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05-OPEN SETS IN PYTHAGOREAN FUZZY NANO TOPOLOGICAL
SPACES

MOHANARAO NAVULURI', K. SHANTHA LAKSHMI?*, A. VADIVEL?**, V. SIVAKUMAR?, §

ABSTRACT. The purpose of this paper is to define and study a new class of sets called
Pythagorean fuzzy nano ¢ (resp. ¢ pre, § semi, dov and §3)-open sets in Pythagorean
fuzzy nano topological spaces. Analyse the basic properties of Pythagorean fuzzy nano 0
(resp. 0 pre, d semi, dar and §3)-open (resp. closed) sets. We also used them to introduce
the new notions like Pythagorean fuzzy nano ¢ (resp. d pre, § semi, da and ¢3)-closure
(resp. interior) and investigate their relations with already existing well known sets. We
apply entropy measure for decision making problem of selecting the optimum wastewater
treatment method for the dying factories based on the required criteria.

Keywords: Pythagorean fuzzy nano open set, Pythagorean fuzzy nano § open set,
Pythagorean fuzzy nano ¢ interior, Pythagorean fuzzy nano ¢ closure.

AMS Subject Classification: 03E72, 54A05, 54A40.

1. INTRODUCTION

Zadeh in [19] established the idea of fuzzy in 1965, which is a generalization of usual
set using fuzzy where each element has a membership degree in [0,1]. The subsequent
advancement of fuzzy subsets was the intuitionistic fuzzy set published by Atanassov, [3] in
1983, which has elements having membership and non-membership degree. In 1968, Chang
in [4] defined fuzzy topological space and fundamental results such as continuity, open and
closed set. Following this, Lowen in [8] defined fuzzy topological space in other form. Coker
introduced the idea of intuitionistic fuzzy topological space with few properties, see [5].
The concept of Pythagorean fuzzy subset which is a typical fuzzy subset was presented by
Yager, see [17, 18]. Pythagorean fuzzy topological space was introduced by Olgun in [8]
by taking the lead as from Chang.
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In 2013, a new topology called Nano topology was introduced by Lellis Thivagar [6]

which is an extension of rough set theory. He also introduced Nano topological spaces
which were defined in terms of approximations and boundary region of a subset of a uni-
verse using an equivalence relation on it. The elements of a Nano topological space are
called the Nano open sets and its complements are called the Nano closed sets. Nano
means something very small. Nano topology, thus literally means the study of very small
surface. The fundamental ideas in Nano topology are those of approximations and indis-
cernibility relation. Furthermore nano § open sets in nano topological space was studied
n [12]. Recently, Lellis Thivagar et. al [7] explored a new concept of neutrosophic nano
topology. The notion of Z-closed sets in double fuzzy topological spaces were introduced
by Shiventhiradevi Sathaananthan et. al. [14, 15] in 2020 and studied some of their prop-
erties, and also M-open sets in a nano topological spaces by Padma et. al. [9], d-open
sets in a nano topological spaces by Pankajam and Kavitha[l12] and neutrosophic nano
topological space by [16].
Research Gap: No investigation on some stronger and weaker forms of Pythagorean
fuzzy nano open sets such as Pythagorean fuzzy nano § open set, Pythagorean fuzzy nano
d-semi open set, Pythagorean fuzzy nano J-pre open set, Pythagorean fuzzy nano da open
set and Pythagorean fuzzy nano §3 open sets on Pythagorean fuzzy nano topological space
has been reported in the Pythagorean fuzzy literature.

In this paper some preliminary concepts required in our work are briefly recalled in
section 2. In section 3, we introduce the concept of PYFYMNo, PYFYNdo, PYFYNISo,
PYFYNGPo, PYFYNdao and PYFYNIPo sets and studied some of their properties.
Also, we discuss on Pythagorean fuzzy nano d-interior and Pythagorean fuzzy nano §-
closure operators in Pythagorean fuzzy nano topological spaces.

2. PRELIMINARIES

Definition 2.1. [19] A function A from X into the unit interval I is called a fuzzy set in
X. For every x € X, A(z) € I is called the grade of membership of x in A\. Some authors
say that A is a fuzzy subset of X instead of saying that A is a fuzzy set in X. The class of
all fuzzy sets from X into the closed unit interval I will be denoted by IX.

Definition 2.2. [19] If A and { are any two fuzzy subsets of a set X, then A is said to be
included in £ or A is contained in £ or A is less than or equal to £ iff A\(x) < ¢(z) for all
in X and is denoted by A < &. Equivalently, A < & iff py(z) < pe(z) for all z in X.

Note that every fuzzy subset is included in itself and empty fuzzy subset is included in
every fuzzy subset.

Definition 2.3. [19] Two fuzzy subsets A and p of a set X are said to be equal, written
A= p, if M(z) = p(x) for every = in X.

Definition 2.4. [19] The complement of a fuzzy subset A in a set X, denoted by 1 — A,
is the fuzzy subset of X defined by 1 — A(z) for all  in X. Note that 1 — (1 — ) = A.

Definition 2.5. [19] The union of two fuzzy subsets A and u in a set X, denoted by AV p,
is fuzzy subset in X defined by (A V p)(z) = max{\(x), u(z)}, for all z in X.

In general, the union of a family of fuzzy subsets {; : i € I} is a fuzzy subset denoted
by Ve & and defined by (\/;c;&)(z) = sup{&(z) : i € I}, for all z in X.

