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ECCENTRICITY SPECTRA OF SOME GRAPH OPERATIONS IN

REGULAR GRAPHS

SURYA S1,∗, P. RAMACHANDRAN1, §

Abstract. The eccentricity matrix of a graph G is derived from its distance matrix
by letting the ijth entry be equal to the distance between two vertices i and j, if the
distance is the minimum of their eccentricities and zero otherwise. The eigenvalues of
the eccentricity matrix of G are called ε-eigenvalues. Its ε-spectrum is the set of ε-
eigenvalues together with its multiplicity and ε-energy is the sum of the absolute values
of the ε-eigenvalues. In this paper, we study the ε-spectra of certain operations on
regular graphs. We also established some bounds on ε-energy of graphs and characterize
the extreme graphs.
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1. Introduction

Throughout this paper, we consider simple, connected, undirected graphs without loops
or parallel edges. Let G = (V (G), E(G)) be a graph with order n = |V (G)|. For a
graph G there are several matrices with it, including adjacency matrix A(G), Lapla-
cian matrix L(G), distance matrix D(G) and many more. The distance d(u, v) between
two vertices u and v is the minimum length of the paths connecting them. The eccen-
tricity of a vertex u ∈ V (G) is defined as ε(u) = max {d(u, v) : v ∈ V (G)}. The ra-
dius rad(G) and diameter diam(G) are defined as rad(G) = min {ε(u) : u ∈ V (G)} and
diam(G) = max {ε(u) : u ∈ V (G)}. The maximum degree maxv∈V (G)d(v) of a graph G
is denoted by △(G). For a graph G its adjacency matrix is an n × n matrix defined as
A(G) = (aij) where aij = 1 if vi and vj are adjacent and 0 otherwise. The distance ma-
trix D(G) = (dij) is defined as dij = d(vi, vj). These matrices have been widely studied
and have applications in Chemistry, Physics, Computer science, etc., see[2][3].For a real
number x, [x] denotes the integer part of x or greatest integer less than or equal to x.
In 2013 Randić [6] introduced a new graph matrix called DMAX matrix, which is obtained
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from the distance matrix D(G) by retaining the largest distance in each row and each
column and setting the rest of the entries of D(G) to zero. Later Wang et al. [5] renamed
it as eccentricity matrix ε(G). The eccentricity matrix of a graph G is defined as follows

ϵij =

{
d(vi, vj) if d(vi, vj) = min {ε(vi), ε(vj)}
0 otherwise

Note that ε(G) is a non-negative real symmetric matrix with diagonal entries 0. To
distinguish the eigenvalues corresponds to various graph matrices, the eigenvalues of A(G)
and D(G) are denoted by A-eigenvalues and D-eigenvalues, respectively. The eigenvalues
corresponding to ε(G) are denoted by ε-eigenvalues and the corresponding spectrum is the
ε-spectrum. Let ξ1 > ξ2 > ... > ξk be the distinct ε-eigenvalues. Then the ε-spectrum is
given by

Specε(G) =

{
ξ1 ξ2 ... ξk
m1 m2 ... mk

}
where mi is the multiplicity of each eigenvalue 1 ≤ i ≤ k. The energy is defined by

Eε(G) =
∑n

i=1 | ξi |
Unlike the adjacency and distance matrices of a connected graph, the eccentricity matrix
is not always irreducible [5]. The eccentricity matrix of a complete bipartite graph on n
vertices with maximum degree less than n− 1 is reducible while the eccentricity matrices
of trees of order n ≥ 2 are irreducible [5]. We can find application of eccentricity matrix on
the branching pattern of molecular graphs[4], in terms of molecular descriptor [5] [6] and
in the study of boiling point of hydrocarbons [7]. Motivated by the concepts and results
of other graph matrices, several spectral properties have been studied for the eccentricity
matrix in literature; see[4]-[10]
For a connected graph G of order n with diam(G) = 2 and △(G) < n−1, the entries of its
eccentricity matrix are given by ϵij = 2 if vivj ∈ E(G) and ϵij = 0 if vivj ∈ E(G), where

G is the complement of G, then ε(G) = 2A(G). The relation between the eigenvalues of
A(G) and E(G) has been investigated for certain graphs in [10]. Motivated by the above
works we continue to investigate the relation between eigenvalues of A(G) and E(G) in
some graph operations. Moreover we also calculate some bounds of the energy of eccentric
matrix of a graph G.
This paper is organised as follows: Section 2 contains some definitions and previously
known results. In section 3, we determine ε-spectra of the Cartesian product, strong
product, splice and link of regular graphs. Moreover we calculated ε-spectra of Mycielskian
graph, double graph and strong double graph of regular graphs. In section 4, we determine
some bounds of ε-energy and characterize the extreme graphs.

2. Preliminaries

Definition 2.1. [11] Let M = [Mij ] be a complex block matrix of order n, where the
blocks Mij are ni × nj matrices for any 1 ≤ i, j ≤ t. That is, the n × n matrix M has
t-row partitions and t-column partitions. Let qij denote the average row sum of Mij for
1 ≤ i, j ≤ t. Then QM = (qij)(simply Q)is called quotient matrix of M . In addition, for
each pair (i, j), if Mij has a constant row sum, then Q is called equitable quotient matrix
of M .

