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Sy SEPARATION AND P-PARTITION IN ALL-PATH AND DETOUR
CONVEXITIES

V. HAPONENKO?*, §

ABSTRACT. In this work, we consider problems of S4 and p-convex partition separations
with respect to the all-path and the detour convexities. We give characterizations of
p-all-path convex and p-detour convex graphs. With respect to all-path convexity Ss,
Ss3, and Sy separable graphs are characterized. Also, we present necessary and sufficient
conditions for two sets to be S separable, for both convexities. Moreover, we prove that
in all-path convexity the time complexity of those problems is linear, and it is NP-hard
for detour convexity. Finally, we give an algorithm for determining whether two sets in
graph are Si separable with respect to all-path convexity.

Keywords: all-path convexity, graph convexity, detour convexity, convex separation,
p-partition.
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1. INTRODUCTION

The theoretical background for graph convexity was set up in [10]. There, for some set
X, a convexity C was defined as a family of subsets of X such that C includes X and 0,
and is closed under intersections and nested unions. Then, an ordered pair (X, C) is called
a convexity space. From there, graph convexity rises by substituting a set X with a graph
G. Most studied graph convexities include so-called interval convexities such as geodesic
and monophonic convexities [3]. Here, the convexity C is induced by sets that contain the
respective interval between every pair of its vertices. For geodesic convexity, the interval
is a collection of all shortest paths between vertices. Meanwhile, monophonic convexity is
generated by induced paths.

Our study focuses on all-path and detour convexities. The former is induced by the
interval that contains all simple paths between the elements. Detour interval, in contrast
to geodesic one, includes all the longest simple paths. A similar interval with the same
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name was introduced in [4], but with additional property of being induced. This way,
the longest induced path equals the shortest one for a pair of adjacent vertices which also
prevents it from being a metric interval. Thus, in [5] this property was rejected which
latter finally established in the study about detour convexity [6].

In the context of mentioned convexities, we study closely related problems of p-partition
and Sy separation. A graph G is said to be p-convex with respect to some convexity if it
can be partitioned into p convex disjoint sets. Next, two disjoint subsets A and B of V(G)
are Sy separable in G if they belong to different halfspaces. That can also be restated in
the terms of 2-partition of G, so the study of one naturally involves the other. We can
see this in the work [8] where the problem of p-partition in monophonic convexity was
shown to be NP-complete in general case, except 2-partition, which latter was proven to
be polynomial in [2]. The problem of half-space separation in geodesic convexity is also
NP-complete which was covered in [7]. Also [12] shows that p-partition is NP-complete as
well for convexity of the induced path of order three or Ps.

The paper is structured as follows. In section 2 we give basic definitions for graphs along
with the notions of convexity and separation in section 2.2. Next, in section 3.1 theoretic
results on all-path halfspace separation and general separability are given. This is followed
by section 3.2 where the new algorithm for all-path halfspace separation is introduced.
Finally, in section 3.3 we introduce theoretic results for p-partition and halfspace separation
in the context of detour convexity.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Basics Definitions. In this work, we consider only finite connected undirected
graphs. A graph G is an ordered pair of sets (V, E) which are the verter set and the
edge set of G respectively. To distinguish them from some other sets, they are usually
written as V(G) and E(G). Further, edges {a,b} € E(G) are denoted as ab. Two vertices
a,b € V(G) are adjacent given that ab € E(G). The path P, between vertices a and b of
length n is an ordered subset of the vertex set V(G) D Py = {v1,...,vi,...,0,}, where
i € N, vy =a, v, =band vv;_1 € E(G) for all v;,v;—1 € Py, with 2 < ¢ < n. When
some path P is a simple path, v; = v; implies that ¢ = j for v;,v; € P. A graph G is
connected when between every two vertices of G exists a path. From this, the shortest
path between different vertices a and b is a simple path P, with the smallest number of
vertices. It also induces a metric d(a,b) = |P,;| where P, is the shortest path. On the
contrary, a simple path P, with the largest number of vertices is called the longest path.
In the literature it is also referred to as detour. It also induces a metric which is some-
times denoted by d*(a,b) or D(a,b). For a vertex v € V(G) a set of its adjacent vertices
N(v) = {u:vu € E(G)} is the open neighborhood of v. Whereas the closed neighborhood
Nv] also contains v or N[v] = N(v)U{v}. A vertex v is a leaf when it is adjacent to only
one vertex or |N(v)| = 1. A closed neighborhood of a set S is a union of neighborhoods
of its vertices N[S] = J,cqg N(v), and the open neighborhood of the set S is its closed
neighborhood without itself N(S) = N[S]\S. A pair of disjoint sets A and B are adjacent
if N(A)N B # 0.