Definition 2.6. [19] The intersection of two fuzzy subsets A and p in a set X, denoted
by A A u, is fuzzy subset in X defined by (A A p)(x) = min{A(z), u(x)}, for all z in X.



484 TWMS J. APP. ENG. MATH. V.16, N.4, 2026

In general, the intersection of a family of fuzzy subsets {{; : i € I} is a fuzzy subset
denoted by A,c;& and defined by (A;c;&)(x) = inf{&;(x) : i € I}, for all z in U.

Definition 2.7. [17, 18] Let X be a universal set. Then, a Pythagorean fuzzy set A, which
is a set of ordered pairs over X, is defined by the following: A = {< z, pa(x), Aa(z) >
|t € X} or A = {<M> |z € X}, where the functions pa(z) : X — [0,1] and
Aa(x) : X — [0,1] define the degree of membership and the degree of nonmembership,
respectively, of the element x € X to A, which is a subset of X, and for every =z € X,
0 < (pa(z))? + (Ma(x))? < 1. Supposing (ua(x))? + ()\A( )2 <1, then there is a degree
of indeterminacy of * € X to A defined by ma(z) = /1 — [(na(z))? + (Aa(z))?] and
TI'A( ) [0, 1]. In what follows, (/LA( )) (AA( )) +(7TA( )) =1. Otherwise7 7TA(1,‘) =0
whenever (114(7))% + (Aa(z))? = 1. We denote the set of all Pythagorean fuzzy sets over
X by pfs(X).
Definition 2.8. [18] Let A and B be pfs’s of the forms A = {< a, ua(a), Aa(a) > |a € X}
and B = {< a,up(a),\p(a) > |a € X}. Then

(i) AC B if and only if pa(a) < pp(a) and Aa(a) > Ag(a) for all a € X.

(il) A= B if and only if A C B and B C A.

(i

i

(

)
)
i) A={<a, a(a),pa(a) >la e X}.

(iv) AN B ={<a,pa(a) A pp(a),Aa(a) vV Ap(a) > |a € X}.
v) AUB ={<a,pa(a)Vug(a),\a(a) ANAg(a) > |a € X}.
(vi) 0p ={< a,0,1 >]a€e X} and 1p ={< a,1,0 > |a € X }.

(Vll) lp—Op and Op—lp

Definition 2.9. [1] Let U be a non-empty set and R be an equivalence relation on U. Let A
be a Pythagorean fuzzy set in U with the membership function p4(x) and non membership
function Ag(z), V € U. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano
upper approximation and Pythagorean fuzzy nano boundary of A in the approximation
(U, R) denoted by PYFYN(A), PYFYN(A) and Bpyryn(A) are respectively defined as
follows:

(i) PYFYN(A) = { (&, ) (2), Agia) (2) /9 € [alm,w € U}

(i) PYFIYN(A) = {(z, s 4)(@): Ay (2))/y € [alm,w € U}
(iii) Bpyrym(A) = PYFIYN(A) — PYFIN(A)

where ppa)(2) = /\ €lz]g HA ay)
Ar(4)(@) = Nyepa)p Aa),
HR(A) () = \/ye[m]R pa(y),
)\E(A) (:E) = Vye[:c]R ( )

Definition 2.10. [1] Let U be an universe of discourse, R be an equivalence relation on U
and A be a Pythagorean fuzzy set in U and if the collection 75 (A) = {0p, 1p, PYFYN(A),
PYFYN(A), Bpyrym(A)} forms a topology then it is said to be a Pythagorean fuzzy nano
topology. We call (U,7r(A)) (or simply U) as the Pythagorean fuzzy nano topological
space. The elements of 7 (A) are called Pythagorean fuzzy nano open (briefly, PYFYo)
sets.

Remark 2.1. [1] [7r(A)]¢ is called the dual fuzzy nano topology of 7g(A). Elements of
[Tr(A)]¢ are called Pythagorean fuzzy nano closed (briefly, PYFYMNc) sets. Thus, we note
that a Pythagorean fuzzy set G of U is Pythagorean fuzzy nano closed in 7 (A) if and
only if 1p — G is Pythagorean fuzzy nano open in 7 (A).
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Definition 2.11. [1, 2] Let (U, 7r(A)) be a PYFYINts with respect to A where A is
a Pythagorean fuzzy subset of U. Let S be a Pythagorean fuzzy subset of U. Then
Pythagorean fuzzy nano
(i) interior of S (briefly, PYFYNint(S)) is defined by PYFYNint(S) = U{I : I C
S & I'isa PYFYNo set in U}.
(ii) closure of S (briefly, PYFYNcI(S)) is defined by PYFYNcl(S) = N{4A : § C
A& Aisa PYFYNe set in U}.
(iii) regular open (briefly, PYFYNro) set if S = PYFYNint(PYFYNcl(S)).
(iv) regular closed (briefly, PYFYNre) set it S = PYFYNc(PYFYNint(S)).

3. PYTHAGOREAN FUZZY NANO § (RESP. § PRE, § SEMI, o AND 63)-OPEN SETS

Definition 3.1. Let (U,7r(A)) be a PYFYINts with respect to A where A is a pfs
of U. Let S be a pfs of U. Then Pythagorean fuzzy nano ¢ interior (resp. closure)
of S (briefly, PYFYNJint(S) (resp. PYFYNIcl(S))) is defined by PYFYNyint(S) =
U{I : 1 C S & IisaPYFYNro setin U} (resp. PYFYNocl(S) = Nn{4A : S C
A& Aisa PYFYNre setin U}).

