
(
z′k
)T

dk < σα′
k min

{
∥dk∥2 ,

∥∥∥F (z′k)T∥∥∥ ∥dk∥2 ,−F
(
z′k
)T

dk

}
≤ σα′

k ∥dk∥
2 (3.19)

where z′k = xk + α′
kdk. From the sufficient descent condition (3.16), we have(

1− 1

φµ

)
∥Fk∥r = δ ∥Fk∥r ≤ −Fkdk (3.20)

Using the Lipschitz continuity of (F), (3.20), and (3.19), we get

−F Tdk =
(
F
(
z′k
)
− F (xk)

)T
dk − F

(
z′k
)T

dk ≤
∥∥F (z′k)− F (xk)

∥∥ ∥dk∥+ σα′
k ∥dk∥

2 ≤

≤ L
∥∥z′k − xk

∥∥+ σα′
k ∥dk∥

2 ≤ Lα′
k ∥dk∥

r + σα′
k ∥dk∥

2 = ρ−1αk (L+ σ) ∥dk∥2 (3.21)

From 3-20 and 3-21, we have:

αk ≥ δρ

(L+ σ)

∥Fk∥2

∥dk∥2

which shows that the step size αk has a positive lower bound. □

The next lemma for Algorithm 3.2 was proven by Solodov and Svaiter in [32]. Due to
the similarity of its proof with Lemma 1.2 in [32], it is stated here without proof.

Lemma 3.3. ([47]) Assume (F ) is monotone and Lipschitz continuous. If the iterative
sequence {xk} is generated by Algorithm 3.2, then for any (x∗) satisfying F (x∗) = 0,

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − ∥xk+1 − xk∥2

i.e. the sequence {xk} is bounded.

Remark 3.1. Lemma 3.2 shows that the sequence {∥xk − x∗∥} is non-increasing with k.
Moreover, it implies that

lim
k→∞

∥xk+1 − x∗∥ = 0 (3.22)

Theorem 3.2. If the iterative sequence xk is generated by Algorithm 3.2, then

lim
k→∞

αk ∥dk∥ = 0 (3.23)

Proof. From (3.8) and (3.12) for any k, we have

∥xk+1 − xk∥ =
F (zk)

T (xk − zk)

∥F (zk)∥
=

−αkF (zk)
T dk

∥F (zk)∥
≥ σα2

k ∥dk∥
2 (3.24)

Using (3.24) and (3.22), we get limk→∞ αk ∥dk∥ = 0. □

Lemma 3.4. ([47]). If the iterative sequence xk is generated by Algorithm 3.2, and
satisfiesF (x∗) = 0 and z′k = xk+α′

kdk, then the sequences {∥Fk∥} , {∥F (z′k)∥} are bounded,
i.e., there exists a constant M > 0 such that∥∥F (z′k)∥∥ ≤ M, ∥Fk∥ ≤ M



418 TWMS J. APP. ENG. MATH. V.16, N.3, 2026

Proof. Using Lemma 3.3, we have

∥xk − x∗∥ ≤ ∥x0 − x∗∥

From (3.23), there exists a constant M1 > 0 such that αk ∥dk∥ ≤ M. Therefore,∥∥z′k − x∗
∥∥ ≤ ∥xk − x∗∥+ α′

k ∥dk∥ ≤ ∥x0 − x∗∥+ ρ−1αk ∥dk∥ ≤ ∥x0 − x∗∥+M1

Since F (x) is Lipschitz continuous, we conclude that∥∥F (z′k)∥∥ ≤
∥∥F (z′k)− F (x∗)

∥∥ ≤ L
(
∥x0 − x∗∥+ ρ−1M1

)
and

∥Fk∥ ≤ ∥F (xk)− F (x∗)∥ ≤ L ∥xk − x∗∥ ≤ L ∥x0 − x∗∥
If we set

M = max
{
L ∥x0 − x∗∥ , L

(
∥x0 − x∗∥+ ρ−1M1

)}
then we get the proof of the theorem. □

The following theorem proves the global convergence of the NHZ method.

