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ON SYMMETRIC NEIGHBORS DEGREE SUM EXPONENT MATRIX

PUSHPA NALWAD!, NARAYAN SWAMY?* ADITYA BIRADARZ?.

ABSTRACT. Recently, exponent matrices have emerged as a dynamic tool for studying
networks by measuring node centrality. In this work, we define a Symmetric Neighbors
degree sum exponent matrix SyE(G) of a graph G whose (4,7)™" entry is §fj + 5?1'
for i # j, it is zero otherwise, where d; is the Neighbors degree sum of a vertex v; in
G. Inspired by the applications of Neighbors degree sum in redefining various degree
based topological indices, we introduce characteristic polynomial of Sy E(G), termed as
Symmetric Neighbors degree sum exponent polynomial and the sum of absolute value
of eigenvalue of Sy F(G) matrix is called as Symmetric Neighbors degree sum exponent
energy. In this paper, we obtain the Neighbors degree sum exponent polynomial and
Neighbors degree sum exponent energy of some graphs.

Keywords: Graphs, Neighbors degree sum, Symmetric Neighbors degree sum exponent
matrix, Symmetric Neighbors degree sum exponent polynomial and energy.
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1. INTRODUCTION

Let G be a simple, undirected graph with n vertices and m edges. Let V(G) = {vi,v2... v}
and F(G) = {e1,ea...e,} are the vertex set and edge set of a graph G respectively. If vy
and vy are adjacent vertices of GG, then the edge connecting them will be denoted by wvivs.
The degree of a vertex u in G is the number of edges incident to it and is denoted by d(u).
If the degree of a each vertex in a graph G is equal to r then it is called as r-regular graph.
Neighborhood of a vertex w is defined as Ng(u) = {v € V(G) : v is adjacent to u in G}.
For graph theoretical notations we follow the book[1].

The Neighbors degree sum of a vertex u [6], denoted by d(u) and is defined as the sum of
degree of adjacent vertices u, that is,

S(uy= > dv)

vENg (u)
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Recently, Neighbors degree sum concept and some novel Neighbors degree sum polynomial
and their energies have been studied in [2, 5, 7, 11]. Degree exponent polynomial and
degree exponent energy of graphs have been studied in [8]. In this paper we introduce a
new matrix called Symmetric Neighbors degree sum exponent matrix defined as Sy E(G) =
[ne;j], in which

{5?‘ 0N, if i#

neg; = A

0, if 1=7

The characteristic polynomial Pg, g(q)(1) = det(ul — SyE(G)) of a matrix Sy FE(G) is
called Symmetric Neighbors degree sum exponent polynomial of GG, where [ is an identity
matrix. The roots of the equation Pg, g (1) = 0, denoted by g1, p1o, ... iy are called
Symmetric Neighbors degree sum exponent eigenvalues of G and their collection is called
Symmetric Neighbors degree sum exponent spectrum of G. Thus the sum of the absolute
values of the Symmetric Neighbors degree sum exponent matrix of G is called Symmetric
Neighbors degree sum exponent energy of G and is denoted by SyEE(G). Thus

SNEE(G) = |pl. (1)
=1

It is noted that, the Eq. (1) is in full analogy with the ordinary graph energy, defined as
the sum of absolute values of the eigenvalues of the adjacency matrix of G [3] and some
recent work can be found in [10, 12]. For details on the energy of graph, it is suggested to
refer the book [4] and the references cited there in.

In this paper, we obtain the Symmetric Neighbors degree sum exponent polynomial of some
graphs and thereby obtain Symmetric Neighbors degree sum exponent energy. Following
lemmas are required for the further results.

Let I be the identity matrix and J be the matrix whose all entries are equal to one.

Lemma 1.1. [1] The eigenvalues of n x n matriz al + bJ are a with multiplicity n — 1
and a + nb with multiplicity one.

Lemma 1.2. [1] If a,b,c and d are real numbers then the determinant of order ny + ng of
the form

(p+a)l,, —aJm —¢Jny xns
—dJnyxm (14 b)Iny — bn,

can be expressed as, (u+ a)™  (p+b)"2" {[u — (n1 — 1)a] [u — (ng — 1)b] — ninged}

Lemma 1.3. [9] Let G be a graph with n vertices and m edges. Then,
0 (u) = dg(u) — (n = 2)dg(u) + (n —1)* = 2m
2. SYMMETRIC NEIGHBORS DEGREE SUM EXPONENT POLYNOMIAL OF SOME GRAPHS

It is simple to see that if G is an r-regular graph, then its Symmetric Neighbors degree
sum exponent matrix can be expressed as SyE(G) = —272r° 4 292® J. Therefore by
Lemma 1.1, for an r-regular graph G of order n,

Ps\ ec) (1) = <M + 27“?2)”_1 <M o2 (n — 1)) (2)
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The complete graph K, is a (n — 1)-regular graph and the cycle C,, is a 2-regular graph.
Therefore, from Eqn. (2),

n—1
Ps\ p(k, (1) = |p+2(n— 1)2”2*47“2} [M —9n — 1)2n274n+3]
Psyp(cn() = lp+512]""" [u—512(n — 1)]