Definition 3.2. Let (U, mr(A)) be a PYFYMNts with respect to A where Ais apfsof U.
Then a PYFYNs S in U is said to be Pythagorean:
(i) fuzzy nano d-open set (briefly, PYFYNdos) if S = PYFYNJyint(S).
(ii) fuzzy nano dP-open set (briefly, PYFYNoPos) if S C PYFYNint(PYFYNicl(S)).
(iii) fuzzy nano dS-open set (briefly, PYFYNSos) if S C PYFYNcl(PYFYNoint(S)).
(iv) fuzzy nano d« or a-open set (briefly, PYFYNoaos or PYFYNaos) if S C PYFYNint
(PYFYNA(PYFYNdint(S))).
(v) fuzzy nano 3 or e* -open set (briefly, PYFYN6Los or PYFIYNe*os) if S C PYFIYN
A(PYFYNint(PYFYNSCL(S))).
(vi) & (resp. 0 pre, ¢ semi, da and §/3) dense if PYFYNIcl(A) (resp. PYFYNOPcl(A),
PYFYNIScl(A), PYFYNoacl(A) and PYFYNBcl(A)) = 1p.
The complement of a PYFYNdos (resp. PYFYNIPos, PYFYNISos, PYFYNdaos
& PYFYNGOPos) is called a PYFYNS (resp. 0P, 0S, da and §f3) closed set (briefly,
PYFYNdcs (resp. PYFYNIPes, PYFYNIScs, PYFYNdacs and PYFYNGes)) in U.

The family of all PYFYMNdos (resp. PYFIYNdcs, PYFYNIPos, PYFYNIPcs,
PYFYN6Sos, PYFYNIScs, PYFYNdaos, PYFYNoacs, PYFYINSPos and PYFYN
0fcs) of U is denoted by PYFYNOOS(U), (resp. PYFYN SCS(U), PYFYNIPOS(U),
PYFYNR 6PCS(U), PYFYNISOS(U), PYFYNISCS(U), PYFYNSaOS(U), PYFIYN
0aCS(U), PYFYNSBLOS(U) and PYFYNIFCS(U)).

Definition 3.3. Let (U, 7z (A)) be a PYFYMNts with respect to A where A is apfsof U.
Let S be a pfs of U. Then Pythagorean fuzzy nano

(i) 0 pre (resp. ¢ semi, da and 03) interior of S (briefly, PYFYNIPint(S) (resp.
PYFYNISint(S), PYFYNdaint(S) and PYFYNI[int(S))) is defined by PYFYN
IPint(S) (resp. PYFYNOSint(S), PYFYNoaint(S) and PYFIYNIFint(S)) = U{I :
I C S & IisaPYFYNIPo (resp. PYFYNISo, PYFYNoao & PYFYNFo)
set in U}.

(ii) 6 pre (resp. d semi, o and ) closure of S (briefly, PYFYNOPcl(S) (resp. PYFY
N6Scl(S), PYFYNSacl(S) and PYFYNSB(S))) is defined by PYFYNSPe(S)
(resp.  PYFYN 8Scl(S), PYFYNsacl(S) and PYFYNGF(S)) = N{A : § C
A& Aisa PYFYNIPe (resp. PYFYNOSc, PYFYNdac & PYFYNoPc) set in
U}.
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Theorem 3.1. Let (U,7r(A)) be a PYFYMNts. Then, (i) Every PYFYNdo (resp. (ii)
PYFYNdo, (iii) PYFIYNdo, (iv) PYFINISo, (v) PYFYNIPo, (vi) PYFYNdao and
(vil) PYFYNoao ) set is PYFYNo (resp. (ii) PYFYNIPo, (iii)) PYFYNISo, (iv)
PYFYNIBo, (v) PYFYNIBo, (vi) PYFYNIPo and (vii) PYFYNISo) set.

Proof.

(i) If S is a PYFYNdos in U, then S = PYFYNsint(S) C PYFYNint(S). Therefore,
S is a PYFYNos.

(i) If S is a PYFYNdos in U, then S is PYFYNos by (i). So, S C PYFYNint(S) C
PYFYNA(PYFYNJint(S)). Therefore, S is a PYFYNISos.

(iii) If S is a PYFYNdos in U, then S is PYFYNos by (i). So, S C PYFYNint(S) C
PYFYNint(PYFYNocl(S)). Therefore, S is a PYFYNIPos.

(iv) If S is a PYFYNSos in U, then S C PYFYNc(PYFIYNyint(S)) C PYFIYNcl
(PYFYNint(PYFIYNIcl(S))). Therefore, S is a PYFYNI[os.

(v) If S is a PYFYNOPos in U, then S C PYFYNint(PYFYNocl(S)) C PYFYNcl
(PYFYNint(PYFYNSIcl(S))). Therefore, S is a PYFYNI[os.

(vi) If S is a PYFYNdaos in U, then S C PYFYNint(PYFYNcl(PYFYNint(9))).
So S C PYFYNint(PYFYNc(PYFYNSint(S))) C PYFYNcl(PYFYNyint(S)).
Therefore, S is a PYFYI6Sos.

