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ECCENTRICITY SPECTRA OF SOME GRAPH OPERATIONS IN
REGULAR GRAPHS

SURYA S**, P. RAMACHANDRAN!, §

ABSTRACT. The eccentricity matrix of a graph G is derived from its distance matrix
by letting the ij*" entry be equal to the distance between two vertices ¢ and j, if the
distance is the minimum of their eccentricities and zero otherwise. The eigenvalues of
the eccentricity matrix of G are called e-eigenvalues. Its e-spectrum is the set of e-
eigenvalues together with its multiplicity and e-energy is the sum of the absolute values
of the e-eigenvalues. In this paper, we study the e-spectra of certain operations on
regular graphs. We also established some bounds on e-energy of graphs and characterize
the extreme graphs.
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1. INTRODUCTION

Throughout this paper, we consider simple, connected, undirected graphs without loops
or parallel edges. Let G = (V(G),E(G)) be a graph with order n = |V(G)|. For a
graph G there are several matrices with it, including adjacency matrix A(G), Lapla-
cian matrix L(G), distance matrix D(G) and many more. The distance d(u,v) between
two vertices u and v is the minimum length of the paths connecting them. The eccen-
tricity of a vertex uw € V(G) is defined as e(u) = maz {d(u,v):v € V(G)}. The ra-
dius rad(G) and diameter diam(G) are defined as rad(G) = min{e(u) : u € V(G)} and
diam(G) = maz {e(u) : w € V(G)}. The maximum degree max,cy (¢yd(v) of a graph G
is denoted by A(G). For a graph G its adjacency matrix is an n x n matrix defined as
A(G) = (a;j) where a;; = 1 if v; and v; are adjacent and 0 otherwise. The distance ma-
trix D(G) = (d;;) is defined as d;; = d(v;,vj). These matrices have been widely studied
and have applications in Chemistry, Physics, Computer science, etc., see[2][3].For a real
number z, [x]| denotes the integer part of = or greatest integer less than or equal to x.

In 2013 Randi¢ [6] introduced a new graph matrix called Dys4x matrix, which is obtained
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from the distance matrix D(G) by retaining the largest distance in each row and each
column and setting the rest of the entries of D(G) to zero. Later Wang et al. [5] renamed
it as eccentricity matrix (G). The eccentricity matrix of a graph G is defined as follows

S d(vi,v;) if d(vi,v;) = min {e(v;),e(vj)}
Y00 otherwise

Note that €(G) is a non-negative real symmetric matrix with diagonal entries 0. To
distinguish the eigenvalues corresponds to various graph matrices, the eigenvalues of A(G)
and D(G) are denoted by A-eigenvalues and D-eigenvalues, respectively. The eigenvalues
corresponding to €(G) are denoted by e-eigenvalues and the corresponding spectrum is the
e-spectrum. Let & > & > ... > & be the distinct e-eigenvalues. Then the e-spectrum is

given by
Specg(G) — {51 52 fk }

mip Mo ... My
where m; is the multiplicity of each eigenvalue 1 < i < k. The energy is defined by

E(G) =30 1 & ]
Unlike the adjacency and distance matrices of a connected graph, the eccentricity matrix
is not always irreducible [5]. The eccentricity matrix of a complete bipartite graph on n
vertices with maximum degree less than n — 1 is reducible while the eccentricity matrices
of trees of order n > 2 are irreducible [5]. We can find application of eccentricity matrix on
the branching pattern of molecular graphs[4], in terms of molecular descriptor [5] [6] and
in the study of boiling point of hydrocarbons [7]. Motivated by the concepts and results
of other graph matrices, several spectral properties have been studied for the eccentricity
matrix in literature; see[4]-[10]
For a connected graph G of order n with diam(G) = 2 and A(G) < n—1, the entries of its
eccentricity matrix are given by €;; = 2 if v;v; € E(G) and ¢;; = 0 if v;v; € E(G), where
G is the complement of G, then (G) = 2A(G). The relation between the eigenvalues of
A(G) and E(G) has been investigated for certain graphs in [10]. Motivated by the above
works we continue to investigate the relation between eigenvalues of A(G) and E(G) in
some graph operations. Moreover we also calculate some bounds of the energy of eccentric
matrix of a graph G.
This paper is organised as follows: Section 2 contains some definitions and previously
known results. In section 3, we determine e-spectra of the Cartesian product, strong
product, splice and link of regular graphs. Moreover we calculated e-spectra of Mycielskian
graph, double graph and strong double graph of regular graphs. In section 4, we determine
some bounds of e-energy and characterize the extreme graphs.