Lemma 2.1. [11] Let Q be a quotient matrix of a square matrix M corresponding to an
equitable partition. Then the spectrum of M contains the spectrum of Q.
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Lemma 2.2. [1] Let A ∈ Rn×n and B ∈ Rn×n. If Spec(A) and Spec(B) are the spectra
of matrices A and B, respectively then the spectrum of their Kronecker product A⊗ B is
given by SpecA⊗B = {λµ : λ ∈ Spec(A), µ ∈ Spec(B)}.

Lemma 2.3. [22] Let B =

(
B0 B1

B1 B0

)
be a symmetric 2 × 2 block matrix. Then the

spectrum of B is the union of the spectra of B0 +B1 and B0 −B1.

Lemma 2.4. [12] If the A-eigenvalues of an r-regular graph G with order n are r, λ2, ..., λn,
then the A-eigenvalues of G are n− r − 1,− (λ2 + 1) , ...,− (λn + 1).

Lemma 2.5. [13] Let G and H be two connected graphs and let (u, v) ∈ V (G) × V (H).
Let G□H denote their Cartesian product. Then eG□H(u, v) = eG(u) + eH(v).

Lemma 2.6. [14] Let G and H be two connected graphs and G□H denote their Cartesian
product. Let u = (u1, u2); v = (v1, v2) ∈ V (G) × V (H), then dG□H(u, v) = dG(u1, v1) +
dH(u2, v2).

Lemma 2.7. [16] Let x1, x2, ..., xN be non-negative numbers and let α = 1
N

∑N
i=1 xi and

γ =
(∏N

i=1 xi

) 1
N

be their arithmetic and geometric means. Then

1
N(N−1)

∑
i<j

(√
xi −

√
xj
)2 ≤ α− γ ≤ 1

N

∑
i<j

(√
xi −

√
xj
)2

and equality holds if x1 = x2 = · · · = xN .

Lemma 2.8. (Cauchy Interlace Theorem)[1] Let B be a p × p symmetric matrix and let
Bk be its leading k × k submatrix, that is, Bk is a matrix obtained from B by deleting its
last p− k rows and columns. Then for i = 1, 2, ..., k

ρp−i+1(B) ≤ ρk−i+1(Bk) ≤ ρk−i+1(B)

where ρi(B) is the ith largest eigenvalues of B.

3. On Regular graphs with diameter at most 2

Almost all connected graphs of order n have diameter 2 and △ < n−1[10]. For a regular
graph with diameter 2 and △ < n − 1 ; ε(G) = A(G)[5]. In subsection 3.1 we find the
ε-spectra of the Cartesian product and strong product of regular graphs. In subsection
3.2 we study ε-spectra of splice and link of regular graphs and subsection 3.2 explores the
ε-spectra of some graph operations.

3.1. ε-spectra of Graph Products. Here regular graphs with diameter 2 and △ < n−1
are considered.

Definition 3.1. Cartesian product [12] The Cartesian product of two graphs G and
H denoted by G□H is a graph with vertex set V (G) × V (H). Two vertices (u1, u2)
and (v1, v2) are adjacent in G□H if and only if either u1 = v1 and u2v2 ∈ V (H) or
u2 = v2 and u1v1 ∈ V (G).

Theorem 3.1. Let G be a r-regular graph with order n and λi ∈ Spec(A(G)) then the
ε-spectrum of G □Pm is given by
(i) If m = 2k, then Spec(ε(G□P2k)) ={

0, λi(
−(2k + 1) +

√
s

2
), λi(

−(2k + 1)−
√
s

2
), λi(

(2k + 1) +
√
s

2
), λi(

(2k + 1)−
√
s

2
)

}
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where s =

√
56k3 + 12k2 − 20k + 8

6
.

(ii) If m = 2k + 1, then Spec(ε(G□P2k+1)) ={
0, λi(

−(2k + 2) +
√
t1

2
), λi(

−(2k + 2)−
√
t1

2
), λi(

(2k + 2) +
√
t2

2
), λi(

(2k + 2)−
√
t2

2
)

}
where t1 =

√
28k3 + 54k2 + 2k − 36

3
and t2 =

√
28k3 + 78k2 + 98k + 60

3
.

Proof. (i)By suitable labelling on vertices of G □P2k the eccentricity matrix of G □P2k is
given by

ε(G□P2k) = Q⊗A(G)

where

Q =



0 0 . . . k + 2 . . . 2k 2k + 1
0 0 . . . 0 . . . 0 2k
...

...
...

...
...

0 0 · · · · · · 0 k + 2
k + 2 0 · · · · · · 0

...
...

...
...

...
2k 0 . . . . . . 0 0

2k + 1 2k . . . k + 2 . . . 0 0


(1)

Let ξ ̸= 0 be an eigenvalue of Q with eigenvector xt = (x1, x2, ..., x2k) such that Qx = ξx.
Then

(k + 2)xk+1 + (k + 3)xk+2 + · · ·+ 2kx2k−1 + (2k + 1)x2k = ξx1 (2)


2kx2k = ξx2
(2k − 1)x2k = ξx3

...
(k + 2)x2k = ξxk

(3)


(k + 2)x1 = ξxk+1

(k + 3)x1 = ξxk+2
...