(vii) If S is a PYFYNoawos in U, then S C PYFYNint(PYFYNcl(PYFYNdint(S))).
So, S € PYFYNint(PYFYNcA(PYFYNyint(S))) C PYFYNint(PYFYNcl(S)).
Therefore S is a PYFYIN6Pos. It is also true for their respective PYFYMN closed
sets.

Remark 3.1. The diagram shows PYFYNdos’s in PYFYNis.

— T

[PYFYNGS0s| —— [PYFYNGfos | «—— [PYFYNGPos|

‘\ /

| PYFYyNsaos|

The converse of the Theorem 3.1 need not to be true. The following examples show it.

Example 3.1. Assume U = {s1, $2, $3, 84} be the universe set and the equivalence relation

is U/R = {{s1,s4},{s2}, {s3}}. Let A= {<o.3s,1o.1> , <o.f,2(J.5> ’ <0.2f§.45> ’ <0.4?3.25>} be a
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B 51,84 82 53
PYFYM(A) = {<0‘370'25> ’ <0,1,0_5> ’ <0.2,0.45>} ’
_ _ S1, S4 52 53
PYFYN(A) = {<0'470‘1> ’ <0-170,5> ’ <O.2, 0.45>} ’

B S1, 84 52 53
Bpyrym(4) = {<0_25, 0,3> ’ <0,1,0.5> ’ <0.2,0.45>} '

Thus 7r(A) = {0p, 1p, PYFIYN(A), PYFYN(A), Bpyrym(A)}. Then

® {<02:(Sf1>’<0.f,2().5>’<0.2f3.45>} is a PYFYNo (resp. PYFYNIPo, PYFYNB0
and PYFYNGPo ) set but not PYFYNSo (resp. PYFIYNso, PYFYINISo and
PYFYNdao) set.

(ii) {<0:9215;f[;‘.3> , <0.55720.1> , <0'4§3:0.2>} is a PYFYNoSo set but not PYFYNdo (resp.
PYFYNIPo) set.
(i) { (53535 ) > (oot ) (5% ) } i @ PYFYMIB0 set but not PYFYNGPo set.

Theorem 3.2. Let (U, 7r(A)) be an PYFYNts and {S,|a € I} be a family of PYFYN6 Lo
(resp. PYFYNOPc) sets in (U, 7r(A)). Then | J{Sala € I} (resp. ({Salov € I}) is a
PYFYNS[os (resp. PYFYNILes).

Proof. Let {Sy|a € I'} ba a family of PYFYNPo sets in (U, 7r(A)). Then for each «,
Su C PYFYNA(PYFYNint (PYFYNI(S,))). Since So C U Sa, PYFYNA(PYFYN
int(PYFYNIcl(Sy))) T PYFYNA(PYFYNint(PYFYNocl (|JSa))) and also S, C
PYFYNel (PYFYNint (PYFYNScl(JSa))). Hence |JSa C PYFYNA(PYFYNint
(PYFYNScl(|J Sa))) which shows that | S, is an PYFYINoLFos. The other case is simi-
lar.

Remark 3.2. The Theorem 3.2 is also true for PY FYINISos, PYFYNIPos and PYFYN
dao.

Theorem 3.3. Let K be a PYFYMNoPcs in (U, 7r(A)) then PYFYNILcl(K) — K does
not contain any non-empty PYFYNes in (U, 7r(A)).

Proof. Let K be a PYFYNIfFes in (U, 7r(A)) and S be a PYFYMNcs of PYFYNS
cl(K)— K. That is, S C PYFYNBcl(K) — K implies S C PYFYNILBl(K) A (1p — K).
That is S C PYFYNIBcl(K) and S C (1p — K) which implies K C (1p — S) where
1p—Sisa PYFYNo set. Since K is PYFIYNI[cs, PYFYNIBcl(K) C (1p—S). That is
S C(1p—PYFYNIBcl(K)). Thus S C PYFYNRIL(K)N(1p—PYFYNIPcl(K)) = 0p.
Hence S = 0p. Therefore PYFYN6Lcl(K)— K does not contain any non-empty PYFYNe
set in (U, 7r(A)).

pfsof U.

Remark 3.3. The converse of the theorem 3.3 need not be true as seen from the following
example.

Example 3.2. In Example 3.1, let K = {<Osj}1’g‘_‘1> , <0.f20.5> , <0.238_45>} be any subset of
U then PYFYNIBcl(K) — K = 1p — K which is a non-empty PYFYNcs in U, but K is
not a PYFYNISBcs in U.

Theorem 3.4. Let K be a PYFYN subset in (U, 7r(A)) then K is PYFYNifcs iff
PYFYNIBel(K) — K is a PYFYNe set in (U, 7r(A)).
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Proof. Let K be a PYFYN subset in (U, 7R (A)). Assume that K is PYFYIN0Lcs
then we have PYFYNOLcl(K) = K, PYFYNIBcl(K) — K = 0p which is PYFYNcs.

Conversely, assume that PYFYN0SBcl(K)—K be PYFYNcs and K is a PYFYNI[e set
in U. Now PYFYNIBcl(K)— K is a PYFYNe subset of itself. Therefore by theorem 3.3,
PYFYNIBel(K) — K = 0p. That is PYFYNIBcl(K) = K, implies K is PYFYNIBes.