Theorem 3.3. ([47]). If the iterative sequence {xk} is generated by Algorithm 3.2, then

lim
k→∞

inf ∥Fk∥ = 0. (3.25)

Proof. Assume, that (3.25) is false. Then there exists a constant ε > 0 such that ∥Fk∥ > ε.
Since Fk ̸= 0, from (3.16) we have dk ̸= 0. On the other hand, the monotonicity of F and
(3.14) imply

δ
T
k−1ωk−1 = ⟨F (zk−1)− F (xk−1) , zk−1 − xk−1⟩+ γδ

T
k−1δk−1 ≥ γδ

T
k−1δk−1 (3.26)

Now, since δk−1 = zk−1 − xk−1 = αk−1dk−1 relation (3.26) implies:

dTk−1ωk−1 ≥ γαk−1 ∥dk−1∥2 (3.27)

Using (3.15) and (3.27), we have∣∣βNHZ
k

∣∣ = ∣∣∣∣∣ F T
k yk−1

dTk−1ωk−1
− µ

∥yk−1∥T(
dTk−1ωk−1

)rF T
k dk−1

∣∣∣∣∣ ≤ Lαk−1 ∥dk−1∥ ∥Fk∥
γαk−1 ∥dk−1∥2

+

+µ
L2α2

k−1 ∥dk−1∥2

γ2α2
k−1 ∥dk−1∥φ

∥Fk∥ ∥dk−1∥ ≤
(
L

γ
+ µ

L2

γ2

)
∥Fk∥
∥dk−1∥

Using (3.14) and (3.27), we have

∥dk∥ ≤ ∥Fk∥+
∣∣βNHZ

k

∣∣ ∥dk−1∥ ≤
(
1 +

L

γ
+ µ

Lr

γr

)
M ′

Letting c =
(
1 + L

γ + µL2

γ2

)
M, we get ∥dk∥ ≤ c. Then, by Lemmas 3.2 and 3.3, together

with ∥Fk∥ > ε and ∥dk∥ > ε, it follows that for all sufficiently large k,

αk ∥dk∥ ≥ min

{
β,

δρ

L+ σ

∥Fk∥r

∥dk∥r
}
∥dk∥ ≥ min

{
βε,

δρεr

(L+ σ) c

}
(3.28)

Clearly, inequality (3.28) contradicts (3.23). Hence, (3.52) holds, and the theorem is
proven. □
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4. Numerical Results and Experiments

4.1. Concepts Related to the Numerical Comparison of Methods. In this sec-
tion, we demonstrate the performance of the methods TTRMIL, MCG2, MCG1, and
TTMRMIL. The different algorithms are compared based on four metrics:

(k): the number of iterations performed by the algorithm,
(kf ): the number of function evaluations,
(kg):): the number of gradient vector evaluations,
(t): the execution time of the algorithm in seconds.
The method for comparing algorithms was introduced in 2002 by Dolan and Moré [49].

Assume there are np problems
{
p1, pγ , ..., pnp

}
in the set P, and nq different methods{

q1, qγ , ..., qnq

}
in the set Q. The goal is to assign a number (or numbers) to each method

that reflects its efficiency. Suppose we want to compare these methods in terms of execu-
tion time. Let tpl,qi denote the time required by method qi to solve problem pl. First, for
each method qi and problem (pl), we compute the performance ratio

rpl,qi =
tpl,qi

min
{
tpl,qj : qj ∈ Q

} ,
Next, for each method qi and a given threshold r ≥ 1, we assign the probability

Pqi (τ) =
size {p ∈ P : rpl,qi < τ}

np

For example, Pq1 (1) = 0.6 means that method q1 solved 60% of the problems in the short-
est time compared to the other methods, and Pq1 (2) = 0.7 means that method q1solved
70% of the problems within at most twice the best time. Note that limτ→∞ Pqi (τ).actually
corresponds to the total number of problems that method q1successfully solved.

A plot in which all Pqi curves are drawn is called a performance profile.

4.2. Numerical Results for the Conjugate Gradient Methods MCG1 and MCG2.
Here, the methods MCG1 and MCG2 are numerically compared with some other conju-
gate gradient methods on two test sets. For these comparisons, 30 problems with their
standard initial points were selected from [50]. All problems were tested numerically with
dimensions (n = [1000, 5000, 10000, 15000, 20000]). For the WWP line search algorithm
two-phase method similar to [5] was used, and its initial step size was set as

α0
0 = 1, α0

k+1 = αk
∥dk∥
∥dk+1∥

for k = 0, 1, ζ, ...