2. PRELIMINARIES

Definition 2.1. [11] Let M = [M;;] be a complex block matriz of order n, where the
blocks M;; are n; X nj matrices for any 1 < 1,5 < t. That is, the n x n matriz M has
t-row partitions and t-column partitions. Let q;; denote the average row sum of M;; for
1<i,j<t. Then Qum = (qij) (simply Q)is called quotient matriz of M. In addition, for
each pair (i, ), if M;; has a constant row sum, then Q is called equitable quotient matrix
of M.

Lemma 2.1. [11] Let Q be a quotient matriz of a square matriz M corresponding to an
equitable partition. Then the spectrum of M contains the spectrum of Q).
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Lemma 2.2. [1] Let A € R™" and B € R"™". If Spec(A) and Spec(B) are the spectra
of matrices A and B, respectively then the spectrum of their Kronecker product A ® B is
given by SpecA ® B = {Ap: A € Spec(A), p € Spec(B)}.

By B
By By
spectrum of B is the union of the spectra of By + By and By — Bj.

Lemma 2.3. [22] Let B = be a symmetric 2 x 2 block matrixz. Then the

Lemma 2.4. [12] If the A-eigenvalues of an r-regular graph G with ordern are r,\a, ..., A,
then the A-eigenvalues of G aren —r —1,— (Mg +1),...,— (A, + 1).

Lemma 2.5. [13] Let G and H be two connected graphs and let (u,v) € V(G) x V(H).
Let GOH denote their Cartesian product. Then eqop(u,v) = eg(u) + eg(v).

Lemma 2.6. [14] Let G and H be two connected graphs and GOH denote their Cartesian
product. Let w = (u1,u2);v = (v1,v2) € V(G) x V(H), then doon(u,v) = dg(ur,vi) +
dp(ug,v2).

Lemma 2.7. [16] Let z1,22, ..., xn5 be non-negative numbers and let o = SN i and

1
v = (Hf\il x1> Y be their arithmetic and geometric means. Then

mzz‘q(\/fz’*\/@y S a-7y = %Ziq(\/@*\/@f

and equality holds if x1 = 1o =--- = xN.

Lemma 2.8. (Cauchy Interlace Theorem)[1] Let B be a p X p symmetric matriz and let
By, be its leading k x k submatriz, that is, By is a matrix obtained from B by deleting its
last p — k rows and columns. Then fori=1,2,..., k

pp—i+1(B) < pe-it1(Br) < pr-iv1(B)
where p;(B) is the it largest eigenvalues of B.

3. ON REGULAR GRAPHS WITH DIAMETER AT MOST 2

Almost all connected graphs of order n have diameter 2 and A < n—1[10]. For a regular
graph with diameter 2 and A < n —1; ¢(G) = A(G)[5]. In subsection 3.1 we find the
e-spectra of the Cartesian product and strong product of regular graphs. In subsection
3.2 we study e-spectra of splice and link of regular graphs and subsection 3.2 explores the
e-spectra of some graph operations.

3.1. e-spectra of Graph Products. Here regular graphs with diameter 2 and A <n—1
are considered.

Definition 3.1. Cartesian product [12] The Cartesian product of two graphs G and
H denoted by GOH is a graph with vertex set V(G) x V(H). Two vertices (u1,us2)
and (v1,v2) are adjacent in GOH if and only if either uy = vy and ugvy € V(H) or
ug = vy and uyv1 € V(QG).

Theorem 3.1. Let G be a r-reqular graph with order n and \; € Spec(A(G)) then the
e-spectrum of G UP,, is given by
(i) If m = 2k, then Spec(e(GOPy)) =

{07Ai(—(2k+1)+\/§)’Ai(—(2/@+1)—\/5)’A4((2k+1)+\/§

2

)’)‘i(

2 2 !