Theorem 3.5. If K is PYFYNISc set in (U, 7r(A)) and K C L C PYFYNI[cl(K),
then L is also PYFYNSBes in (U, 7r(A)).

Proof. Let K be a PYFYNIGc set in U and K C L C PYFYNIPcl(K). Let
L C O where O be PYFYIc set in U. Since K C L, implies K C O and K is
PYFYNIBes, implies PYFYNIFcl(K) C O. By hypothesis L C PYFYNILcl(K), im-
plies PYFYNIBcl(L) C PYFYNIBA(PYFYNIBl(K)) = PYFYNIBel(K) C O, which
implies PYFYNOBcl(L) C O. Therefore L is PYFYNiBes in U.

Theorem 3.6. If a subset K of U is PYFYNISc set, then PYFIYNcl({z,}) N K # 0p
for each x, € PYFYNSBcl(K).

Proof. Suppose K is a PYFYNSBc set and x, € PYFYNIBcl(K). If possible
PYFYNcl({z,}) VK =0p. Then K C 1p — PYFYNcl({z,}) and 1p — PYFIYNcl({x,})
is a PYFYNo set containing K. Since K is PYFYNISe set, implies PYFYNI[cl(K) C
1p — PYFYNcl({x,}) which is a contradiction to x, € PYFYNILBcl(K). Therefore,
PYFYNcl({z,}) N K # 0p.

Theorem 3.7. If PYFYNIBO(U, A) = PYFYNIBC(U, A), then PYFYNSBC(U, A) =
P(U) is the power set of U.

Proof. Suppose K C O, where O is PYFYNdos in U. Since every PYFYNdo
set is PYFYN6Pos, O is PYFYNSBos. By hypothesis, O is PYFYNIBcs. Hence,
PYFYNIBel(K) € O. Therefore, K is a PYFYNIBc set. Since, K is arbitrary, by
Theorem 3.6, every subset of U is PYFYMNoLcs. Thus PYFYNISC (U, A) = P(U).

Remark 3.4. The Theorems 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7 are also true for PYFYNIPos
(U), PYFYN6Sos(U) and PYFYNSao(U).

Proposition 3.1. If S is a PYFYNdos and T is a PYFYNiFos, then S NT is a
PYFYNSBos.

Proof. SNT C SN PYFYNA(PYFYNint(PYFYNocl(T))) € PYFYNel(S N
PYFYNint(PYFIYNIc(T))) C PYFYNA(PYFYNint(PYFYNocl(SNT))). Therefore
SNTisa PYFYNILos.

Remark 3.5. The Proposition 3.1 is also true if T" is a PYFYN6Pos, PYFYNiSos and
PYFYNdaos.

Proposition 3.2. If S is a PYFYNIPos and T is a PYFYNdxos. Then SNT is a
PYFYNOPos.

Proof. SNT C PYFYNint(PYFIYNScI(S))) N PYFYNint(PYFYNcl(PYFYNS
int(T)) € PYFYNint(PYFYNint (PYFYNSI(S))) N PYFYNel (PYFYNSint(T)) C
PYFYNint (PYFYNel (PYFINSCL(S))) NPYFYN(PYFYNsint (T)) C PYFINint
(PYFYNcl (PYFINSc(SNT))) = PYFYN int(PYFINScl(SNT)). Therefore, SNT
is a PYFYNSPos.

Corollary 3.1. If S is a PYFYNOPcs and T is a PYFYNdacs. Then SUT is a
PYFYNOPcs.
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Proposition 3.3. If S is a pfs of U and T is a PYFYNIPos of U such that T C S C
PYFYNRA(PYFYNIint(T)). Then S is a PYFYNIGos.

Proof. Since T is a PYFYNIPos, T C PYFYNint(PYFYNicl(T)). Now S C
PYFYNRA(PYFIYNIint(T)) C PYFYNA(PYFYNdint(PYFYN int(PYFYNocl(T))))
= PYFYNA(PYFYNint(PYFYNoci(S))). Hence S C PYFY Ncl(PYFYNint(PYFY
MNocl(S))). Therefore S is a PYFYNIFos.

Proposition 3.4. If each T is a PYFYINIPos which is a PYFYNIScs is also a PYFYN
0Sos.

Proof. Let T'be a PYFYN6Sos and PYFYNIScs. Then, T' C PYFYNcl(PYFYNint
(PYFYNSI(T))) and PYFYNint (PYFYNocl(T)) C T. Therefore, PYFYNint(PYFY
Nocl(T)) C T and so, PYFYNA(PYFYNint(PYFYNocl(T))) C PYFYNA(PYFYN
0int(T)). Hence, T C PYFYNA(PYFYNint(PYFYNocl(T))) € PYFYNcl (PYFIYN
0int(T)). Therefore, T is a PYFYNISos.

Proposition 3.5. If T is a PYFYNISBes and PYFYNISos. Then T is a PYFYNIScs.

Proof. Since T is a PYFYNISBecs and PYFYNISos. Then, 1p — T is a PYFYNLos
and PYFYIIScs and so by Proposition 3.4, 1p — T is a PYFYNISos. Therefore T is a
PYFYNiScs.

Proposition 3.6. If each T is a PYFYIdPos which is a PYFYNdacs is a PYFYNdcs.

