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FIXED POINT ANALYSIS IN QUASI-PARTIAL METRIC SPACES
USING w—INTERPOLATIVE HARDY-ROGERS TYPE
CONTRACTIONS

MRINAL SARMA', AADIL MUSHTAQ?, ANNJAN MONGIA®, ANUPAL MONGIA**, §

ABSTRACT. By using Interpolative Hardy-Rogers type contraction via w—admissibility
approach in the framework of quasi-partial metric space, we introduce a new property
that makes it convenient to investigate the existence and uniqueness of fixed point the-
orems.

Keywords: Quasi-partial metric space, Interpolation, Hardy-Rogers type contracion,
w—admissibility, fixed point.
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1. INTRODUCTION

The study of fixed points in quasi-partial metric spaces using w— interpolative Hardy-
Rogers type contractions is a specialized area within mathematics. It involves investigating
the existence and properties of fixed points for specific classes of functions that possess the
contractive property in quasi-partial metric spaces under the influence of w— interpolative
approach. In mathematics, a fixed point of a function is a point that remains unchanged
when the function is applied to it. Fixed-point analysis studies the existence, uniqueness,
and properties of fixed points for various types of functions and spaces. A quasi-partial
metric space is a generalization of a metric space that relaxes the triangle inequality con-
dition. Instead of the usual triangle inequality, a quasi-partial metric space satisfies a
weaker version, allowing distances between points to be non-negative but possibly zero.
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Hardy-Rogers type contractions are a class of contractive mappings used in fixed-point
theory. These mappings have certain properties that guarantee the existence and unique-
ness of fixed points in certain spaces. Frechet [1] studied the notion of functional calcula-
tions in 1906, and since then, many authors have developed and improved on this concept
due to its widespread applicability, particularly in topology. Many authors (refer, [2] -
[10]) have developed and improved on this concept as a result of its widespread applica-
bility, particularly in topology. The Banach fixed point theorem [12], also known as the
contraction mapping principle or the Banach-Caccioppoli theorem, is a fundamental re-
sult in the field of functional analysis. It provides conditions under which a self-mapping
of a complete metric space has a unique fixed point. The study of fixed-point results
in quasi-partial metric spaces has gained momentum with notable contributions such as
those by Shatanawi and Pitea. Shatanawi and Pitea [13] investigated coupled fixed-point
theorems in quasi-partial metric spaces, establishing foundational results that extend clas-
sical fixed-point principles to these generalized settings. Pitea [14] further explored best
proximity results in dualistic partial metric spaces, emphasizing their applicability to op-
timization problems. Additionally, Shatanawi and Postolache [15] examined coincidence
and fixed-point results for generalized weak contractions in the sense of Berinde, offering
deeper insights into the interplay between contraction mappings and the structure of par-
tial metric spaces.

Kannan’s fixed point theorem [16] is a generalization of the contraction mapping prin-
ciple, allowing for a wider class of mappings to have fixed points. Unlike the Banach
fixed point theorem, Kannan’s theorem only requires a weaker condition known as Kan-
nan contraction. It has various applications in functional analysis, optimization, control
theory, and nonlinear dynamics, particularly in situations where the mapping does not
strictly contract distances between points but still has a sufficient contraction property
to guarantee the existence of fixed points. Karapinar [17] restated Kannan’s type con-
traction under the framework of interpolation in 2018. In the same year, Karapinar [18]
proposed interpolative Hardy-Rogers type contractions. Popescu [19] developed the con-
cept of w—orbital acceptable maps as a revision of Samuel et al. [20], and it has been
referenced in [21]. In the present research, the prospect of w—interpolative Hardy-Rogers
type contraction using w—admissibility was presented and the fixed point theorem for it
was established in the context of quasi-partial metric space.

2. PRELIMINARIES AND BASIC DEFINITIONS

Definition 2.1. [11] A quasi-partial metric on a non-empty set U is a mapping q, :
U x U — RT such that for allu, v, z € U

(Qp1) gp(u,u) = gp(u,v) = gp(v,v) implies u = v,

(@p2) ap(u, u) < gp(u,v),

(Qp3) qp(uvu) < qp(vvu)v

(@ps) ap(u,v) < [gp(u, 2) + ¢p(2,v)] = Gp(2, 2).

A quasi-partial metric space is a pair (% ,qp) such that % is a non-empty set and (% , qp)
18 a quasi-partial metric on U .