2k +1) — /5
=00}
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56k3 + 12k% — 20k + 8

where s =

6
(i) If m = 2k + 1, then Spec(e(GOPog41)) =

—(2k+2) + vt —(2k +2) — v (2k +2) + /T2 (2k 4+ 2) — Vs
{07/\1( )7)‘1( )7/\1( )7>‘Z( )
2 2 2 2
28k3 + 54k% + 2k — 36 28%3 + 78k2 + 98k + 60
where t1 = 5 and to = 3 .

Proof. (1)By suitable labelling on vertices of G Py the eccentricity matrix of G [Py, is
given by

e(GOPy) = Q ® A(G)

where
i o o0 . . k+2 . .o 2k 2k + 17
o o0 . . . 0 . . .0 2k
_ 0 0 0 k+2
Q= E+2 0 0 (1)
2k 0 . . . ) . .0 0
2k+1 2k . . k+2 . .. 0 0]

Let £ # 0 be an eigenvalue of Q with eigenvector 2t = (x1, 7o, ..., T9;) such that Qr = &x.
Then

(k + 2)$k+1 + (k) + 3):L'k+2 4+ 4+ 2kzop_1 + (Qk + 1)$2k‘ =&n (2)
2kxo = £xo
(2k — V)xop = Ex3
: 3)
(k‘ + 2):6% ={xp
(k —+ 2)$1 = §$k+1
(k+3)r1 = T2
: (4)
2kxy = Ero_1
(2k + D)xy + 2kzo + - - - + (k + 2)z) = Exop (5)

Combining (1) and (3), (2) and (4), we get
(€ = [(k+2)* + (k+3)*+ -+ (2k)%]) 21 = £(2k + 1)z9y, (6)
(€ = [(k+2)*+ (k+3)*+ -+ (2k)*]) mor, = £(2k + 1)y (7)
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Assume 21 = 0, then by (2),(3) and (5) we get x9 = - -+ = @9, = 0. Hence 1 # 0, similarly

To 7 0.
k—1)(14k? + 17k + 6)

Together with (5) and (6) and [(k +2)? + (k + 3)? + - -+ + (2k)?] = (
we get

6

€ 4 (2 + 16 (k — 1)(14k;+17k:+6) 0 ®)

Therefore, Spec(Q)) =
—2k+1)++vs —(2k+1)—+s (2k+1)++s (2k+1)—+/s 0
2 2 2 2
1 1 1 1 2k —4

56k% + 12k* — 20k + 8
where s = \/ + + . Hence by Lemma 2.2, Spec(e(GOPyy)) is given by

6
{O,Ai(_(2k+1)+\/§

2 )?)‘7?( 2 )7/\i( 2 )?)‘i( 2

where \; € spec(A(G).
(ii) We have

—(2k+1) — /s (2k +1) + /s (2k+1)—\/§))}

e(GOPak41) :Q’®A(é)
where
i 0 o . . ok+2 . .. 2k+1 2K+ 27
0 o . . . 0 . .o 0 2k+1
Q= k+2 0 k+2 9)
2k +1 o . . . . .o 0 0
2k+2 2k+1 . . . k+2 . - 0 0]

Proceeding as in (i), we get Spec(Q’) =

—(2k+2)+vt1 —(2k+2) -Vt (2k+2)+Via (2k+2) -/t

2 2 2
1 1 1

1 2k -3

28k3 + 54k? + 2k — 36 28k3 4 78k? + 98k + 60
where t1 = 3 and to = 3 .

Hence for \; € spec(A(G) , Spec(e(GOPyy41)) is given by

{O,Ai(_(Qk +22) RRVR Wil +22) - \/E)’Ai((zng + \/5)’&((2“22) - \/5))}

0

Theorem 3.2. Let G be an r- regular graph and H be a k-regular graph with order n and
m, respectively. Then Spec. (GOH) = {\u: A € Spec.(G), p € Spec.(H)}. .
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Proof. For u,v € V(G) x V(H) by Lemma 2.5 and Lemma 2.6

4 if =4
S(GOH) = [eny] = 4 & 1 daom ()
0 Otherwise
Let (ag,bs), (ak,br) € V(G) x V(H), s #r.
Then by Lemma 2.6, d ((a,bs), (ak, b)) = d(bs,b,) < min{e(bs),e(b;)} = 2. Similarly
d ((ap, bk), (aq; b)), 4, < 2. Therefore for u = (a;,bp),v = (aj,bg) € V(G) x V(H),