Proof. Let T be a PYFYNSBos and PYFIYNSacs. Then, T C PYFINA(PYFYN
int(PYFYNScI(T))) and PYFINcl (PYFYNint(PYFYNGS cl(T))) C T. Therefore,
PYFYNA(PYFYNint (PYFINSA(T)) € T C PYFYNA(PYFYNint (PYFYNScl
(T))). So, T = PYFYN(PYFYNint (PYFYNScI(T))). Therefore, T is a PYFYNdcs.

Corollary 3.2. If each S is a PYFYMNOBces, which is PYFYNawos, is also a PYFYNdos.

Theorem 3.8. Let (U, 7r(A)) be a PYFYNts, S be a PYFYNISos and T be a PYFYNs
such that T C S C PYFYNIScl(T). Then T is also a PYFYNoSos.

Proof. S C PYFYNIScl(T), implies that PYFYNIScl(S) C PYFYNOScl(T) and so
S C PYFYNA(PYFYNSint(S)) C PYFYNel (PYFYNSint(T)) and so T C PYFYNel
(PYFYNoint(T)). Therefore T is a PYFYNISos.

Remark 3.6. Theorem 3.8 is also true for PYFYNIPos, PYFYNdaos and PYF YIS Pos.

Theorem 3.9. Let (U, 7r(A)) be a PYFYMNts and let S and T be pfs sets. Then the
following hold.
(i) PYFYNIBint(0p) = 0p and PYFYNIBint(lp) = 1p.
(ii) S is a PYFYNOBos iff S = PYFYNFint(S).
(iil) PYFYNOBint(S) is the greatest PYFYNIBos containing S.
(iv) PYFYNIBint(PYFYNOLint(S)) = PYFIYNIBint(S).
(v) S C T implies that PYFYNIBint(S) C PYFYNSBint(T).
(vi) PYFYNIBint(SNT) =PYFYNIBint(S) N PYFYNOBint(T).
(vil) PYFYNIBint(SUT) D PYFYNFint(S) U PYFYNSLBint(T).
(viii) PYFYNIBint(S) C S.
(ix) (1p = PYFYNOBint(S)) = PYFYNILBcl(1p — S).
x) PYFYNIBint(S) is the greatest PYFYNJSos contained in S.

Proof.
(i) The proofs are directly from Definition 3.2.

(
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(ii) Suppose S is any PYFYNBos of U. Then, the greatest PYFYNJ[os containing in
S is itself. Therefore PYFYNIS int(S) = S.

(iii) If G is any PY FYIN0Bos contained in S, then S C PYFYNIBint(S). Hence, PYF YN
dpint(S) is the greatest PYFYNJBos containing S. Similarly we can prove (x).

(iv) By (iil) the greatest PYFYNIBos containing PYFYNIFint(S) is itself. Hence,
PYFYNIBint(PYFYNIBint(S)) = PYFYNIBint(S).

(v) PYFYNIBint(T) = U{G|G is aPYFYNros and G C T} D U{G|G is a PYFYNros
and G C S} = PYFYNIS int(S). Then PYFIYNIBint(S) C PYFIYNIBint(T).

(vi) PYFIYNIBint(SNT) =U{C|C is an PYFYNros and C C SNT} = (U{C|C is a
PYFYNrosand C C S}HN(U{C|Cis aPYFYNros and C C T}) = PYFYNFint
(S) NPYFYNSBint(T).

(vil) S € SUT or T C SUT. Hence PYFYNsFint(S) C PYFYNSFint(SUT) or
PYFIYNSBint(T) C PYFYNSBint(S U T). Therefore, PYFYNIFint(S UT) 2D
PYFYNSFint(S) U PYFYNSBint(T).

(viii) PYFYNIGint(S) = U{G|G is an PYFYNros and G C S}. Thus, PYFYNIFint(S)
cS.

(ix) PYFIYNIBint(S) is the greatest PYFYINI[os containing S. The complement is the
smallest PYFYMN6PBcs contained in 1p — S. Therefore, 1p — PYFYNIFint(S) =
PYFYNSBel(lp — S).

Theorem 3.10. Let (U, 7r(A)) be a PYFYNts and let S and T be pfs sets. Then the
following hold.

() PYFYNGBcl(0p) = 0p and PYFYNIBcl(1p) = 1p.
S is an nyym(;ﬂcs ifft S =PYFYNIBl(S).

Proof. (x) Suppose x € PYFYNILcl(S). Let T be a PYFYNSPos containing x. If
SNT = 0p, then 1p — T is a PYFYNdPcs containing S and so x ¢ PYFYNISBc(S),
a contradiction. Therefore, SNT # 0p. If x ¢ PYFYNIBc(S), then there exists a
PYFYNIBes C containing S such that z ¢ C. Then D = 1p — C is a PYFYNPos
containing z such that SN D = 0p, a contradiction. Therefore, x € PYFYMNIScl(S). The
other cases are follows from Theorem 3.9.

Theorem 3.11. Let (U,7r(A)) be a PYFYNts and S be a pfs set. Then the following
hold.

(i) PYFYNSPint(S) C SN PYFYNint(PYFINScI(S)).
(ii) PYFYNSPC(S) D S UPYFYNA(PYFYNSint(S)).