A graph G is complete if every pair of its vertices is adjacent. A complete graph with
|[V(G)| = n is denoted by K,. A graph H is a subgraph of G when V(H) C V(G) and
E(H) C E(G). For some subset A C V(G), edges with endpoints in A are denoted by
Eg(A). The subgraph H with vertex set V(H) = A and edge set E(H) = Eg(A) is called
the induced subgraph by A. We denote it by G[A]. A graph G is called biconnected when
there is no vertex v € V(G) such that a graph G' = (V(G) \ {v}, E(G)) is disconnected.
A subset S C V(G) is a biconnected component of G if its induced subgraph G[S] is



V. HAPONENKO: S; SEPARATION AND P-PARTITION IN ALL-PATH ... 445

biconnected. A block is a maximal by inclusion biconnected component of G. A graph
G is called a block graph when each of its blocks induces a complete subgraph. Next,
we define a bridgeless component as a maximal by inclusion connected union of blocks
without bridges (which are K3). For example, in a tree graph every vertex is a bridgeless
component since it has only bridge blocks.

2.2. Convexity and Separation. We use the definition of convezity introduced in [10].
There, for some set X its family of subsets C is called a convexity if it satisfies three
conditions:

(1) 0, X ecC;

(2) C is closed under intersections;

(3) C is closed under nested unions.

Then, a pair (X,C) is called a convezity space, and elements of C are referred to as convex
sets. In a convexity space (X, C) a convex hull of a subset A C X is the smallest convex set
containing A. As mentioned before, the most studied convexities are interval converities.
An interval operator on X is a map I : X x X — 2% that is symmetric and includes its
endpoints:

(1) a,b € I(a,b) for all a,b € X;

(2) I(a,b) =1(b,a) for all a,b € X.
For an interval operator I we can define a family C of subsets of X that every S € C
also contains an interval between every pair of its vertices or Va,b € S, I(a,b) € S. Such
family C satisfies conditions of convexity and forms a convexity space (X,C). Here it is
said that the convexity C is induced by I. In the research, we consider all-path and deour
convexities.

All-path convexity is induced by the all-path interval operator I, where I(a,b) is a

family of all simple paths between a,b € V(G). In this paper, we will rely on the next
characterization of all-path convex sets.

Theorem 2.1. [9, Theorem 3.1.1] Let G be a connected graph, A C V(G) and |A| > 2.
The set A is AP-conver if and only if the induced subgraph G[A] is a connected union of
blocks.

For the detour convexity I(a,b) is a family of all longest simple paths between the ver-
tices. In our results, an important role play detour extreme vertices. A vertex v € V(G) is
detour extreme if it is an initial or terminal vertex of any detour in GG containing the vertex
v. Restating the definition, v can not be between any vertices on their detour interval.
The further statement could be treated as the characterization of a detour extreme vertex.

Proposition 2.1. [5, Observation 2.3] A vertex v is detour extreme vertez if and only if
V(G) \ {v} is a detour convex set in G

From the Theorem 2.1 it is clear that any all-path convex set is also detour convex. In
the context of this relation we propose this modification of Proposition 2.1:

Proposition 2.2. Ifu € V(G) is a detour extreme vertex of induced subgraph G[S] where
S is a union of blocks of some graph G, then u is a detour extreme verter of G.