Definition 2.2. [18] Let (% ,d) be a metric space, and 7 : % — % be a self-mapping. T
1s called an Interpolative Hardy-Rogers type contraction mapping if there exist constants:

(1) pe €10,1): This is a control parameter for contraction.
(2) p,q,r € (0,1) : These are weights, controlling the interpolation among terms.
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(3) p+q+r <1: A strict inequality ensuring proper convergence behavior.
These constants must satisfy the following inequality for all xz,y € U :
d(r(z),7(y)) < ped(z,y) + pd(z,7(2)) + qd(y, 7(y)) + 7 [d(z, 7(y)) + d(y, 7(2))].

Definition 2.3. [19] Let % be a non empty set and w : % x U — [0,00) be a mapping.
A self-mapping T : U — U is said to be w—orbital admissible if for all n € % , we have

w(n, 7)) = 1= w(ry, 7°n) > 1.
# Condition. If {y,} is a sequence in % such that w(yn,yn+1) > 1 for each n and

Yn — Yy € % As n — oo then there exists {y,,x)} from {y,} such that w(y,m),y) > 1, for
each k.

A large number of researchers [22]-[35] have occasionally generalized the aforesaid no-
tions and established remarkable fixed point conclusions.

3. MAIN RESULTS

Let us discuss the main results.

Definition 3.1. Let (% ,qp) be a quasi-partial metric space. The self-map 7 : U — U
s said to be w—interpolative Hardy-Rogers type contraction if there exists pe. € ¥, w :
U x U — [0,00) and positive reals p,q, 7 >0, p+q+1r < 1 such that
w(z,y) - (T2, 7Yy) <pe - Tlgp(x,y)] - [gp(, TY)] - lap(y, Ty)]"™
lap (2, 7y) + ap(y, 7)) PO (1)
forall xz,y € U .

Theorem 3.1. Let a continuous self-mapping 7 : % — % be w— orbital admissible
and forms w—interpolative Hardy-Rogers type contraction on quasi-partial metric space
(% ,qp). If there exists xo € % such that w(xg, Txo) > 1, then T possesses a fized point
cU.

Proof. Let o be an initial point in % such that w(xg, 729) > 1 and {z,} be a sequence
such that =, = 7"(z9),n > 0. If for some yg, we get x,,, = Tpy+1, then z,, becomes a fixed
point of 7. Let x,, # xp41, for each n > 0. We know w(zg,z1) > 1. As 7 is w—orbital
admissible, w(z1,x2) = w(Txo, 721) > 1. Thus, we get w(xy,, xpy1) > 1, for all n > 0. Let
us substitute © = x,, y = z,—1 in (1), we get
Qp(l‘n—‘rlu xn) < w(acn, xn—l)Qp(Txny T(Jf'n—l))

< NC[QP(xn7 xn—l)]q[Qp(xm Txn)]p[Qp(xn—la Txn—l)]r[Qp(xm Tmn—l)

+ Qp(xn—la Txn)](l—p—q—r)

< ptel@p (T, Tn1)]@p (T, T4 1) 1P [gp(Tn—1, 20)]" [@p (%0, Tn)

+ gp(Tn—1, $n+1)](1_p_q_r)
< pelap(Tn, Tr—1)][gp(Tn; TTr11) P lap(Tn—1, Tn)]" [@p(Tn—1, Tr)
+ Gy (T, wn )] TPTIT) (2)

Let QP(xn—laSUn) < Qp(xnafpn—&-l); forn > 1.
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Then, it follows

1
Q[qzo(xn—lufn) + @p(Tn, Tnt1)] < Gp(Tn, Tntr)-
So,
qp(an, :L‘") < ,uc([qp(a:n, xnfl)]q[qp(xm anrl)]p[QP(l‘nfla xn)]r[QP(xna $n+1)](1_p_q_r)

= pelap(@n, 201" gp(2n, Tpg1)] I (3)
Particularly, as p.(t) < t contradicting the assumption previously made, it results
[gp (21, 1)) < [ap(zn—1, )]
Therefore,
[9p(2n, Znp1)] < [gp(Tn—1,20)], (4)

for all n > 1.
Hence, the positive sequence {qp(zn—1,2n)} is decreasing. Now, let

limn—onp(-fn—lv xn) =1.
From (3.3), we get

[Qp(xn—la xn)]l_r[Qp(xm Tnt1)]" < [%(wn—h xn)]l_r[qP(xn—h )]

< [Qp(mn—ly xn)] (5)
From (3.2) and (3.4)
Ip(Tn+1, Tn) < MC([qp@n_l,xn)]l_r[qp(xn,xn_,_l)]r),i.e.7
QP(:L'nJrl, xn) < Mc([q;o(xnfla :En)]
Hence,
Qp(xna Tpy1) < Mc(%(ﬁnflvxn))'
Repeating this argument, we get
Ap(Tns Tns1) < pg(Gp(Tn-2,00-1)) < -+ < g (gp(wo, z1). (6)
Taking n — oo in (3.5) and using lim, o i (t) = 0, for each ¢ > 0 we find that

lim gy (zn, 241) = 0.