(ili) PYFIYNSSint(S) C S NPYFYN(PYFYNSint(S)).
(iv) PYFYNGS(S) D S UPYFYNint(PYFIYNSc(S)).

v) PYFYNSaint(S) C S N PYFYNint(PYFYNcl(PYFYNGint(S))).
(vi) PYFYNSacl(S) D S UPYFYN(PYFYNint(PYFINSCI(S))).
(vil) PYFYNSBint(S) C S N PYFINA(PYFYNint(PYFYNSCI(S))).
(viii) PYFYNSB(S) D S UPYFINint(PYFYNA(PYFIYNSint(S))).
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Proof. (ii) Since PYFYNOPcl(S) is PYFYNoPcs, we have PYFYNcl(PYFYNdint
(S)) € PYFYNA(PYFYNSint (PYFYNSPC(S))) € PYFYNGP(S)). Thus S U
PYFYNcl (PYFYNoint(S)) C PYFYNIPcl(S). The other cases are similar.

Theorem 3.12. Let (U, 7r(A)) be a PYFYNts and let S be a pfs set. Then the following
are equivalent.
(i) Sis PYFYNOS dense.
(ii) PYFYNIBl(S) = 1p.
(iii) If T is any PYFYNOScs 3 S C T, then T = 1p.
(iv) Every non-empty PYFYNJSos has a non-empty intersection with S.
(v) PYFYNSBint(lp — S) = 0p.

Proof. (i) = (ii): Suppose z ¢ PYFYNIPBcl(S). Then there exists an PYFYNoPos G
containing x 3 G NS # 0p. Since G is a non-empty PYFYNIPBos, there is a non-empty
PYFYNos H> H C G and so HNS = 0p, a contradiction. Therefore, PYFYNIcl(S) =
U.

(ii) = (iii): If 7" is any PYFYNBcs > S C T, then 1p = PYFYN[Bcl(S) C
PYFYNIBel(T) = T which implies that T = U.

(iii) = (iv): If G is a non-empty PYFYMNoFos > GNS = 0p, then S C 1p — G and
1p — G is PYFYNPBes. By (iii), it follows that G = 0p, a contradiction.

(iv) = (v): Suppose that PYFYN6Bint(1p — S) # Op. Then PYFYNIFint(lp — S)
is a non-empty PYFYNJos > PYFYNJint(lp — S) NS # O0p, a contradiction to the
hypothesis.

(v) = (i): PYFYNBint(lp — S) # 0p implies that 1p — PYFYNFint(lp — S) =
1p. Thus PYFYNBcl(S) = 1p. Hence PYFYNI[cl(S) = 1p which shows that S is
PYFYNS B-dense.

Remark 3.7. The Theorems 3.9, 3.10 and 3.12 are also true for PYFYNdos, PYFYNOP
0s, PYFYNISos and PYFYNdaos of their respective interior and closure operators.

4. APPLICATION

Entropy, as a measure of fuzziness, was first introduced by Zadeh [19] in the context
of fuzzy set theory. Zadehs pioneering work provided a quantitative way to capture the
uncertainty or vagueness inherent in fuzzy sets, allowing for a more rigorous analysis of
imprecise information. Since then, numerous mathematicians and researchers have pro-
posed various entropy measures, each designed to capture different aspects of uncertainty,
such as the degree of dispersion, ambiguity, or conflict within a set. These measures have
been widely applied in fields ranging from decision-making and pattern recognition to
information theory and engineering.

In this section, we focus on defining an entropy measure specifically for Pythagorean
fuzzy sets (pfs). Unlike classical fuzzy sets, Pythagorean fuzzy sets are characterized by
both a degree of membership and a degree of non-membership, with the constraint that
the sum of the squares of these degrees does not exceed one. Therefore, any entropy
measure for pfs must account for both membership and non-membership simultaneously,
reflecting the overall fuzziness of the information more accurately. By establishing a
connection between the degrees of membership and non-membership, the proposed entropy
measure provides a comprehensive way to quantify uncertainty in Pythagorean fuzzy sets,
making it particularly useful in situations where information is incomplete, imprecise, or
contradictory.

To illustrate the applicability of the proposed entropy measure, we have applied it to
a practical example in the field of seasons. In this example, seasonal characteristics are
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expressed using Pythagorean fuzzy sets, capturing the inherent uncertainty in factors such
as temperature, rainfall, and climate variability. The entropy measure then allows us to
quantify the fuzziness of these seasonal descriptions, demonstrating the effectiveness of
the approach in modeling and analyzing real-world uncertain information. This example
highlights how the proposed entropy measure can provide meaningful insights in domains
where precise information is difficult to obtain, thereby supporting more informed and
robust decision-making.

Definition 4.1. Let A = {< z,pa(z), Aa(x)|]z € X} be a pfs in X. The new entropy
measure for A denoted by e,f5(A), is a function, epfs @ 7prs(X) — [0,1] and is defined
as epfs(A) =1 =157 (aal@i) — ya(2))?(1 — ma(z;)); for every‘z; € A, where 7,75(X)
denote the family of all pfs’s on X.

Example 4.1. With the rapid development of the economy and industrialization, water
pollution has become an inevitable consequence of human activity, posing a significant
threat to human health and the environment. Contaminated water not only affects aquatic
life but also disrupts ecosystems and reduces the availability of safe drinking water for
communities. Consequently, effective water pollution treatment has emerged as a critical
social and environmental issue, demanding attention from policymakers, industries, and
environmental scientists alike.