Proof. Proving by contradiction, let us assume that w is not a detour extreme in G.
Then, there exists a pair a,b € V(G) and a detour path P, which passes through wu, i.e.
Pop = {a,...,vi,u,v42,...,b}. Since SN P, # 0, we are able to take the biggest by
inclusion subpath Péb of P,y that lays in S. Let P(;b ={vi,...,u,...,vj} where i < j and
P}, C S. But then, P, ; has to be a detour of v;v; in G[S] because Py is not an ab detour
otherwise. Thus, a contradiction with the fact that u is detour extreme in G[S]. O
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For a convexity space (X,C), a convex set H C X is a halfspace if X \ H is convex.
A pair of disjoint subsets A, B are said to be separable by halfspaces if there exists a
halfspace H that A C H and H N B = (). For some convexity space (X,C), the following
separation axioms are considered:

(1) Sy separation: every pair of distinct vertices of X are separable by halfspaces;
(2) S3 separation: any convex set A and a point b ¢ A are separable by halfspaces;
(3) S4 separation: every pair of disjoint convex sets are separable by halfspaces.

This induces a decision problem of determining whether some pair of disjoint sets A, B
are separable for some graph . The problem of p-convexr partition generalises finding
halfspaces. Here, a partition on p convex sets of V(G) is to be found. This problem could
be seen as finding a halfspace H and considering the problem for the induced subgraphs
G[H] and G[V \ H|. Additionally, we consider modified separation axioms where not only
convex sets are separated by halfspaces. Further, they are referred to as strong separation
axioms and could be written as follows:

(1) Ss strong separation: any set A and a point b ¢ A are separable by halfspaces;
(2) Sy strong separation: every pair of disjoint sets are separable by halfspaces.

3. MAIN RESULTS

3.1. All-path convexity. Our first theorem gives a necessary and sufficient condition
of existence of all-path convex halfspace. This fact also will be a cornerstone of our
algorithm for deciding on Sy separability of two disjoint sets. Disjoint adjacent blocks is a
core concept for all-path convex halfspaces. As an example of such adjacency, blocks Bj
and Bs in Figure 1 could be referred to. Note that this type of adjacency between By and
B> could also be reached via any complete graph in between the blocks, but in this case,
all-path convex halfspaces division would not be possible which we prove further.

v

Ficure 1. Two disjoint adjacent blocks of G.

Theorem 3.1. A graph G has all-path convex halfspaces if and only if G has two adjacent
and disjoint blocks.

Proof. Let us consider two complementary halfspaces A and B. Since they are all-path
convex, A and B are blocks or connected union of blocks. From the connectedness of G,
there is a vertex a € A such that N(a)NB # 0, thus there exists b € B such that b € N(a).
Moreover, a and b are the only vertices with such properties, because otherwise A or B
is not a block or connected union of blocks. Therefore, respective blocks of @ and b are
adjacent but disjoint.

Let Ay and A be two disjoint adjacent blocks. Then, A; and A, are connected by a
bridge block and every other block B in G is closer only to either A; or As. Such division
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induces two subsets like A; U B;, where B; is a union of blocks that are closer to A;. Since
the union (A; U By) U ((A2 U Bg)) = V(G), each of the two unions is all-path convex as
the connected union of blocks (see Theorem 2.1), and moreover, they are complementary
which makes them the halfspaces. O

Corollary 3.1. All-path halfspaces are connected by a single edge which is a bridge block.

Note how for a block B in a graph G the condition of being connected by bridges to
blocks in its complement V' (G)\ B ensures all-path convexity in G of connected components
of induced subgraph G[V(G) \ B]. On the contrary, consider a bridgeless non-biconnected
graph GG. There any pair of adjacent blocks shares a cut vertex; thus, the complement
of each one of them is not all path convex in G. In this way, bridgeless components
of G become minimal by inclusion subsets of G which complement has all-path convex
connected components.

In the following results, we characterize graphs which are S, S5, and Sy4 separable with
respect to the all-path convexity.

Proposition 3.1. A graph G is So (equivalently, Ss, or Sy) all-path separable if and only
if G is a tree.

Proof. Necessity. By contradiction, assume a connected graph G is not a tree. Hence,
there exists a cycle C' C G. Consider a pair of adjacent vertices a,b € V(C). From the
fact that a and b are contained in a biconnected component of GG, any halfspace H that
a € H and b ¢ H is connected to the other halfspace by more than one edge, which is a
contradiction by Corollary 3.1. Thus, S separability requires G to be a tree, but since all
singletons are all-path convex, this is also true for S3 and S separability.