Therefore, | = 0. We will show that {x,} is a Cauchy Sequence , i.e.,

nlg{.lo Qp<xn7 xn—&-p) =0,

for all p € N. From (3.5), we get

n+p+1
Ao (T, Tnip) < [ 4+ pd T A P gp(wo, 1) <Y p(ap(o, 7)),
i=n
which implies that
e .
Gp (@ Tnip) < Y pedp(@o, 1)). (7)
i=n
From (3.6),
e .
Op(Tntm, Tngmtp) < ZNEQP(ITH Tnt1)- (8)

i=n
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Let n — oo in (3.7), we get

lim Tp, T = lim T T = 0.
n—>oqu( ns n-l—p) n—)oo,m—)ooqp( n+m m+m+p)

So, the sequence {z,} is a Cauchy sequence. Also (%,¢,) is complete. So, there exists
x € % such that lim,_, gp(zy, ) = 0.

As 7 is continuous,

x = hm Tpy1 = hm Ty, = 7( lim z,) = 7.
n—oo

Hence, 7 has a fixed pomt.

Theorem 3.2. Let a self-mapping 7 : % — U is w—orbital admissible and forms
w—interpolative Hardy-Rogers contraction on a quasi-partial metric space (% ,q,) and
suppose condition F is satisfied. If there exists xy € % such that w(zg,Tx0) > 1, then T
has a fixed point.

Proof. From Theorem 3.1, we can conclude that the constructed sequence {z,,} is a Cauchy
sequence and limy, o ¢p(2p, ) = 0 holds. Let x # 7.

We are going to prove this statement using contradiction.

So, assume that ) # T2, for each k > 0. By J#—condition, there is a partial sub
sequence {T, )} of {zn} such that w(z,),r) > 1 for all k. Since,

{QP(:En(k)7 )} - O {QP( (k) TLn(k) )} —0
As z = 7z as seen in Theorem 1, gy(z,7x) > 0, there exists n € N, for all k > N.

@p(Tn(r), ) < gp(x, 72) and qp(Tp k), TTnk)) < Gp(T, TT).

Taking = = 7,1,y = = in equation (3.1),

Ip(Tnk)y+1, TT) < W( Tnkys ©)@p(TTp(k), TT)

< MC([QP(xn(k)? x)}q[qp(wn(k% Tmn(k))] [qp(x, Tx)]r[qp(xn(k)7 Tl')—i-q;)(.%', Tmn(k))(l_p_q_r)]'(3'8)
As p. is non-decreasing from (3.8),

G (@11, 72) < pe((ap(z, 72)) gy (2, 72)P [y (2, 72)] [gp (2, T2) + gp(2, T2] TP
< pe(lap(z, 72))gp(z, 72) P [gp (2, T2)]" [(gp (@, T2) + Qp(CC,TI)](l_p_q_T)
)]

< pe((gp(z, 72))gp (2, 72) P [gp (2, T2)]" [gp (2, T) + gp(z, 72)] L 7P,
S0, Gp(Tn k)41, 7) = ficlap(z, T2)]. Let k — oo, we get

0 < gp(z,72) < pe(gp(z, 7)) < gp(2, T2),
which is a contradiction. Therefore, x = 7x.

Theorem 3.3. Let 7 : %4 — % be w—orbital admissible and w—interpolative Kannan-
type contraction mapping on a complete quasi-partial metric space (% ,qp). Assuming that
either T is continuous on (% ,qp) or (H) holds, if there exists xo € % so that w(xo, Txo) >
1, then there exists a fized point of T € % .
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Proof. This can be proved using Theorem 3.2.

Corollary 3.1. Let T be a self-mapping on a complete quasi-partial metric space (% ,qp)
such that

ap(r, 7y) < pie - 7((ap(@, I - lap (@, TP - lap(y, T - lap(2, 7y) + gp(y, 7)) TP
for all x,y € % where p,q,v >0,p+q+1r <1. Then 7 has a fized point.