In particular, the Cauvery River, which is the largest and most significant river in
Tamil Nadu, has experienced increasing levels of pollution over the past few decades. This
pollution is primarily caused by effluents discharged from dying factories and untreated
or partially treated industrial wastewater. As the population and industrial activities in
the region continue to grow, the severity of the rivers contamination is worsening year
by year, leading to adverse ecological and human health impacts. For instance, excess
chemical pollutants and heavy metals in water can lead to the bioaccumulation of toxins
in aquatic species, which eventually enter the human food chain.

Efforts have been made to reduce industrial wastewater discharge in key districts such
as Tirupur, Bhavani, Erode, and Karur, and many factories have gradually brought their
effluents closer to legally mandated emission standards. Alongside regulatory enforcement,
significant improvements have been made in the facilities and scale of wastewater treat-
ment systems. Modern treatment plants now incorporate advanced filtration, sedimenta-
tion, and chemical treatment methods, making the treatment processes more efficient and
environmentally friendly. Nevertheless, in order to maintain the stability and effectiveness
of wastewater treatment, it is essential for factories to periodically update and upgrade
their treatment facilities, adopting the latest technologies and best practices.

Recently, a dying factory has faced the challenge of renewing a batch of wastewater
treatment facilities. This decision is complex, as it requires careful consideration of multi-
ple factors that affect both operational efficiency and economic feasibility. Five alternative
treatment optionsAy, As, A3, A4, and Ashave been identified as potential solutions. These
alternatives are evaluated based on four critical criteria: C7, Cs, Cs, and Cy, which repre-
sent expense, installation time, renewal period or durability, and manpower requirements,
respectively.

Given the complexity and uncertainty inherent in such decision-making processes, tradi-
tional crisp evaluation methods may fail to capture the vagueness and ambiguity in expert
judgments. Pythagorean fuzzy sets offer a powerful tool to model this uncertainty, allow-
ing decision-makers to express their preferences with varying degrees of membership and
non-membership. This approach provides a more flexible and realistic representation of
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uncertain information, particularly when precise numerical data is unavailable. Addition-
ally, information with lower fuzziness is generally considered more favorable, as it indicates
higher reliability and clarity in decision-making. To quantify the level of uncertainty in
each alternative, entropy measures are employed, providing a systematic way to evaluate
and compare the fuzziness of different treatment options.

Table 1. Pythagorean fuzzy sets of each alternates

Criteria 1 (Cy) Criteria 2 (C3) Criteria 3 (C3) Criteria 4 (Cy)

A | < A1,C1;0.8,04 > | < A1,C2;0.3,0.8 > | < A1,C3;0.6,0.3 > | < A1,C4;0.6,0.4 >

Ag | < A9, (C1;0.4,0.7 > | < A9,(5;0.3,0.8 > | < A9,C3;0.5,0.6 > | < As,Cy;0.6,0.5 >

Az | < A3,(C1;0.6,0.5 > | < A3,C5;0.7,0.4 > | < A3,C3;0.3,0.8 > | < A3,C4;0.3,0.5 >

Ay | < Ay, C150.7,04 > | < Ay, C;0.4,0.7 > | < Ay, C3;0.5,0.7 > | < Ay,Cy;0.6,0.4 >

As | < A5,C1;0.9,0.2 > | < A5,C5;0.4,0.8 > | < A5,C3;0.6,0.3 > | < A5,Cy;0.7,0.2 >

Clearly, all values in the Table 1 are pfs’s. Now we calculate the ,, of each value.
Table 2. Entropy measure of each item through criteria.

Criteria 1 (C)
Ay 0.939
As 0.959
As 0.958
Ay 0.974
As 0.877

From Table 2, it can be observed that the entropy values of the Pythagorean fuzzy
sets corresponding to the different water treatment alternatives follow the order: €,¢s(As)
< epfs(Ar) < epps(A3)< epps(A2)< epps(As). This ranking indicates that among the five
alternatives, the water treatment option As exhibits the lowest entropy value. In the
context of Pythagorean fuzzy sets, a lower entropy value corresponds to lower fuzziness,
meaning that the information related to As is more certain and less ambiguous compared
to the other alternatives. Conversely, alternatives with higher entropy values, such as Ay
and As, possess greater fuzziness, reflecting higher uncertainty in their evaluation across
the criteria.

Since minimizing fuzziness is a desirable property when selecting an efficient treatment
method, the alternative As can be considered the most efficient and reliable option among
the five evaluated treatments. Its lower entropy implies that decision-makers can have
higher confidence in the performance, cost-effectiveness, and overall suitability of A5 rela-
tive to the other alternatives. Therefore, based on the entropy analysis, A5 emerges as the
preferred water treatment solution, providing a balance between operational effectiveness
and reduced uncertainty in decision-making.

5. CONCLUSION

In this paper, we have studied some new notions of strongly and weakly open (respec-
tive closed) sets called PYFYNdo, PYFYNdc, PYFYNISo, PYFYNISc, PYFYNIPo,
PYFYNSPc, PYFYNoao, PYFYNoac, PYFYNIFo and PYFYNI[c sets and their
respective interior and closure operators. Also studied some of their fundamental prop-
erties in PYFYIts. This can be extended to PYFYIS continuous respective open and
closed mappings and also their stronger and weaker forms in PYFYMts. Also we applied
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entropy measure for decision making problem of selecting the optimum wastewater treat-
ment method for the dying factories based on the required criteria.In future, we decide to
apply entropy measure for decision making in various fields.
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