Sufficiency. For a tree G consider a pair of two disjoint connected sets A, B C V(G)
with |A| > 1 and |B| > 1. They are convex by the fact that A and B are subtrees of
G. More over, there exist a € A and b € B that |P,,| = min{|P(z,y)| : « € A,y € B}.
Note that P, \ {a,b} do not intersect either A or B. Furthermore, by deleting any edge
between adjacent vertices of Py, we get subtrees 71 and T, of G that include A and B
respectively and whose vertex sets are the all-path halfspaces. ]

Proposition 3.2. A graph G is S5 all-path strongly separable if and only if G is Ks.

Proof. Necessity. On the contrary, suppose connected graph G is not a Ko graph. Then,
|[V(G)| > 3 and there exist three different vertices a,b,c € V(G) where b € P, for some
simple path P,.. Thus, the set A = {a,c} and the vertex b are not separated by all-path
convex halfspaces, since any halfspace H D A does not contain P,. because b € V(G) \ H.
A contradiction. Sufficiency is obvious. O

Corollary 3.2. A graph G is Sy all-path strongly separable if and only if G is K.

The next result shows that any graph G, given it has k bridges, is p-all-path convex for
all p < k+1. For example, a path-graph with 3 vertices is 2-all-path convex and 3-all-path
convex at the same time.

Lemma 3.1. A graph G can be partitioned into at most k + 1 all-path convex sets, where
k is the number of bridges in G.

Proof. Since elements of the partition preserve all-path convexity of connected components
of their complement, by Corollary 3.1, they are precisely the bridgeless components of G.
They could be determined by bridge deletion. By deleting a bridge edge, we increase
the number of connected components of the graph by 1. By deleting all bridges we are
left with k£ 4 1 connected components where k is the number of bridges. This proves the
Lemma. g
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3.2. All-path algorithms. Algorithms in this section are based on the classic graph
search algorithm DF'S or depth-first search. DFS gives a way to traverse the graph in linear
time. Despite our implementation being recursive, the time complexity of the algorithms
is easy to count thanks to the finite nature of our graphs of interest. Basically, for any
G the DFS starts from an arbitrary vertex of the graph and traverses along the edges to
further vertices memorizing visited elements of V(G).

For a connected finite simple graph G and its arbitrary vertex v € V(@) recursive
implementation of DFS could be represented by following pseudocode of Algorithm 1.

Algorithm 1 DFS

function DFS(v)
visited[v] < True > Happen |V times
for u € N(v) do > Happen 2|E| times

1:

2

3

4: if u is not visited then > Happen 2|E| times
5: DFS(U)
6

7

8:

end if
end for
end function

Instruction in line 2 marks a vertex as visited; thus, triggering once for each vertex.
Code in lines 3 and 4 is responsible for a traversing cycle where each edge connected to the
priorly visited vertex is taken and checked on being traversed. Given that each instruction
has a constant time complexity, the overall time complexity is linear relatively |F| and |V/|
or T(G) =|V|+4|E|.

Another essential part of our results is the linear time algorithm for finding all blocks
and cut vertices of the graph by Tarjan from [11]. The algorithm is linear relatively
|V| 4+ |E| which will be referred to as Trrarjan(G)-

Lemma 3.2. Deciding whether G is p-all-path convex can be done in linear time.

Proof. The mentioned Tarjan algorithm finds all cut vertices and blocks of a graph G in
linear time. Let Bg be a set of all blocks of G. From Lemma 3.1, the property of being
p-all-path convex depends only on a number of bridges in G. Thus, it is sufficient to
check whether the number of elements of Bg with cardinality 2 is bigger than p — 1 or
{S:S € Bg,|S| = 2}| > p— 1. This also could be done in linear time which completes
the proof. O

To prove the next lemma we introduce a two-part implementation of the algorithm in
pseudocode (Algorithm 2 and Algorithm 3).