2kx1 = ξx2k−1

(4)

(2k + 1)x1 + 2kx2 + · · ·+ (k + 2)xk = ξx2k (5)

Combining (1) and (3), (2) and (4), we get(
ξ2 −

[
(k + 2)2 + (k + 3)2 + · · ·+ (2k)2

])
x1 = ξ(2k + 1)x2k (6)(

ξ2 −
[
(k + 2)2 + (k + 3)2 + · · ·+ (2k)2

])
x2k = ξ(2k + 1)x1 (7)
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Assume x1 = 0, then by (2),(3) and (5) we get x2 = · · · = x2k = 0. Hence x1 ̸= 0, similarly
x2k ̸= 0.

Together with (5) and (6) and
[
(k + 2)2 + (k + 3)2 + · · ·+ (2k)2

]
=

(k − 1)(14k2 + 17k + 6)

6
we get

ξ2 ± (2k + 1)ξ − (k − 1)(14k2 + 17k + 6)

6
= 0 (8)

Therefore, Spec(Q) =−(2k + 1) +
√
s

2

−(2k + 1)−
√
s

2

(2k + 1) +
√
s

2

(2k + 1)−
√
s

2
0

1 1 1 1 2k − 4


where s =

√
56k3 + 12k2 − 20k + 8

6
. Hence by Lemma 2.2, Spec(ε(G□P2k)) is given by{

0, λi(
−(2k + 1) +

√
s

2
), λi(

−(2k + 1)−
√
s

2
), λi(

(2k + 1) +
√
s

2
), λi(

(2k + 1)−
√
s

2
))

}
where λi ∈ spec(A(G).
(ii) We have

ε(G□P2k+1) = Q′ ⊗A(G)

where

Q′ =



0 0 . . . k + 2 . . . 2k + 1 2k + 2
0 0 . . . 0 . . . 0 2k + 1
...

...
...

...
...

k + 2 0 · · · · · · k + 2
...

...
...

...
...

2k + 1 0 . . . . . . 0 0
2k + 2 2k + 1 . . . k + 2 . . . 0 0


(9)

Proceeding as in (i), we get Spec(Q′) =−(2k + 2) +
√
t1

2

−(2k + 2)−
√
t1

2

(2k + 2) +
√
t2

2

(2k + 2)−
√
t2

2
0

1 1 1 1 2k − 3


where t1 =

√
28k3 + 54k2 + 2k − 36

3
and t2 =

√
28k3 + 78k2 + 98k + 60

3
.

Hence for λi ∈ spec(A(G) , Spec(ε(G□P2k+1)) is given by{
0, λi(

−(2k + 2) +
√
t1

2
), λi(

−(2k + 2)−
√
t1

2
), λi(

(2k + 2) +
√
t2

2
), λi(

(2k + 2)−
√
t2

2
))

}
□

Theorem 3.2. Let G be an r- regular graph and H be a k-regular graph with order n and
m, respectively. Then Specε (G□H) = {λµ : λ ∈ Specε(G), µ ∈ Specε(H)}. .
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Proof. For u, v ∈ V (G)× V (H) by Lemma 2.5 and Lemma 2.6

ε(G□H) = [ϵuv] =

{
4 if dG□H(u, v) = 4

0 Otherwise

Let (ak, bs), (ak, br) ∈ V (G)× V (H), s ̸= r.
Then by Lemma 2.6, d ((ak, bs), (ak, br)) = d(bs, br) ≤ min {e(bs), e(br)} = 2. Similarly
d ((ap, bk), (aq, bk))p̸=q ≤ 2. Therefore for u = (ai, bp), v = (aj , bq) ∈ V (G)× V (H),

ϵuv =


0 if ai = aj or bp = bq

0 if ai adj aj in G or bp adj bq in H

4 if ai not adj aj in G and bp not adj bq in H

(10)

Let ε(G) = [aij ] and ε(H) = [bij ] be the eccentricity matrices of G and H. Label the ver-
tices in G□H as (a1, b1), ..., (an, b1), ..., (a1, bm), ..., (an, bm). So the diagonal block matrix
of ε(G□H) is [A]ij = 0n×n by equation (10) and the non-diagonal block matrix corre-
sponding to vertices (a1, bi), ..., (an, bi) and (a1, bj), ..., (an, bj) i ̸= j is given by

(Aij) =

{
0n×n if bi adj bj in H

2[aij ] if bi not adj bj in H

Therefore ε(G□H) = ε(H)⊗ ε(G). □

Next we discuss the ε-spectrum of regular graphs with △ = n − 1. For the complete
graph Kn , ε(Kn) = A(Kn). However, while taking the Cartesian product, both matrices
are not the same. The next theorem is about the ε-spectrum of Cartesian product of
complete graphs.

Theorem 3.3. ε(Kn□Km) = 2ε(Kn)⊗ ε(Km)

Proof. By suitable labelling the eccentricity matrix of Kn□Km is given by

ε(Kn□Km) =


0 2ε(Km) · · · 2ε(Km)

2ε(Km) 0 · · · 2ε(Km)
...