0 if a; = aj or b, = by
€ww = 4 0 if a; adj a; in G or b, adj by in H (10)
4 if a; not adj a; in G and b, not adj b, in H
Let €(G) = [as5] and e(H) = [b;j] be the eccentricity matrices of G and H. Label the ver-
tices in GUH as (a1,b1), ..., (an,b1), ..y (@1,b1m), ..., (@n, b)) So the diagonal block matrix
of e(GOH) is [A]ij = Opxn by equation (10) and the non-diagonal block matrix corre-
sponding to vertices (a1, b;), ..., (an,b;) and (a1,b;), ..., (an, bj) i # j is given by

Onxcn if b; adj bj in H
(Ayj) = . L
2[ai;] if b; not adj b; in H
Therefore e(GOH) = ¢(H) @ ¢(G). O
Next we discuss the e-spectrum of regular graphs with A = n — 1. For the complete
graph K,, , ¢(K,) = A(K,). However, while taking the Cartesian product, both matrices

are not the same. The next theorem is about the e-spectrum of Cartesian product of
complete graphs.

Theorem 3.3. ¢(K,0K,,) = 2¢(K,,) ® e(Kp,)
Proof. By suitable labelling the eccentricity matrix of K,[JK,, is given by

0 2e(Kp) - 25(Kp)
2e(Kom) 0 -+ 2¢(Kp)

e(K,0K,,) = : : | = 2e(Ky) ® e(Kp)
25(Km). 2€(ij s 25(ij

Corollary 3.1. Spec.(K,0K,) = {2,-2(n—1),2(n — 1)?}
Corollary 3.2. E.(K,0K,) =4n(n —1)

Definition 3.2. Strong Product|20] The strong product of two graphs G and H denoted
by GX H is a connected graph with vertex set is V(G) x V(H). Any two vertices (u,v1)
and (ug,vs) are adjacent in GX H if and only if u; = v1 and ugvy € V(H) or ug =
vy and uivy € V(G) or uyug € V(G) and vive € V(H).

Lemma 3.1. [20] Let G and H be graphs. Then for every vertex (u,v) € V(GX H) we
have egrpy = max {eg(u),erx(v)}.

Theorem 3.4. Let G be an r-regular graph and H be a k-regular graph with order n and
m, respectively. If Ai,...,A\n and p1, ..., bm are eigenvalues of the adjacency matrices of G
and H, respectively then

Spec(GRH) ={2(r+1)(m—k—-1)+2mn—r—1),-2(N +1)(k+1),(r + 1)}
i=1,.,n,j=1..,m and 2(r+1)(m—k—1)4+2m(n—r—1)with multiplicity nm—n—m.
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Proof. By Lemma 3.1, egrp (

u,v) =2;V (u,v) € V(GK H).
Let u = (ai, bp),v = (aj,b ) € V(G) X

V(H) the entries of (G X H) = (ey,) are given by
0 ifi=jbyb, € E(H)

0 if p=gq,aa; € E(G)

0 if aja; € E(G),bpbq S E(H)

2

Otherwise

Label the vertices in G X H as (a1,b1), ..., (a1,bm), ..., (@, b1), ..., (@, by,). The entries in
the block diagonal matrix of (G X H) corresponding to vertices (a;,b1), ..., (a;, by,) are

given by
) 2 ifbyby ¢ E(H)
(aisbp)(@iba) = ) 0 Otherwise

Likewise, the entries in the block non-diagonal matrix corresponding to the vertices
(@i, b1), ..., (@i, by) and (aj,b1), ..., (aj,by,) for i # j are given by
(i) If a; adjacent to a; in V(G) then

2 if byb, ¢ E(H)
€(aibp)(a;,bg) = 0 Otherwise

(ii) If @; is not adjacent to a; in V(G), then

€(aibp)(az.bg) = 23V (ais bp)(aj,bg) € V(G) x V(H)
Therefore
e(GRH)=AG)®@ec(H)+¢e(G)® Jn+ I, @ec(H)
=(AG)+ 1) ®e(H) +¢(G)® Jn,