Lemma 3.3. Deciding whether two disjoint sets are separable with respect to all-path
convezity can be done in linear time.

The Idea of the first part of the algorithm is to traverse the given graph G in order
to find its bridgeless components. During this process, we also check whether each such
component intersects sets A and B (the sets we check on being Sy separable). Note that
the algorithm is applicable to both separability and strong separability. Thus, we build
a tree graph 7' = (V, E, S) where elements of V(T') represent bridgeless components of G
and there is an edge between them in 7" in case they are connected in G. The set S(T) is
a family of vectors (a,b), : a,b € {0,1} for each v € V(T'). There, elements a and b equal
1 when the respective bridgeless component intersects A or B respectively.
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In the second part of the algorithm, we work with the tree of bridgeless components T'.
Here the idea is based on the fact that each pair of vertices in the tree is connected by a
single shortest path. Hence, after validating that each bridgeless component (element of
T) is associated either with A or B, or neither of them, we find the union of shortest paths
that connect pairs of components associated with A and B. Then, the sets are possible to
Sy separate when the mentioned unions are disjoint.

Preparation of the procedure includes verifying A and B on being disjoint and running
the Tarjan algorithm. The latter is needed for obtaining a family of bridge blocks of G.
Also, the algorithm is supposed to process the simple undirected finite graphs.

The first part (Algorithm 2) of the algorithm consists of two functions: triggerDFS
and DFS. Arguments of triggerDFS are:

startVertexr — is an arbitrary vertex of Gj
bridges — is a collection of bridge blocks of G}
A — a set of vertices A C V(G);

B — a set of vertices B C V(G).

The function returns a tree T' of bridgeless components of G. The lines from 2 to 4 are
responsible for the initialization of the collection of wvisited vertices and the tree T. The
collection queue is intended to store future vertices of 1. This collection is a queue data
structure where the earliest added element is the first one to be removed via instruction
queue.pop(). This way we ensure the right connectivity between elements of 7. The while
cycle controls traversal through G. Here we obtain a vertex v of T, its vector s € S(T),
and trigger the (DFS) function.
The DFS function traverses the graph. Arguments of DFS are:

v — a traversed vertex;

a — a vertex of T" which connected component in GG is being traversed;
A — a set of vertices A C V(G);

B — a set of vertices B C V(G).

Here we check whether the component intersects A or B at lines 15 — 20 and mark the
vertex as visited at line 21. If the traversed edge is a bridge we prevent further traversal and
add the other vertex to V(T') at lines 24 — 26, or continue the exploration of G otherwise
at line 28. This logic ensures the complete exploration of a bridgeless component before
moving next to its neighbors. Figure 2 gives an example of how Algorithm 2 transforms
the graph G with a starting vertex a.
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F1GURE 2. Result of Algorith 2 for a graph G and starting vertex a

The time complexity is computed as follows. Consider triggerDFS function. The first
three lines of it contain three constant time initiations of variables. The while cycle has
four O(1) variable initiations with a function call. It triggers once for each bridge edge and
an extra time for the start Vertex. Here the worst case is when G is a tree, thus the number
of bridges equals |V| — 1. Hence, T(triggerDFS) = 3 + |bridges| + 1 4+ 5(|bridges| + 1) <
3+ |V|+5V|=3+6]V|.

Next, consider DFS function. It triggers once for each vertex. Thus, in the worst-
case scenario each of them goes through five constant time instructions at lines 15 — 21.
This already contributes 5|V| to the time complexity. Instructions in lines 22 — 23 trigger
twice for each edge with the if statement further triggering once for each edge with, at
maximum, two O(1) instructions after. This results in the time complexity T'(DFS) =
5|V| 4+ 2|E| + 2|E| + 2|E|. Therefore, the time complexity of the first part of the
algorithm is T'(Algirithm 2) = 34 11|V | + 6| E|.

The second part (Algorithm 3) of the algorithm also has two functions: triggerDFS
and DFS. There, arguments of triggerDFS are:

e startA — is an arbitrary vertex of T which represents a bridgeless component that
intersects A;

e startB — is an arbitrary vertex of T' which represents a bridgeless component that
intersects B;

e T — the tree of bridgeless components created by the first part of the algorithm.