Let V(G) be the vertex set of G. The complement of a graph G is a graph G with vertex
set V(G) and two vertices in G are adjacent if and only if these are not adjacent in G.
If G is an r-regular graph with n vertices and m edges, Symmetric Neighbors degree
sum of every vertex is 272 then by Lemma 1.3, G is an (n — r — 1)-regular graph on
the same number of vertices and edges with Symmetric Neighbors degree sum of every
vertex 2(r2 — (n — 2)r + (n — 1)2 — 2m). Therefore from Eqn. (2), if G is an r-regular
graph on n vertices, then the Symmetric Neighbors degree sum exponent polynomial of
its complement graph is given as:

n—1

r2—(n—2)r+(n—1)2—2m)?2
P pa(n) = [u+2(r2 — (n—2)r + (n— 1)% — 2m) 207~ (=2)r+(n=1)*~2m) }

|:M B 2(7"2 - (n B 2)7" + (n _ 1)2 B 2m)2(r2—(n—2)r+(n—1)2—2m)2(n o 1):|

A graph G is said to be bipartite if its vertex set V(G) can be partitioned into two sets
V1 and V5 such that each edge of G has one end vertex in Vi and other end vertex in V5.
A complete bipartite graph is bipartite graph with partite sets Vi and V5 in which every
vertex of V] is adjacent to all vertices of V5. The complete bipartite graph is denoted by
Ky, ny, where |Vi| = ny and |Va] = na.

Theorem 2.1. The Symmetric Neighbors degree sum exponent polynomial of the complete
bipartite graph Ky, pn, s

(M + 2(n1n2)n1n2)n1+n2—2 {[(:u - 2(”1 - 1)(”1”2)n1n2) (M - 2(”2 - 1)(n1n2)”1"2) — 4(711712)2n1n2+1} }

Proof. The Symmetric Neighbors degree sum exponent matrix of the complete bipartite
graph K, 5, is

2(711712)(n1n2)<]nl — Z(nlng)("1"2)ln1 Z(nlng)(”1"2)Jn1Xn2
2(n1n2)(n1n2)Jn2xm 2(n1n2)(n1n2)Jn2 _ 2(n1n2)(”1”2)ln2

Therefore,

Py bsn ) (1) = 1] = SNE(Kiry )|

[u+2(n1n2)(”1"2>] In, —2(n1n2)("1"2)Jn1 —2(n1n2)("1"2>c}n1xn2 (3)
_2(n1n2)(n1n2)Jn2 Xni [N + 2(n1"2)<n1n2)] Iny — 2("171«2)(”1"2)Jn2

By Lemma 1.2 to Eqn. (3), we get the result.

Corollary 2.1. Let S, = K1 -1 be the star graph with n vertices. Then the Symmetric
Neighbors degree sum exponent polynomial of Sy, is

Poy sy (1) = [+ 2(n = )" "7 [u2 = 2(n — 2)(n — 1)" 'p — 4(n — 1)>*71]
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Theorem 2.2. Let P, be a path with n > 4 vertices.

degree sum exponent polynomial of P, is

Then the Symmetric Neighbors

Py mipny () = (n+2(4%)" 7% (1 +2(3%) (n+2(2%)) [4® + (2498 — 512n)4% + (16948 — 12354n)u + 1866400 — 1117248

Proof. The characteristic polynomial of Symmetric Neighbors degree sum exponent

matrix of path P,

is

Psye@s,)(n) = |ul — SNE(P,)|
© —23-32 2142 _2t_4g? —2%—42 2332 2(-2%)
—32 _93 1 —34_ 43 _34_ 43 _34 _ 43 2(733) _32 _ 93
—42 -2 4334 7 2(—4%) 2(—4%) —43 3% 422t
—42 —2% 43 3% 2(—4%) © 2(—4%)  —43 3% 4224
= . . : : : : : (4)
—42 — 24 43 3% 2(—4%) 2(—4%) " —43 — 3% 42 24
—32-2%  2(-33) 3% 43 3143 —3% —43 u —32 - 23
2(—22) 2332 2442 2% 42 —24 42 2332 m
Subtract third column from the columns 4,5...n — 2 and subtract first column from the
last column and also second column from n — 1 columns of Eqn. (4) to obtain Eqn. (5)
w —23 32 2442 0 0 0 2(—22) —u
-32 - 23 u —34 —43 0 0 2(—=3%) —u 0
—42 2% 43 34 u 2(—4%) — 2(—4%) — 0 0
—42 — 24 43 3% 2(—4%) w4 2(4%) 0 0 0
= : : : : : : : (5)
—42 — 24 43 3% 2(—4%) 0 u+2(4%) 0 0
—32-2%3  2(-33%) 3%t 43 0 0 w4+ 2(3%) 0
2(—22) —23-32 2442 0 0 0 u+2(22)
Adding last row to the first row and adding second row to the (n — 1)”‘ row and then
adding rows 4,5...n — 2 to the row of Eqn. (5) to obtain Eqn. (6).
u—2(22) 2(—23 — 32) 2(—2% — 42) 0 0 0 0
2(—32 — 23) u—2(3%) 2(—3% — 43) 0 0 0 0
(n—4)(—4%2-2Y) (n—4)(—4*-3Y pu-24%(n-5) 0 0 0 0
—42 — 24 —43 — 3% 2(—4%) o+ 2(4%) 0 0 0
= ; ; : ; : : ; (6)
—42 24 —43 — 34 2(—4%) 0 w4 2(4%) 0 0
—32 23 2(—33) —34 43 0 0 w+2(33) 0
2(—22) —23 32 —24 — 42 0 0 0 w4 2(22)
Eqn. (6) can be reduced to
_5 9 u—2(2%) 2(—2% — 32) 2(—2% — 4?)
P = +2(4%)" +2(33 +2(2 2(—2% — 3%) ~ (3% 2(—3% — 4%)
5 5(Pa) (1) (n+2(4%)" 7 (1 +2(3%)) (1 +2(2%)) I I T S SR v ok