Let 1,, and 1,, be n x 1 and m x 1 matrices with all entries one. Then

(AG) + 1) @ e(H) + £(Q) @ Jm) (1 @ 1yy)
=((AG)+ 1) ®e(H)) (1, @ 1) + (e(G) @ ) (1n ® 1,)
=(rly,+1,)®@2m—k -1, +2(n—r—1)1, @ ml,
=2m—-k—-1)r+1)(1,®1n)+2mn—r—1)(1, ® 1)
=Q2r+1)m—-—k—-1)+2mn—r—1)) (1, ®1y)
Let X; be eigenvector corresponding to eigenvalue \; of A(G). Then

(A(G) + In) @ e(H) +e(G) ® Jm) (Xi @ 1)
= (A(G)Xi + InX;) ® e(H)1m + £(G)Xi @ Jm1m
=N+ 1D)@2m—k—1l, +(=2(\ + 1)) X; @ml,
=(=2(k+1) (N + 1) (X; ® L)

Similarly, for an eigenvector Y; corresponds to eigenvalue p; of (H),

((A(G) + In) ®e(H) +&(G) @ Jm) (1n @ Y3) = ((r + 1)) (1n © V)
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Therefore (2(r +1)(m —k—1)+2m(n—r—1),—2(k+1)(\; + 1) and (r + 1)u; are the
eigenvalues of ¢(G X H) corresponding to eigenvectors (1, ® 1,,), (X; ® 1,,) and (1,, ® Y;)
respectively. ]

3.2. e-spectra of Splice and Link of Graphs.

Definition 3.3. [21] Suppose G and H are graphs with disjoint vertex sets. For given
vertices u € V(G) and v € V(H), a splice of G and H by vertices u and v denoted
by (G.H)(u,v) is defined by identifying the vertices u and v in the union of G and H.
Similarly, a link of G and H by vertices u and v denoted by (G ~ H)(u,v) is defined as
the graph obtained by joining u and v by an edge in the union of these graphs.

Remark 3.1. If | V(G) | = ni1;| V(H) | = na; | E(G)| = my and| E(H) |= ma
then it follows that| V((G.H)(u,v)) | = ni+na—1, | V(G ~ H)(u,v)) |=n1+ns;
| E(G.H)(u,v)) |=mi1+m2, | E(G ~ H)(u,v)) |=mi +mg+ 1.

Theorem 3.5. Let G be an r-regular graph and H be a k-reqular graph with vertices
n1 and no, respectively. Then the e-spectrum of a splice of G and H by vertices u and
v, (G.H)(u,v) is the roots of the polynomial

M—o16n—r—1)(m—-k—1)+mn—r—1)9%+4) +(m—k—1)(9% +4)) \>~
R2mn—-—r—1)m—-k—1)A+3n—r—1)(m—k—1)27kr +12)(k+r)) =0

Proof. Consider the following partition of the vertex set of (G.H)(u,v) : Vi = {u} = {v};
Vo = {uq,...,u,} are vertices adjacent to u in G, V3 = {u’l, Ul .1} are vertices not ad-
jacent to u in G and Vy = {v1, ..., vx } are vertices adjacent to v in H, V5 = {Ull, e U;nikil}
are vertices not adjacent to v in H such that V(G) = {u} U VoUV3 and
V(H) = {v}UVyUVs Itis clear that e(u) = e(v) = 2 ; e(w;) = 3 = e(v;) for
1<i<r;1<j<k;e(u) = 4= e(v;-)forlgign—r—l; 1<j<m-—k-—1.
The eccentricity matrix of (G.H)(u,v) corresponding to the above partition is given by

o0 -- 00 -+ 02 -+ 292 ... 9
o0 --00 --00 --- 03 --- 3
00 00 0 0 0 3 3
0 0 00 0 3 30 0
e((G.H)(u,v)) =10 0 00 0 3 30 0
20 0 3 30 0 4 4
20 0 3 3 0 0 4 4
2 3 30 0 4 4 0 0
23 ... 30 - 04 -+ 40 --- 0

The quotient matrix corresponding to the above matrix is
0 0 0 2n—r—1) 2(m—k-—1)