...
...

2ε(Km) 2ε(Km) · · · 2ε(Km)

 = 2ε(Kn)⊗ ε(Km)

□

Corollary 3.1. Specε(Kn□Kn) =
{
2,−2(n− 1), 2(n− 1)2

}
Corollary 3.2. Eε(Kn□Kn) = 4n(n− 1)

Definition 3.2. Strong Product[20] The strong product of two graphs G and H denoted
by G⊠H is a connected graph with vertex set is V (G)× V (H). Any two vertices (u1, v1)
and (u2, v2) are adjacent in G ⊠ H if and only if u1 = v1 and u2v2 ∈ V (H) or u2 =
v2 and u1v1 ∈ V (G) or u1u2 ∈ V (G) and v1v2 ∈ V (H).

Lemma 3.1. [20] Let G and H be graphs. Then for every vertex (u, v) ∈ V (G ⊠H) we
have eG⊠H = max {eG(u), eH(v)}.

Theorem 3.4. Let G be an r-regular graph and H be a k-regular graph with order n and
m, respectively. If λ1, ..., λn and µ1, ..., µm are eigenvalues of the adjacency matrices of G
and H, respectively then
Spec(G⊠H) = {2(r + 1)(m− k − 1) + 2m(n− r − 1),−2(λi + 1)(k + 1), (r + 1)µj}
i = 1, ..., n , j = 1, ...,m and 2(r+1)(m−k−1)+2m(n−r−1)with multiplicity nm−n−m.
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Proof. By Lemma 3.1, eG⊠H(u, v) = 2 ; ∀ (u, v) ∈ V (G⊠H).
Let u = (ai, bp), v = (aj , bq) ∈ V (G)× V (H) the entries of ε(G⊠H) = (ϵuv) are given by

ϵuv =


0 if i = j, bpbq ∈ E(H)

0 if p = q, aiaj ∈ E(G)

0 if aiaj ∈ E(G), bpbq ∈ E(H)

2 Otherwise

Label the vertices in G ⊠H as (a1, b1), ..., (a1, bm), ..., (an, b1), ..., (an, bm). The entries in
the block diagonal matrix of ε(G ⊠ H) corresponding to vertices (ai, b1), ..., (ai, bm) are
given by

ϵ(ai,bp)(ai,bq) =

{
2 if bpbq /∈ E(H)

0 Otherwise

Likewise, the entries in the block non-diagonal matrix corresponding to the vertices
(ai, b1), ..., (ai, bm) and (aj , b1), ..., (aj , bm) for i ̸= j are given by
(i) If ai adjacent to aj in V (G) then

ϵ(ai,bp)(aj ,bq) =

{
2 if bpbq /∈ E(H)

0 Otherwise

(ii) If ai is not adjacent to aj in V (G), then

ϵ(ai,bp)(aj ,bq) = 2 ; ∀ (ai, bp)(aj , bq) ∈ V (G)× V (H)

Therefore

ε(G⊠H) = A(G)⊗ ε(H) + ε(G)⊗ Jm + In ⊗ ε(H)

= (A(G) + In)⊗ ε(H) + ε(G)⊗ Jm

Let 1n and 1m be n× 1 and m× 1 matrices with all entries one. Then

((A(G) + In)⊗ ε(H) + ε(G)⊗ Jm) (1n ⊗ 1m)

= ((A(G) + In)⊗ ε(H)) (1n ⊗ 1m) + (ε(G)⊗ Jm) (1n ⊗ 1m)

= (r1n + 1n)⊗ 2(m− k − 1)1m + 2(n− r − 1)1n ⊗m1m

=2(m− k − 1)(r + 1) (1n ⊗ 1m) + 2m(n− r − 1) (1n ⊗ 1m)

= (2(r + 1)(m− k − 1) + 2m(n− r − 1)) (1n ⊗ 1m)

Let Xi be eigenvector corresponding to eigenvalue λi of A(G). Then

((A(G) + In)⊗ ε(H) + ε(G)⊗ Jm) (Xi ⊗ 1m)

= (A(G)Xi + InXi)⊗ ε(H)1m + ε(G)Xi ⊗ Jm1m

=(λi + 1)⊗ 2(m− k − 1)1m + (−2 (λi + 1))Xi ⊗m1m

=(−2(k + 1) (λi + 1)) (Xi ⊗ 1m)

Similarly, for an eigenvector Yi corresponds to eigenvalue µi of ε(H),

((A(G) + In)⊗ ε(H) + ε(G)⊗ Jm) (1n ⊗ Yi) = ((r + 1)µi) (1n ⊗ Yi)
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Therefore (2(r + 1)(m− k − 1) + 2m(n− r − 1),−2(k + 1) (λi + 1) and (r + 1)µi are the
eigenvalues of ε(G⊠H) corresponding to eigenvectors (1n ⊗ 1m) , (Xi ⊗ 1m) and (1n ⊗ Yi)
respectively. □

3.2. ε-spectra of Splice and Link of Graphs.