It returns the boolean variable which is the decision about all-path S; separability of
sets A and B. Here, the first if statement in line 2 validates that the sum of bridgeless
components, that intersect A, or B, or neither of them, equals the cardinality of V(7).
This ensures the absence of bridgeless components that intersect both A and B. At lines
5 — 6, we initiate variables that count how many bridgeless components are associated
with the respective set we managed to reach during the traversal. As mentioned in the
idea of the algorithm, here we basically find the subgraphs of T' of components that are
associated with some of the two sets. By finding the subgraph of components that are
associated with the set A at line 8, we mark all of its vertices as traversed (visited) which
prevents them from being traversed again during the equivalent actions toward the set B
at line 9. If some of the components that intersect B are not reached, then the sets are
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Algorithm 2 Algorithm for building the T¢ (A, B)

1: function TRIGGERDFS(startVertex, bridges, A, B)
2: visited < ()

3 queue <« [startVertex]

4: T « (0,0,0) > Initiate the empty tree
5: while queue is not empty do > Happens |bridges| + 1 times
6 foundA <« 0

7 foundB <« 0

8 a < queue.pop() > Take the earliest element from queue
9 DFS(a, a, A, B)

10: S(T)[a] + (;gﬁggg) > Assosiate the vector with the vertex

11: end while
12: return T
13: end function

14: function DFS(v, a, A,B) > Triggers once for each v € V
15: if v € A then
16: foundA « 1

17: end if
18: if v € B then

19: foundB «+ 1

20: end if

21: visited[v] < True

22: for b € N(v) do > Happens 2|E| times
23: if b ¢ visited then > Happens 2|E| times
24: if vb € bridges then > Happens |E| times
25: E(T) < ab > Adds vertices to E(T') and V(T)
26: queue.add(b) > Adds the vertex to the queue
27: else

28: DFS(b, a, A, B)

29: end if

30: end if

31: end for

32: end function

not separable. This results in returning the Fualse statement in line 10. Going forward,
some of the components associated with A could also be unreachable when a component
associated with B is between a pair of components that intersect A. This part is done
during the traversal of T' in DFS function.

Here DFS function traverses T. Arguments of DFS are:

e v — a traversed vertex;

e beforeV — previously traversed vertex;

o enterVector — element of S(T") of components that are associated with the set of
interest (A or B);

e notEnterVector — element of S(T') of components that are not associated with
the set of interest (B or A);

e counter — the counter associated with the set of interest (initiated at lines 5 or 6
of triggerDF'S).
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Such duality of the last three arguments is the result of DFS being used for finding the
vertices for both A and B. At line 13 the if statement validates whether a component v
that intersects the set of interest is being traversed. If so, it is marked as visited and the
counter is increased. Then, at line 17 among its neighbors N(v) we traverse towards ones
that are not visited or not associated with the set different from the one of interest. Note
that unassociated vertices are marked as visited at line 21 only when an associated one is
encountered further at line 19. We need this logic to mark as visited only such vertices
that lay between pairs of components that are associated with the set of interest.

The time complexity is computed as follows. In the worst-case scenario, the tree T'
has the vertex set |V (T)| = |V(G)| when G is a tree. Thus |E(T")| = |V(G)| — 1. This not
only aligns together the time complexity formulas of two parts of the algorithm but also is
mandatory for measuring the worst possible time complexity. First, consider triggerDFS
function of Algorithm 3. The if statement at the start counts the number of bridgeless
components of G that intersect A or B. We do not provide the explicit algorithm for this,
but obviously, it could be done by traversing the graph once with a linear time complexity
or O(|V| + |E|). Further, we refer to this fact as to Tj¢(G). Next, it is followed by three
constant time variable initiations and two function calls. At line 10 we check whether two
equalities hold and draw a boolean value from this. It results in the time complexity of
T (triggerDFS) = T;¢(G) + 8.