(1 +24%)" 7 (n+2(3%) (1 +2(22))
(1 + (2498 — 512n)4:° + (16948 — 12354n)u + 186640n — 1117243

The wheel W, is a graph obtained from the cycle C, by adding a new vertex u and
joining it to all vertices of C),.
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Theorem 2.3. Let W,, be a wheel graph with n vertices. Then the Symmetric Neighbors
degree sum exponent polynomial is

n—2

Psxpwa () = |+ 2(n+5)0*)

{u2 —2p(n —2)(n+5)"5) — (n— 1) [3(n — 1)"*5 + (n + 5)*"3)? }

Proof. The characteristic polynomial of Symmetric Neighbors degree sum exponent
matrix of wheel W,, is

Psypw,)() = [ul = SNE(W,)|
Iz —Bn =D — (n45)2 D [(Bn = 3)]"FD) — (4 5) )
—(n 452" — [3(n — 1)) Iz o —2(n +5)"+Y
_ |45 — [3(n — 1] —2(n + 5)(n*+9 - —2(n + 5)("*?) (7)
—(n+5)3—1 _ [3(n — 1)]*+5) —2(n +-5)(n+5> .. H

Subtract second column from the columns 3,4...n of Eqn. (7) to obtain Eqn. (8)

M —[3(n — 1)](**+3) — (n 4 5)3(—D 0 0
—(n+5)3=D _[3(n — 1)](n T w —2n+5)") — L —2(n 450D
_ |—-(n+5 ) —[8(n—-1 —2(n+5 +2(n+5 0
— | ( )P — (3¢ )]+ ( )+ 1+ 2( )+ (8)
—(n+5)3=D _[3(n — 1)t —2(n + 5)("+5) 0 co. o p42(n 45t

Adding rows 3,4...n to the second row in Eqn. (8) to obtain Eqn. (9)

M —[3(n — 1)](**) — (n 4 5)B=1) 0 0

(n=1) [~(n +5)*"~1 — [3(n — 1))+ = 2(n — 2)(n + 5)(" D 0 o

- —(n+5)*=1 — [3(n — 1] —2(n + 5)(" ) p+2(n+5)nF 0 (9)
—(n+5)3(—D - [3(n — 1)](n+5) —2(n +'5)<"+5> 0 #+2(n4}5)<"+5>
On simplifying Eqn. (9), we get,
-2 (n+5) 3(n—1)
o 45 n o —[3(n —1)] —(n+5)
PSNE(Wn) (n) = [N +2(n + 5)(n )} (n—1) [7(71 453D _[3(n — 1)}<"+5>] = (n—2)2(n + 5)"*>
n—2

Psypwa () = |+ 2(n+5)0")]

{u2 —2(n = 2)(n+5)") — (n = 1) [3(n — 1)"*° + (n + 5" %) }

3. SYMMETRIC NEIGHBORS DEGREE SUM EXPONENT ENERGY

The results of this section are straightforward by using the results of Section 2 via
Eq.(1).
By Eqn. (2), the Symmetric Neighbors degree sum exponent eigenvalues of an r-regular
graph G are —op2r? (n — 1) times and 2r2"* . Therefore for an r-regular graph G on
n-vertices, SNEE(G) = 4r2"*(n — 1). Hence, SyEE(K,) = 4(n — 1)2""~41+3 and
SNEE(Cy) =1024(n — 1).
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If G is an r-regular graph on n vertices then

SNEE(@) — 4(n _ 1) [72 _ (TL _ 2)T + (n _ 1)2 _ 2m]2[r27(n72)7’+(n71)272m]

By Theorem 2.1,

SNEE(Kpyny) =2 <\/ [(ning)™m2(ny 4 ng — 2))* — 4nyna™ "™ (1 — ny — nz))
+2(n1 + ng — 2)(niny'"?)

For a wheel W,,,
SNEE(Wy) =2 [(n —2)(n+5)"" + \/ [(n+5)7+5(n — 2)]* + (n — 1)[(3n — 3)"*+5 + (n + 5)3n3]2]
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