Definition 3.3. [21] Suppose G and H are graphs with disjoint vertex sets. For given
vertices u ∈ V (G) and v ∈ V (H), a splice of G and H by vertices u and v denoted
by (G.H)(u, v) is defined by identifying the vertices u and v in the union of G and H.
Similarly, a link of G and H by vertices u and v denoted by (G ∼ H)(u, v) is defined as
the graph obtained by joining u and v by an edge in the union of these graphs.

Remark 3.1. If | V (G) | = n1 ; | V (H) | = n2 ; | E(G) | = m1 and | E(H) |= m2

then it follows that | V ((G.H)(u, v)) | = n1+n2−1 , | V ((G ∼ H)(u, v)) |= n1+n2 ;
| E((G.H)(u, v)) |= m1 +m2 , | E((G ∼ H)(u, v)) |= m1 +m2 + 1.

Theorem 3.5. Let G be an r-regular graph and H be a k-regular graph with vertices
n1 and n2, respectively. Then the ε-spectrum of a splice of G and H by vertices u and
v, (G.H)(u, v) is the roots of the polynomial

λ4 − (16(n− r − 1)(m− k − 1) + (n− r − 1)(9k + 4) + (m− k − 1)(9k + 4))λ2−
32(n− r − 1)(m− k − 1)λ+ 3(n− r − 1)(m− k − 1)(27kr + 12)(k + r)) = 0

Proof. Consider the following partition of the vertex set of (G.H)(u, v) : V1 = {u} = {v};
V2 = {u1, ..., ur} are vertices adjacent to u in G, V3 =

{
u′1, ..., u

′
n−r−1

}
are vertices not ad-

jacent to u in G and V4 = {v1, ..., vk} are vertices adjacent to v in H, V5 =
{
v′1, ..., v

′
m−k−1

}
are vertices not adjacent to v in H such that V (G) = { u } ∪ V2 ∪ V3 and
V (H) = { v } ∪ V4 ∪ V5. It is clear that e(u) = e(v) = 2 ; e(ui) = 3 = e(vj) for
1 ≤ i ≤ r ; 1 ≤ j ≤ k ; e(u′i) = 4 = e(v′j) for 1 ≤ i ≤ n − r − 1 ; 1 ≤ j ≤ m − k − 1.

The eccentricity matrix of (G.H)(u, v) corresponding to the above partition is given by

ε((G.H)(u, v)) =



0 0 · · · 0 0 · · · 0 2 · · · 2 2 · · · 2
0 0 · · · 0 0 · · · 0 0 · · · 0 3 · · · 3
...

... · · ·
...

... · · ·
...

... · · ·
...

... · · ·
...

0 0 · · · 0 0 · · · 0 0 · · · 0 3 · · · 3
0 0 · · · 0 0 · · · 0 3 · · · 3 0 · · · 0
...

... · · ·
...

... · · ·
...

... · · ·
...

... · · ·
...

0 0 · · · 0 0 · · · 0 3 · · · 3 0 · · · 0
2 0 · · · 0 3 · · · 3 0 · · · 0 4 · · · 4
...

... · · ·
...

... · · ·
...

... · · ·
...

... · · ·
...

2 0 · · · 0 3 · · · 3 0 · · · 0 4 · · · 4
2 3 · · · 3 0 · · · 0 4 · · · 4 0 · · · 0
...

... · · ·
...

... · · ·
...

... · · ·
...

... · · ·
...

2 3 · · · 3 0 · · · 0 4 · · · 4 0 · · · 0


The quotient matrix corresponding to the above matrix is

Q =


0 0 0 2(n− r − 1) 2(m− k − 1)
0 0 0 0 3(m− k − 1)
0 0 0 3(n− r − 1) 0
2 0 3k 0 4(m− k − 1)
2 3r 0 4(n− r − 1) 0


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Since rank(ε((G.H)(u, v))) = rank(Q) = 4, we see that 0 is an eigenvalue of ε((G.H)(u, v))
with multiplicity n1 + n2 − 5 and Spec(ε((G.H)(u, v)) = Spec(Q). The spectrum of Q is
given by det(λI −Q) = 0
⇒ λ4−(16(n− r − 1)(m− k − 1) + (n− r − 1)(9k + 4) + (m− k − 1)(9k + 4))λ2−32(n−
r − 1)(m− k − 1)λ+ 3(n− r − 1)(m− k − 1)(27kr + 12(k + r)) = 0 □

Theorem 3.6. Let G be an r-regular graph and H be a k-regular graph with vertices
n1 and n2, respectively. Then the ε-spectrum of a link of G and H by vertices u and
v; (G ∼ H)(u, v) is the roots of the polynomial

λ4 − (25(n− r − 1)(m− k − 1) + 16(k(n− r − 1) + r(m− k − 1))+

9(n− r − 1 +m− k − 1))λ+ (n− r − 1)(m− k − 1)(256kr + 144(k + r) + 81) = 0

Proof. Consider the same partition of the vertex set of (G ∼ H)(u, v) as in Theorem 3.5
such that V (G) = V0∪V2∪V3 and V (H) = V1∪V4∪V5. So e(u) = e(v) = 3 ; e(ui) = 4 =
e(vj) for 1 ≤ i ≤ r ; 1 ≤ j ≤ k ; e(u′i) = 5 = e(v′j) for 1 ≤ i ≤ n−r−1 ; 1 ≤ j ≤ m−k−1.