0 0 0 0 3(m—k—1)
Q=10 0 0 3n—-r—1) 0

2 0 3k 0 4m —k—1)

2 3r 0 4n—r—-1) 0
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Since rank(e((G.H)(u,v))) = rank(Q) = 4, we see that 0 is an eigenvalue of ¢((G.H)(u, v))
with multiplicity ny + ne — 5 and Spec(e((G.H)(u,v)) = Spec(Q). The spectrum of @ is
given by det(AI — Q) =0
S M-(16n—r—1)(m—-k—1)+n—-—r—1)9%+4)+ (m —k—1)(9% +4)) \2=32(n—
r—1(m—-k—1)A+3n—r—1)(m—k—1)27kr+12(k+1)) =0 O
Theorem 3.6. Let G be an r-regular graph and H be a k-regular graph with vertices
n1 and no, respectively. Then the e-spectrum of a link of G and H by vertices u and
v; (G ~ H)(u,v) is the roots of the polynomial
M—(@25(n—r—1)(m—k—1)+16(k(n —r —1) +r(m—k— 1))+
In—r—1+m—-k—1))A+(n—r—1)(m—Fk—1)(256kr + 144(k+17)+81) =0
Proof. Consider the same partition of the vertex set of (G ~ H)(u,v) as in Theorem 3.5
such that V(G) = VyUVaUV3 and V(H) = ViUVaUVs. Soe(u) =e(v) =35 e(u;) =4 =
e(vj)for1 <i<r; 1<j<kje(u)=5=e@))forl<i<n-r-1;1<j<m-k-1
The quotient matrix of e((G ~ H)(u,v)) correspondlng to the above partition is given by

0 0 0 0 0 3(m—Fk—1)]
00 0 0 3n-—r—1) 0
{000 0 o0 0 4m —k—1)

@= 00 0 0 4n-—-r-1) 0
03 0 4k 0 5(m—k — 1)
0 3 4r 0 bH(n—r—1) 0

Since rank(e((G ~ H)(u,v))) = rank(Q) = 4, we see that 0 is an eigenvalue of ((G ~
H)(u,v)), with multiplicity n; + na2 — 4 and Spec(e((G ~ H)(u,v)) = Spec(Q) which are
exactly roots of A* — (25(n —r —1)(m —k—1)+16(k(n —7r — 1) +r(m —k — 1)) +9(n —
r—1l4+m—-—k—1)A+(n—r—1)(m—k—1)(256kr + 144(k +r) +81) =0

O

3.3. e-Spectra of some graph operations.

Definition 3.4. [17] The Mycielskian u(G) of a graph G = (V, E) is defined as the graph
with vertex set V(u(G)) =V UV' U {u }, where { V' =2' : € V} and edge set
E(u@)=EU{yr :zy € E}YU{z'u:2" e V'}.

Theorem 3.7. Let G be an r- regular graph with n vertices and diameter at most 2. Then
the eccentricity spectrum of the Mycielskian graph of G ; (u(G)) consists of (((— )kH\f
1) —2)Xi(G) fori=2,3,...,n and the roots of the polynomial \> —2(2n —2 —1r)\? —4(n?
m+2n —r2 —r — 1A +4n(n — 1) = 0 where \;(G) € Spec(A(Q)).

Proof. By suitable labelling on the vertices, e(u(G)) is given by

0 0 214
0 2du—1) 20— AG))
The quotient matrix ) corresponding to the equitable partition is given by

0 0 2n
0 2(n—1) 2(n-—r)
2 2(n—r) 2(n—r—1)

2 2

The characteristic polynomial of Q is given by A3 —2(2n —2 —r)A2 —4(n? —rn+2n —1r% —
r—1)A+4n(n—1) = 0. By Lemma 2.1 roots of this polynomial belongs to e-spectrum of
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1

w(G). Let X7 = —(1,...,1) and {X;},-; be set of orthonormal eigenvectors of A(G) and
n

Yit 7 0 be a scalar for k = 1,2. For ¢ = 2,3, ...,n we have

0 0
e(u(@)) |7nXi| = — | 2(yik + Xi(G))X;
Xi 2(yik + Xi(G) + 1) X;
0
Ai(G
=21+ ( )) Vik Xi
Yik X;
if and only if
Ai(G
1+ 2G) _ (vie + DN (G) + 1
ik
if and only if
-1+5
Vip F vk —1=0= ik = —5—
—1+ (—1)F
Take 7, = w :k = 1,2. Therefore \;(G)(((—1)¥*1y/5 — 1) — 2) is the eigen-
value of e(u(G)) for i =2,3,...,n ;k=1,2. O

Definition 3.5. [18] The double graph D(G) of a graph G is obtained by taking two copies
of G and joining each vertex in one copy with the neighbours of the corresponding vertex
in the other copy.