Consider the function DFS of Algorithm 3. There, the first if statement consists of two
constant time instructions with two O(1) procedures after. The if statement at line 18 has
six constant time actions with further function call and another if statement. Note that
in this particular algorithm some vertices may not be marked as visited once traversed.
For example, when T is a chain with leaves associated with A and B, |V| — 2 vertices
are traversed twice. Thus, by assuming that DFS works twice for each vertex, the time
complexity of the algorithm is T(DFS) = 2(4|V| +2|V| -2+ 12|V| —= 12+ 3|V| = 3) =
42|V| — 34.

The overall time complexity of deciding whether two disjoint sets A and B of graph
G are separable by all-path convex halfspaces is T'(G) = Trarjan(G) + 3 + 11|V| + 6| E| +
Tt (G)+8+42|V| =34 = Trarjan(G) + Tif(G) + 53|V |+ 6| E| — 23 which is linear relatively
V| + |E|.
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Algorithm 3 Algorithm deciding whether A and B are separable by all-path convex
halfspaces

1: function TRIGGERDFS(startA, startB, T")
2: ifloeT:1=x€SMP||+lweT:1=x9€ ST)P||+|veT: ST =
(3)] £ V(T)| then
return False
end if
aCounter < 0
bCounter «+ 0
visited < ()
DFS(startA, startA, (§), (¢), aCounter)
DFS(startB, startB, (1), (), bCounter)
10: return v € T : 1 =2 € S(T)[v]| = aCounter and |[v € T : 1 = x9 € S(T)[v]| =
bCounter
11: end function
12: function DFS(v, beforeV, enterVector, notEnterVector,couter)
13: if S(T')[v] x enterVector =1 then

14: counter = counter +1

15: visited[v] < True

16: end if

17: for b € N(v) do > Happens 2|V| — 2 times
18: if b # beforeV and S(T)[b]x notEnterVector= 0 and b ¢ visited then
19: DFS(b, v, enterVector, notEnterVector, counter)

20: if b € visited then

21: visited[v] < True

22: end if

23: end if

24: end for

25: end function

3.3. Detour convexity. Given the fact that every all-path convex set is detour convex,
all-path convex halfspaces are also detour convex. Nevertheless, the converse statement is
true only in graphs each non-bridge block of which does not have a detour extreme vertex
in self-induced subgraph.

Theorem 3.2. A biconnected graph G does not have non-singleton detour halfspaces.

Proof. Let us prove it by contradiction. Suppose G can be divided into two complementary
detour convex sets A and B with |A|,|B| > 1. Thus, A and B are connected sets, and
since their union is biconnected, there exists vertices a,a’ € A that are adjacent to some
vertices b, b’ € B respectively, or ab,a’t/ € E(G). From the fact that A is detour convex
it follows that aa’ detour P, lays in A, let |P,q/| = n. By the same logic, bb’ detour Py
lays in B and, since path b, P,,/,b" has length n + 2, we have |Pyy| > n + 2. But then,
the path a, Py, a’ is longer than P,, which contradicts the assumption that P, is ad’
detour. This asserts that the existence of such detour convex A and B, without loss of
generality, is possible only if BN ({J,cq N(a)) = {z} for some » € B. That makes G a
union of blocks which contradicts the fact that GG is biconnected. ]

Unlike all-path convexity, in detour convexity bridgeless components, which are also
detour convex, can be partitioned into smaller detour convex sets by the next theorem.
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Theorem 3.3. A biconnected graph G has detour convex halfspace if and only if it has a
detour extreme vertez.

Proof. By contradiction, suppose that the cardinality of either of halfspaces is greater
than 1. Then, the proof follows from the last theorem. Otherwise, let some of the set be
a non-detour extreme vertex x. Thus, vertices from V(G) \ {z} have some detours that
have z so V(G) \ {z} is not detour convex, which is a contradiction.

Let x be a detour extreme vertex in G. Then the set S = {x} is detour convex. By the
characteristics of extreme vertex, x is only an end or a start point of some detour in G.
Therefore, V(G) \ {z} is also a detour convex set. O

Theorem 3.4. In a graph G, two disjoint sets A and B can be separated by complementary
detour conver halfspaces H1 D A and Hy D B if and only if Hy N M = {z}, where M is
the block shared by the halfspaces and x is detour extreme vertex of G[M].