The quotient matrix of ε((G ∼ H)(u, v)) corresponding to the above partition is given by

Q =


0 0 0 0 0 3(m− k − 1)
0 0 0 0 3(n− r − 1) 0
0 0 0 0 0 4(m− k − 1)
0 0 0 0 4(n− r − 1) 0
0 3 0 4k 0 5(m− k − 1)
0 3 4r 0 5(n− r − 1) 0


Since rank(ε((G ∼ H)(u, v))) = rank(Q) = 4, we see that 0 is an eigenvalue of ε((G ∼
H)(u, v)), with multiplicity n1 + n2 − 4 and Spec(ε((G ∼ H)(u, v)) = Spec(Q) which are
exactly roots of λ4 − (25(n− r− 1)(m− k− 1) + 16(k(n− r− 1) + r(m− k− 1)) + 9(n−
r − 1 +m− k − 1))λ+ (n− r − 1)(m− k − 1)(256kr + 144(k + r) + 81) = 0

□

3.3. ε-Spectra of some graph operations.

Definition 3.4. [17] The Mycielskian µ(G) of a graph G = (V,E) is defined as the graph
with vertex set V (µ(G)) = V ∪ V ′ ∪ {u }, where { V ′ = x′ : x ∈ V } and edge set
E(µ(G)) = E ∪ {yx′ : xy ∈ E} ∪ {x′u : x′ ∈ V ′}.

Theorem 3.7. Let G be an r- regular graph with n vertices and diameter at most 2. Then
the eccentricity spectrum of the Mycielskian graph of G ; ε(µ(G)) consists of (((−1)k+1

√
5−

1)−2)λi(G) for i = 2, 3, ..., n and the roots of the polynomial λ3−2(2n−2−r)λ2−4(n2−
rn+ 2n− r2 − r − 1)λ+ 4n(n− 1) = 0 where λi(G) ∈ Spec(A(G)).

Proof. By suitable labelling on the vertices, ε(µ(G)) is given by 0 0 21tn
0 2(Jn − In) 2(Jn −A(G))

21n 2(Jn −A(G)) 2(Jn − In −A(G))


The quotient matrix Q corresponding to the equitable partition is given by0 0 2n

0 2(n− 1) 2(n− r)
2 2(n− r) 2(n− r − 1)


The characteristic polynomial of Q is given by λ3−2(2n−2− r)λ2−4(n2− rn+2n− r2−
r− 1)λ+4n(n− 1) = 0. By Lemma 2.1 roots of this polynomial belongs to ε-spectrum of
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µ(G). Let X1 =
1

n
(1, ..., 1) and {Xi}ni=1 be set of orthonormal eigenvectors of A(G) and

γik ̸= 0 be a scalar for k = 1, 2. For i = 2, 3, ..., n we have

ε(µ(G))

 0
γikXi

Xi

 = −

 0
2(γik + λi(G))Xi

2(γik + λi(G) + 1)Xi


= −2(1 +

λi(G)

γik
)

 0
γikXi

Xi


if and only if

1 +
λi(G)

γik
= (γik + 1)λi(G) + 1

if and only if

γ2ik + γik − 1 = 0 ⇒ γik =
−1±

√
5

2

Take γik =
−1 + (−1)k

√
5

2
; k = 1, 2. Therefore λi(G)(((−1)k+1

√
5− 1)− 2) is the eigen-

value of ε(µ(G)) for i = 2, 3, ..., n ; k = 1, 2. □

Definition 3.5. [18] The double graph D(G) of a graph G is obtained by taking two copies
of G and joining each vertex in one copy with the neighbours of the corresponding vertex
in the other copy.

Theorem 3.8. Let G be an r-regular graph of order n and diameter at most 2. Then the
ε-spectrum of D(G) is given by

Spec(ε(D(G))) =

{
2(2(n− r)− 1) −2(2λ2 + 1) . . . −2(2λn + 1) −2

1 1 . . . 1 n

}
where r, λ2, ..., λn are the eigenvalues of A(G).

Proof. By suitable labelling, we get

ε(D(G)) =

[
ε(G) ε(G) + 2In

ε(G) + 2In ε(G)

]
By Lemmas 2.3 and 2.4 we obtain the desired result. □

Definition 3.6. [19] The strong double graph SD(G) of a graph G is constructed by taking
two copies of graph a G and joining each vertex in one copy with the closed neighbourhood
of the corresponding vertex in the other copy.

Theorem 3.9. Let G be an r-regular graph of order n and diameter 2. Then the ε-
spectrum of SD(G) is given by

Spec(ε(SD(G))) =

{
4(n− r − 1) −4(λ2 + 1) . . . −4(λn + 1) 0

1 1 . . . 1 n

}
where r, λ2, ..., λn are the eigenvalues of A(G).
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Proof. We have;

ε(SD(G)) =

[
ε(G) ε(G)
ε(G) ε(G)

]
= J2 ⊗ ε(G)

By Lemmas 2.2 and 2.4 gives the desired result. □

Remark 3.2. Specε(SD(Kn)) = Specε(K2n)

4. Some bounds on ε-energy of graphs

In this section, we obtain some upper and lower bounds of ε-energy of a simple connected
graph G.