Theorem 3.8. Let G be an r-reqular graph of order n and diameter at most 2. Then the
e-spectrum of D(G) is given by

Spec(e(D(G))) = {2(2(71—17“) —1) —2(2)12 +1) - —2(2)\1n +1) —712}
where 1, \a, ..., A, are the eigenvalues of A(G).
Proof. By suitable labelling, we get
«0©) = | Do, D"
By Lemmas 2.3 and 2.4 we obtain the desired result. O

Definition 3.6. [19] The strong double graph SD(G) of a graph G is constructed by taking
two copies of graph a G and joining each vertex in one copy with the closed neighbourhood
of the corresponding vertex in the other copy.

Theorem 3.9. Let G be an r-regular graph of order n and diameter 2. Then the e-
spectrum of SD(QG) is given by

Spec(e(sp(a))):{4(”—17“—1> ~40a 1) . i) 2}

where 1, \a, ..., A, are the eigenvalues of A(G).
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Proof. We have;

_ |e@) (@) _
(50 = [6) 16| = nee@)
By Lemmas 2.2 and 2.4 gives the desired result. (]

Remark 3.2. Spec.(SD(K,)) = Spec-(Kap,)

4. SOME BOUNDS ON e-ENERGY OF GRAPHS

In this section, we obtain some upper and lower bounds of e-energy of a simple connected
graph G.
Lemma 4.1. [10] If G is a connected graph of order n, then > & & =0 and > 1, & =
2
2 Zl§i<j§n €

Notation 4.1. Let )1 o; <, e?j denoted by K.

Theorem 4.1. [7] Let G be a connected graph with order n > 2. Then & < %

where equality holds if and only if & # & = -+ = &,. Furthermore if & = n — 1, the
upper bounds is achieved if and only if G is a complete graph.

Theorem 4.2. Let A be a non-singular eccentricity matriz of a graph G with n vertices.
Then

1
detA |»< E.(GQ) < —2nK_
n | detA |» < E( )—|dem\%

Proof. By the geometric mean and arithmetic mean inequality

‘§1|+"'+’§n|
n

>| &y |7
E-(G) >n | detA |

1 n n l

Also,| &1 =] detA [n= 3700 [ & || & |2 200 | & || detA |

n & P> S0 16| &[> EA(G) | detA |

2
Thus, E.(G) < M8 < _2Kn 0
|det A| ™ |det A|m

The next result is a bound for e-energy similar to the bound obtained by Milovanovié¢
[15] for energy of a graph.

Theorem 4.3. Let G be a graph with n vertices and m edges. Let | & |> ... >| &, | be
the non-increasing eigenvalues of €(G). Then

E.(G) > \/2Kn —a(n) (| & | - | & |)? (11)

where a(n) =n (1 — 1 [2]) [2], while [z] denote the integer part of a real number x.

Proof. Let x1,...,x, and y1, ..., y, be real numbers for which there exist constants z,y, X
and Y such that * < x; < X andy < y; <Y V ¢=1,2,...,n. Then the following
inequality is valid [see [15]]

Y i — > my vyl < am)(X —2)(Y —y) (12)
=1

=1 =1
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where a(n) :n(l—%[% ) [%] and equality holds if and only if 21 = zy = -+ = z,, and
p=yp=-=yn. Mai=[&G ], =&, v=y=[&|, X=Y=[&|

Y &P -Q &N Isam) (& -1 &)
=1

=1

n2) e |~ (E(G) <aln) (& |~ &)

1<j
)2 \/2Kn - a() (| & | - | & )?
Since equality in (12) holds in if and only if 1 =29 = -+ =2, and y1 = y2 = -+ = Yn,
equality in (11) holds if and only if | & |=| & |= - =| & |.