Proof. Necessity follows from the previous theorem and the fact that a block is detour
convex.

For sufficiency, let disjoint sets A and B are separated by complementary detour
convex halfspaces Hi D A and Ho D B. Proving by contradiction, suppose Hi and Hs
intersect the same block M which is not the bridge. Let |Hy N M|, |Ho N M| > 1, then Hy
and Hj are not detour convex by Theorem 3.2. Then let |Hy N M| = z, where z is not
detour extreme in M, then there exists a pair of vertices a,b € M N Hs whose detour P,
contains x, so Hs is not detour convex. ]

The following two results measure the time complexity of finding the halfspaces that
separate some subsets of G.

Lemma 3.4. Finding detour convex halfspaces that separate two disjoint subsets of G s
NP-hard.

Proof. Halfspace separation involves finding detour extreme vertices in the graph induced
by the block that is shared by halfspaces. Such vertices are precisely ones that do not lay
on the detour of any pair of its vertices. Thus, this problem involves finding the longest
paths which is an NP-hard problem. ]

Corollary 3.3. Finding detour convex p-partition of the G is NP-hard since 2-partition
can be represented as halfspace separation for some subsets of G.

The next lemma ensures that a biconnected graph G with |V| > 2 can be partitioned
into e + 1 detour convex sets where e is the number of detour extreme vertices of G.

Lemma 3.5. A biconnected graph G consists only of detour extreme vertices if and only

if it is a Ko

Proof. Sufficiency. In K5 each of the two vertices can be only a start point or an endpoint

of some detour which coincides with the characterization of detour extreme points.
Necessity. Let us consider a vertex x € V(G) and its neighborhood N(x). In this

neighborhood exists a € N(z) which lies on some detour that starts or ends on x, but since

a is an extreme itself the detour ends or starts on a respectively. Therefore, Dg(a,z) =1

which means that there is no cycle in G containing the edge ax, and since G is a block,
this is possible only if G = K. U

Let Bg be a family of all blocks whose induced subgraph is not Ks in G and K¢ is a
family of blocks whose induced subgraph is K5 or a bridge in G. We define Ez¢ : 2V(©) —
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R, which is a number of detour extreme vertices in a subgraph induced by some subset of
G.
Further result shows that any graph G is p-all-path convex for all
p< > Exqg(B)+|Kg|+1. As mentioned in the next proof, the process of edge deletion
BeBg
is shown in Figure 3 where dashed edges of G are to be deleted since a is detour extreme

in G.

F1GURE 3. A biconnected graph G with detour exteme vertex a

Lemma 3.6. A connected graph G can be partitioned into at most
> Ezg(B)+ |Kg|+ 1 detour convex sets.
BEBg
Proof. Since every all-path convex set is also a detour convex set, the least number of
detour components in p-partition equals the number of all-path components that are
created by removing bridges. By Lemma 3.1, the number of such components is |K¢g| + 1.
Further, every such bridgeless connected component C' can be partitioned into more detour
convex due to the extreme vertices. Using previously proven Theorem 3.4, we can divide
C into complementary detour convex sets by finding a block B C C' and a vertex x that is
extreme in G[B] and removing edges that connect x to Ng(pj(z). Moreover, the previous
theorem ensures that such removal for each extreme vertex always increases the number of
connected components by 1. An overall number of such divisions for the component equals
> Exzc(B), which means that C' can be partitioned into Y, (Ezc¢(B) + 1) detour

BeBc BeB¢

convex sets. Therefore, since the number of such components is |K¢g| + 1, the maximum

possible number of detour convex set in the partitionis >, Exzq(B)+ |Kq|+ 1. O
B€eBg

Note that trees are simultaneously p-all-path convex and p-detour convex since they do
not have non-bridge blocks.

4. CONCLUSIONS

In the paper, we showed that the p-partition problem is NP-hard for detour convexity
and linear for all-path convexity. For the former convexity, it was proved by algorithms
in section 3.2. We also considered the closely related problem of separation for both
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convexities. This way we not only introduced new properties of the convexities, but also
established a relation between detour convexity and all-path convexity.
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