Lemma 4.1. [10] If G is a connected graph of order n, then
∑n

i=1 ξi = 0 and
∑n

i=1 ξ
2
i =

2
∑

1≤i<j≤n ϵ
2
ij.

Notation 4.1. Let
∑

1≤i<j≤n ϵ
2
ij denoted by K.

Theorem 4.1. [7] Let G be a connected graph with order n ≥ 2. Then ξ1 ≤
√

2K(n−1)
n

where equality holds if and only if ξ1 ̸= ξ2 = · · · = ξn. Furthermore if ξ1 = n − 1, the
upper bounds is achieved if and only if G is a complete graph.

Theorem 4.2. Let A be a non-singular eccentricity matrix of a graph G with n vertices.
Then

n | detA |
1
n≤ Eε(G) ≤ 2nK

|detA|
1
n
.

Proof. By the geometric mean and arithmetic mean inequality

| ξ1 | + · · ·+ | ξn |
n

≥| ξ1...ξn |1/n

Eε(G) ≥ n | detA |
1
n

Also,| ξ1 |≥| detA |
1
n⇒

∑n
i=1 | ξi || ξ1 |≥

∑n
i=1 | ξi || detA |

1
n

n | ξ1 |2≥
∑n

i=1 | ξi || ξ1 |≥ Eε(G) | detA |
1
n

Thus, Eε(G) ≤ n|ξ1|2

|detA|
1
n
≤ 2Kn

|detA|
1
n
. □

The next result is a bound for ε-energy similar to the bound obtained by Milovanović
[15] for energy of a graph.

Theorem 4.3. Let G be a graph with n vertices and m edges. Let | ξ1 |≥ .... ≥| ξn | be
the non-increasing eigenvalues of ε(G). Then

Eε(G) ≥
√

2Kn− α(n) (| ξ1 | − | ξn |)2 (11)

where α(n) = n
(
1− 1

n

[
n
2

]) [
n
2

]
, while [x] denote the integer part of a real number x.

Proof. Let x1, ..., xn and y1, ..., yn be real numbers for which there exist constants x, y,X
and Y such that x ≤ xi ≤ X and y ≤ yi ≤ Y ∀ i = 1, 2, ..., n. Then the following
inequality is valid [see [15]]

| n
n∑

i=1

xiyi −
n∑

i=1

xi

n∑
i=1

yi | ≤ α(n)(X − x)(Y − y) (12)
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where α(n) = n
(
1− 1

n

[
n
2

]) [
n
2

]
and equality holds if and only if x1 = x2 = · · · = xn and

y1 = y2 = · · · = yn. If xi =| ξi | , yi =| ξi | , x = y =| ξn | , X = Y =| ξ1 |

| n
n∑

i=1

| ξi |2 −(

n∑
i=1

| ξi |)2 |≤ α(n) (| ξ1 | − | ξn |)2

n

2
∑
i<j

ϵ2ij

− (Eε(G))2 ≤ α(n) (| ξ1 | − | ξn |)2

Eε(G) ≥
√

2Kn− α(n) (| ξ1 | − | ξn |)2

Since equality in (12) holds in if and only if x1 = x2 = · · · = xn and y1 = y2 = · · · = yn,
equality in (11) holds if and only if | ξ1 |=| ξ2 |= · · · =| ξn |.

□

Corollary 4.1. Since α(n) = n
(
1− 1

n

[
n
2

]) [
n
2

]
≤ n2

4 , then by Theorem 4.3 Eε(G) ≥√
2Kn− n2

4 (| ξ1 | − | ξn |)2.

Theorem 4.4. Let G be a graph with n vertices and m edges. Let | ξ1 |≥ · · · ≥| ξn | be
the non-increasing eigenvalues of ε(G). Then Eε(G) ≥ 2K+n|ξ1||ξn|

|ξ1|+|ξn| .

Proof. Let xi ̸= 0 yi, r and R be real numbers (r ̸= R) satisfying rxi ≤ yi ≤ Rxi then
the following inequality hold∑n

i=1 y
2
i + rR

∑n
i=1 xi ≤ (r +R)

∑n
i=1 xiyi

Put yi =| ξi | xi = 1 , r =| ξn | R =| ξ1 |
n∑

i=1

| ξi |2 + | ξ1 || ξn |
n∑

i=1

1 ≤ (| ξ1 | + | ξn |)
n∑

i=1

| ξi |

2
∑
i<j

ϵ2ij + n | ξ1 || ξn | ≤ (| ξ1+ || ξn |)Eε(G)

Eε(G) ≥ 2K + n | ξ1 || ξn |
| ξ1 | + | ξn |

Equality holds if and only if | ξ1 |=| ξ2 |= · · · =| ξn |. □

Theorem 4.5. Let G be a graph with n vertices and m edges. Then

Eε(G) ≥
√

2K + n(n− 1)detA
2
n + 4

(n+1)(n−2)(

√
2
√
K

n −
√
2K)2

and equality holds if and only if G ∼= Kn.