Proof. substitute w(z,y) = 1 in Theorem 3.2.

Corollary 3.2. Let 7 be a self-mapping on a complete quasi-partial metric space (% ,qp)
such that

ap (1, 7y) < pie - 7([gp(2, )7 - [gp(2, TY) + gy, 7)), 7
for all x,y € U where 0 < q < 1. Then T has a fized point.

Proof. By taking w(xz,y) =1 and p = r = 0 in Theorem 3.2, the above corollary can be
proved.

Corollary 3.3. Let 7 be a self-mapping on a complete quasi-partial metric space such that

ap(r2,7y) < o 7((gp(w, ) gp(@, 7Y - lap(y, )" - lgp(@, 7y) + gply, T2)] TP
for all x,y € % where p+q+1r <1 and p. € [0,1). Then T has a fized point € % .

Proof. Take pi.(t) = at, where a € [0,1) in Corollary 3.9 to prove the result.

G—condition Consider a partially-ordered quasi-partial metric space (%, ¢y, <) and
consider the following condition- if {z,,} is a sequence in % such that z, < @(,41), for
each n and x, — 2 € % As n — oo, then there exists a sub sequence {z,)} of {z,} such
that z,x) < = for each k.

Corollary 3.4. Consider a Complete partially-ordered quasi-partial metric space (% ,0, <
). Let T: % — % be a self-mapping such that

w(a,y)(ap(r2,7y)) < per(ap(@, I ap(a, 7y) P ap(y, 79)] " [ap (2, Ty) +p(y, )P
forallx,y € U withx <y, where p. € 0,p,q,r > 0 are positive reals such that p+q+r < 1.
Assume that

(a) T is non-decreasing with respect to <.

(b) There exists xog € % such that o < Tx0.

(c¢) Either T is continuous or (G) holds.

Corollary 3.5. Consider a Complete partially-ordered quasi-partial metric space (% ,0, <
). Let T : U — % be a self-mapping such that

ap(r2,7y) < pe - 7(lap(, )1 - [ap(2, 7Y) + gp(y, T2)], 1
for all x,y € U where 0 < q < 1. Then T has a fized point. Assume that
(a) T is non-decreasing with respect to < .

(b) There exists xog € % such that o < Txg.
(c¢) Either T is continuous or (G) holds.
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Example 3.1. Let (% ,p) be a quasi-partial metric space, where:

(1) % =R* (set of non-negative real numbers),
(2) gp(z,y) = |x—y|+min(x,y), which satisfies the properties of a quasi-partial metric

space:
* ¢p(x,x) =2z,
b Qp(x-;y) Z 07

* qP(x’y) < qp($7z) +p(zvy) —p(z,z).
Define a self-mapping 7 : U — U as:

Define an admissible relation w : % x % — {0,1} by:
w(z,y) =1 if and only if = <wy.
Now verify the Interpolative Hardy-Rogers type contraction with constants:
pe=05, p=02, ¢=0.2, r=0.1, wherep+q+r=0.>5<1.
For verification of the Contraction Condition: We check that for any x,y € U :
p(7(2),7(y) < petp(,y) + pap(, 7(2)) + aap(y, 7(y)) + rlgp(z, 7(y)) + gp(y, 7(2))].
(1) Left-Hand Side:

(2) Right-Hand Side:
p(2,y) = [z — y| + min(z, y),

o gp(z,7(x)) = ‘a:—g}—l—mln(ac,% =24 L=y,
e a(y,7(y)) =

-qp(w T( )) \x—g\ﬂmn( 5)

o gy(y,7( ‘y— ‘—{—mln (y %)

Substituting these mto the right-hand side:
fieqp(x,y) = 0.5 (|z — y| + min(z,y)), pep(z,7(z) = 0.2 2, qgp(y,7(y)) =

02-y, rlgp(z,7(y)) + ap(y, 7(x))].
(3) For verification let x = 6,y = 3 and each term is as follows :

gp(z,y) =6 — 3|+m1n(6 3)=3+3=6,

e gp(z,7(x)) =16 — 2|+ min(6,2) =4+ 2 =6,
e ¢,(y,7(y)) =13 -1+ min(3,1) =2+1 =3,
e gp(z,7(y)) =6 — 1| + min(6,1) =5+ 1 =6,
e ¢(y,7(z)) =3 -2/ +min(3,2) =1+2=