g
2] [5] < "742, then by Theorem 4.3 E.(G) >

S|

Corollary 4.1. Since a(n) =n (1 —

2
V2En =2 (6|~ | &)
Theorem 4.4. Let G be a graph with n vertices and m edges. Let | & |> -+ >| &, | be
2K +n|&1][6n]
|§1‘+|En‘ ’

Proof. Let x; # 0 y;, r and R be real numbers (r # R) satisfying rz; < y; < Ruz; then
the following inequality hold

Sy 4+ rRYLw < (r+R)YL miy
Put y; =& | zi=1,r=& | R=[& |

SNl + lall&ld 1 < (al+lahd 6]
=1 =1 =1

2> e+ nl&llél < (&+ & DE(G)

1<j

the non-increasing eigenvalues of €(G). Then E.(G) >

2K +n &l & |
[ &l +1&nl
Equality holds if and only if | & |=| & |= - =[ &, |- O

E.(G)

Theorem 4.5. Let G be a graph with n vertices and m edges. Then
E.(G) > \/ 2K +n(n — 1)detAn + s (/25 — \2K)?
and equality holds if and only if G = K,,.

Proof. By Lemma 2.7, vazl x> N(HZ azz)N + Doici (Wi — VZ;)%. Putting

N =" and (z1,maen) = (&l € €N & |y [ &0 1 En || &2 11 €5 ]| €2 ] &n |

> lElg |z =5 H\& Vit s 3 Glalg - V&

1<i<j<n i<j<k<l
2 4
2 ) |§i|l§j!2n(n—1)d€m"+— WG I&GT=VIg &)
W (n+1)(n
<i<j<n z<]<k:<l
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Then by Theorem 4.1,

WIGEG T =VIgnaD =W allénl =/l &l &)
1<j<k<l
=& | (V& | =/ & )?
2

> \/Q\f—\/ﬁ

25 scrcszn |6 116 |2 nln = DdetA? + oty + (/2 - VaR )

Adding Y"1 | €2 = 2K to both sides

2
E.(G) > \/QK +n(n—1)detAn + (n+1§4(n72)(\/ 2‘/nE — V2K)?

Thus

0

Theorem 4.6. Let A be a non-singular eccentricity matriz of graph G with n vertices and
| & |> ... =] & | be the non-increasing eigenvalues of A. Then % +n—1+In|detA]

—in | 2E |< B(G) < /20D 4y 14 | detA | —Lin | 2021
Proof. Consider the function f(z) = x —1—Inz for x > 0. It is easy to see that f(x) is an

increasing function for z > 1 and decreasing for 0 < z < 1. Then f(z) > f(1) = 0 implies
that £ > 1 + Inx for x > 1.

G)=l&+> 1&]
i=2

>G+n—14) In|&]

1=2

:§i+n—1+lnH\§z‘|
=2
=& 4+n—1+1In|detA| —In|& |

L

Define g(x) = 24+n—1+In | detA | —Inz, which is increasing for 1 < x < n. For & > 2

9(51)29(¥)2¥+n—1+ln|detz4\—ln\%\

2(n—1)K

n I

g(z) < g(\/Q(n ;DK) = \/QK(Z_ Y o 14in|detA] —%ln | 2(”;1)K |

Finally, for & <

2K(n—1 1 2K(n —
= (n)—l—n—l—i—ln|detA|—2ln|
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5. CONCLUSIONS

In graph theory, e-spectra are of particular interest in that they open up new avenues
of research in to the properties of chemical compounds. A case in point is how e-spectra
has contributed in studying the boiling point of hydrocarbons and also in calculating the
branching pattern of molecular graphs. The operations on graphs play a major role in
creating new graphs from pre-existing ones. In this paper we have found the e-spectra of
some graph products, and e-spectra of Splice and Link of regular graphs with diameter
at most 2. We also calculated the e-spectra of the larger graph acquired from the regular
graph with the help of some graph operations. Moreover, we determined some bounds of
e-energy and characterized the extreme graphs.

Acknowledgement. The authors would like to express their sincere gratitude to the
anonymous referees for their valuable comments and insightful feedback, which have
greatly improved the quality and clarity of this work.
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