Proof. By Lemma 2.7,
∑N

i=1 xi ≥ N(
∏N

i=1 xi)
1
N + 1

N−1

∑
i<j(

√
xi −

√
xj)

2. Putting

N = n(n−1)
2 and (x1, ..., xN ) = (| ξ1 || ξ2 |, | ξ1 || ξ3 |, ..., | ξ1 || ξn |, | ξ2 || ξ3 |, ..., | ξ2 || ξn |

.... | ξn−1 || ξn |)∑
1≤i<j≤n

| ξi || ξj | ≥
n(n− 1)

2
(

n∏
i=1

| ξi |)
2
n +

2

n2 − n− 2

∑
i<j≤k<l

(
√
| ξi || ξj | −

√
| ξk || ξl |)2

2
∑

1≤i<j≤n

| ξi || ξj | ≥ n(n− 1)detA
2
n +

4

(n+ 1)(n− 2)

∑
i<j≤k<l

(
√
| ξi || ξj | −

√
| ξk || ξl |)2
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Then by Theorem 4.1,∑
i<j≤k<l

(
√

| ξi || ξj | −
√

| ξk || ξl |)2 ≥ (
√
| ξ1 || ξn | −

√
| ξn/2 || ξn |)2

=| ξn | (
√
| ξ1 | −

√
| ξn/2 |)2

≥

√
2
√
K

n
−
√
2K

2

Thus

2
∑

1≤i<j≤n | ξi || ξj |≥ n(n− 1)detA
2
n + 4

(n+1)(n−2) +

(√
2
√
K

n −
√
2K

)2

Adding
∑n

i=1 ξ
2 = 2K to both sides

Eε(G) ≥
√

2K + n(n− 1)detA
2
n + 4

(n+1)(n−2)(

√
2
√
K

n −
√
2K)2.

□

Theorem 4.6. Let A be a non-singular eccentricity matrix of graph G with n vertices and

| ξ1 |≥ .... ≥| ξn | be the non-increasing eigenvalues of A. Then 2
√
K

n + n− 1 + ln | detA |

−ln | 2
√
K

n |≤ Eε(G) ≤
√

2K(n−1)
n + n− 1 + ln | detA | −1

2 ln | 2K(n−1)
n |.

Proof. Consider the function f(x) = x−1− lnx for x ≥ 0. It is easy to see that f(x) is an
increasing function for x ≥ 1 and decreasing for 0 ≤ x ≤ 1. Then f(x) ≥ f(1) = 0 implies
that x ≥ 1 + lnx for x > 1.

Eε(G) =| ξi | +
n∑

i=2

| ξi |

≥ ξ1 + n− 1 +

n∑
i=2

ln | ξi |

= ξi + n− 1 + ln
n∏

i=2

| ξi |

= ξi + n− 1 + ln | detA | −ln | ξi |

Define g(x) = x+n−1+ln | detA | −lnx, which is increasing for 1 ≤ x ≤ n. For ξ1 ≥ 2
√
K

n

g(ξ1) ≥ g(2
√
K

n ) = 2
√
K

n + n− 1 + ln | detA | −ln | 2
√
K

n |

Finally, for ξ1 ≤
√

2(n−1)K
n ,

g(x) ≤ g(

√
2(n− 1)K

n
) =

√
2K(n− 1)

n
+ n− 1 + ln | detA | −1

2
ln |

√
2(n− 1)K

n
|

=

√
2K(n− 1)

n
+ n− 1 + ln | detA | −1

2
ln | 2K(n− 1)

n
| .

□



534 TWMS J. APP. ENG. MATH. V.16, N.4, 2026

5. Conclusions

In graph theory, ε-spectra are of particular interest in that they open up new avenues
of research in to the properties of chemical compounds. A case in point is how ε-spectra
has contributed in studying the boiling point of hydrocarbons and also in calculating the
branching pattern of molecular graphs. The operations on graphs play a major role in
creating new graphs from pre-existing ones. In this paper we have found the ε-spectra of
some graph products, and ε-spectra of Splice and Link of regular graphs with diameter
at most 2. We also calculated the ε-spectra of the larger graph acquired from the regular
graph with the help of some graph operations. Moreover, we determined some bounds of
ε-energy and characterized the extreme graphs.

Acknowledgement. The authors would like to express their sincere gratitude to the
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[6] Randić, M., (2013), Dmax–matrix of dominant distances in a graph, MATCH-Communications in
Mathematical and in Computer Chemistry, 70(1), pp. 221-238.

[7] Wang, J., Lei, X., Wei, W., Luo, X., Li., S., (2020), On the eccentricity matrix of graphs and its
applications to the boiling point of hydrocarbons, Chemometrics and Intelligent Laboratory Systems,
207, pp.104-173.

[8] Wang, J., Lu, M., Lu, L. and Belardo, F., (2020), Spectral properties of the eccentricity matrix of
graphs, Discrete Applied Mathematics, 279, pp.168-177.

[9] Mahato, I., Gurusamy, R., Rajesh Kannan, M., Arockiaraj, S., (2023), On the spectral radius and the
energy of eccentricity matrices of graphs, Linear and Multilinear Algebra 71 (1), pp.5–15.
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