As p(r(x),7(y) = |5 =3[+ min($,3) = [2— 1]+ 1 =141 = 2, the right-hand side
is pegp(xz,y) = 0.5-6 = 3, pgy(x,7(z)) = 02-6 = 1.2, qgp(y,7(y)) = 0.2-3 =
0.6, 7rlgp(x,7(y)) + qp(y,7(2))] = 0.1-(6+ 3) = 0.9. On adding these value, we have

7(y)) = 2 < 5.7, the inequality holds. The fized

3+12+0.6+0.9 = 5.7. Since p(7(z),
point satisfies 7(x) =z, i.e., § = x. Solving gives x = 0. This example demonstrates that
the mapping 7(z) = x/3 satisfies the Interpolative Hardy-Rogers type contraction via w-
admissibility. Also, the quasi-partial metric space (% ,p) supports the fized point theorem.
Further, the unique fixed point of T is x = 0.
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4. APPLICATION : I0T-BASED TEMPERATURE REGULATION IN SMART BUILDINGS

Smart buildings rely on IoT devices (such as sensors, thermostats, and HVAC systems)
to regulate internal temperatures efficiently. These devices operate in dynamic environ-
ments where communication delays, asymmetric dependencies, and incomplete data often
arise. This makes a quasi-partial metric space a natural framework for modeling their
interactions. We propose using an Interpolative Hardy-Rogers type contraction via w-
admissibility to ensure the existence and uniqueness of stable temperature control solu-
tions. This approach provides a robust mathematical framework for modeling the iterative
adjustments of IoT devices and proving their convergence to a uniform stable tempera-
ture. Let (%,p) be a quasi-partial metric space, where: % = [Tiin, Tmax] C R is the set
of permissible temperature values for the IoT devices, p: Z x % — R7 is defined as:

p(z,y) = |z — y| + min(z, y),
satisfying p(z,z) = 2z, p(z,r) < p(z,y), p(=, 2) < p(z,y) +p(y, 2) — p(y,y). The temper-
ature adjustment logic of the IoT devices is modeled as a self-mapping 7: % — % :
o T; + Tavg

(1) = —5

where T; is the temperature of the i-th device at the current iteration and Tyys = % i]il T;
is the average temperature across all N devices. Define a relation w : % x — {0,1}
such that:

w(z,y) =1 if and only if |z —y| <9,
where 0 > 0 is a threshold representing the maximum permissible temperature difference
for devices to interact. The mapping 7 satisfies the Interpolative Hardy-Rogers type
contraction

p(7(2), 7(y)) < pep(x,y) + pp(2, 7(2)) + ap(y, 7(y)) + rlp(z, 7(y)) + p(y, 7(2))],
for constants:

we=0>5 p=02 ¢=02, r=01, p+q+r=05<1.

Consider N = 3 IoT devices with initial temperatures:
Ty =24°C, T, =22°C, T3 =20°C.
The admissibility threshold is § = 5°C, and the permissible range is Ty, = 18°C to
Tinax = 26°C.
1. First Iteration: Compute the average temperature:
T+ 15+ T3 B 24 + 22 + 20

Tavg = 3 = 22°C.
Update the temperatures using 7(7;):
24 422 22 + 22 20 + 22
() = = =0, () = 0 =920, r(Ty) = 0 = 21°C.

p(T1,T2) = |24 — 22| + min(24,22) = 2 + 22 = 24 and p(7(T1),7(T2)) = |23 — 22| +
min(23,22) = 1+ 22 = 23. Verify the contraction inequality

p(r(T)), 7(T2)) =23 < 0.5-24+0.2-244+0.2-24 + 0.1 (24 + 24) = 23.4.

The inequality holds.
2. Second Iteration: Ty, = 22°C and Update temperatures as

7(Th) = 7(T3) = 7(13) = 22°C.
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All devices converge to the stable temperature T; = 22°C.

5. CONCLUSION

The Interpolative Hardy-Rogers type contraction via w-admissibility in the framework
of a quasi-partial metric space provides a robust mathematical tool for analyzing systems
with partial dependencies and asymmetric interactions. By ensuring the existence and
uniqueness of fixed points, this approach is particularly well-suited for real-world appli-
cations such as IoT-based temperature regulation in smart buildings. The admissibility
condition (w) ensures valid device interactions, while the contraction guarantees conver-
gence to a stable equilibrium. This framework not only extends fixed-point theory to more
generalized settings but also demonstrates its practical relevance in solving dynamic and
complex problems across various fields.
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