In all experiments, for the WWP line search technique, the parameters were set as σ1 =
10−5 and σ2 = 0.8, and the stopping criterion for the conjugate gradient algorithm was
ε = 10−5. The algorithm was terminated if the number of iterations exceeded 4000 or
if the number of function evaluations exceeded 20, 000. Additionally, the line search loop
was stopped after 15 iterations. For the MCG1 method, the parameter τ1 = 1.1 was
used, while for MCG2 the parameters (τ1, τ1) = (1.5, ◦ 0.5) were selected. Two sets of
experiments were conducted to compare MCG1and MCG2 with other conjugate gradient
methods as follows:

1. In the first set of experiments, MCG1and MCG2 were compared with the following
modified three-term conjugate gradient methods:
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The results of these experiments are presented in the following figures:
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2. In the second set of experiments, MCG1 and MCG2 were compared with four
methods listed in the following table:
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Table 4.2: Four conjugate gradient methods used for comparison with MCG1and MCG2
in the second set of experiments

The results of these experiments are presented as follows

Fig. 4.5: Performance profile for (k) (number of iterations) in the second set of experi-
ments for MCG1 and MCG2.

Fig. 4.6: Performance profile for (kf ) (number of function evaluations) in the second
set of experiments for MCG1and MCG.

Fig. 4.7: Performance profile for (kf ) (number of gradient evaluations) in the second
set of experiments for MCG1and MCG2.
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Fig. 4.8: Performance profile for (t) (execution time) in the second set of experiments
for MCG1 and MCG2 The following tables present all numerical results from the first set
of experiments. The first column lists the problems, and the second column indicates the
problem dimensions.

Table 4.3: Numerical results of MCG1 and MCG2 experiments
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4.3. Numerical Results for the Conjugate Gradient Methods TTRMIL and
TTMRMIL. In this section, the methods TTRMIL and TTMRMIL are compared in
terms of performance with the following two methods:

Table 4.4: Two three-term conjugate gradient methods used for comparison with
TTRMIL and TTMRMIL

For these comparisons, 27 problems with their standard initial points were selected from
[50], All problems were tested in five dimensions: ([1000, 6000, 11000, 15000, 20000]). In
all experiments, for the WWP line search technique, the parameters were set as σ1 = 10−4

and σ2 = 0.8 and the stopping criterion for the conjugate gradient algorithm was ε = 10−6

The CG algorithm was terminated if the number of iterations exceeded 10,000. For the
WWP line search algorithm, a two-phase method similar to [5] was used, and the initial
step size was calculated as

αk =

{
−1 k = 0

−αk−1
∥dk−1∥
∥dk∥ k ≥ 1

The performance profiles of the two methods, TTRMIL and TTMRMIL, in terms of
execution time and number of iterations, are presented as follows:

Fig.4.9: Performance profile for (k) (number of iterations) in the experiments for
TTRMIL and TTMRMIL
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Fig.4.10: Performance profile for (L) (number of iterations) in the experiments for
TTRMIL and TTMRMIL The numerical results of these experiments are presented in

the following tables

5. Conclusion

This research focused on nonlinear optimization problems and systems of monotone
nonlinear equations and the design and assessment of an augmented conjugate-gradient
procedure intended for addressing large-scale cases. This method is characterized by an
efficient search direction, modified line search, and sufficient descent mechanisms, and is,
therefore, the design is balanced along the theoretical guarantees and the performance in
practice. From the theoretical perspective, global convergence is proved under standard
assumptions and conditions of the Wolfe and Zoutendijk type, classical convergence. There
is substantial evidence from a number of large-scale sets that the method is effective and
outperformed the competition on each one, requiring fewer overall iterations, less overall
computation time, and less function and gradient evaluations of the method. This points to
the merits of employing a conjugate-gradient design for cases problematic to convergence in
terms of high dimensional, nonlinear, and nonconvex, as well as cases memory-efficient and
high stability needed for emerging problem types. The impact of component derivative-free
of the algorithm and restarted strategies, in particular, is to help convergence, and moving
past stagnation, on systems of difficult nonlinearity. The research opens an important area
of conjugate gradient methods for other problems of large-scale optimization and offers a
fitting alternative from the increasing bodies of hybrid and three-term CG algorithms for
image restoration, machine learning, and a number of other applications
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