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REGULARIZED LOGISTIC REGRESSION WITH THE ATAN IN HIGH

DIMENSIONAL DATA

ALI HAMEED YOUSIF1∗, ZAINAB KADHUM MEZHER1, NAJLAA ALI DHUMAD1, §

Abstract. Logistic regression models play an important role in analyzing binary clas-
sification problems in medical and biological data. One common method for estimating
the parameters of a logistic regression model is the maximum likelihood method. How-
ever, this method does not perform well in high-dimensional settings or in the presence of
multicollinearity. To overcome these problems, a penalty term is added to the objective
function. In this paper, we propose a method for parameter estimation and variable
selection in logistic regression models using an L0 -like arctangent (Atan) regularization
approach. The Atan penalty, which is based on the arctangent function, enjoys oracle
properties. The performance of the regularized logistic regression model with the Atan
penalty is compared with that of the fused lasso and the SELO penalty. Monte Carlo
simulation studies are conducted under different sample sizes and different standard de-
viation settings. In addition, a real data set is used to evaluate the performance of
the proposed method. The results show that the proposed estimator outperforms the
competing methods (fused lasso and SELO) in terms of both estimation accuracy and
variable selection.

Keywords: logistic regression, fused lasso, SELO, BIC, squares, tuning parameter selec-
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1. introduction

Logistic regression models play an important role in analyzing medical and biological
data involving binary classification problems. In some situations, the dependent variable
is categorical; therefore, traditional linear regression models are not suitable for handling
this type of data. An alternative approach is logistic regression, which is designed to
accommodate such data [1]. In logistic regression models, the dependent variable takes
values in {0, 1}. Many studies have addressed logistic regression models. For example,
[2] demonstrated the possibility of measuring disease progression over time using logistic
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regression. In practice, maximum likelihood estimation (MLE) is commonly used to esti-
mate the parameters of logistic regression models in low-dimensional settings. However,
MLE becomes unstable in high-dimensional data or in the presence of strong correlations
among explanatory variables. To overcome these challenges, regularized regression meth-
ods based on penalty functions have been proposed. Several penalty functions have been
introduced in the literature, including the Bridge penalty [3], lasso [4], SCAD [5], Elastic
net [6], fused lasso [7], MCP [8], SELO [9], and the Atan penalty [10]. Many researchers
have studied regularized logistic regression models (see, for example, [11, 20]). Other
related approaches have also been proposed, such as LAD–Atan regression [12], and the
Atan penalty for quantile regression [13].

On the other hand, some regularization methods for logistic regression perform well
in both parameter estimation and variable selection. For instance, ridge regression for
logistic models was studied in [11]. Iterated Lasso and adaptive Lasso approaches for
logistic regression were proposed in [14], along with efficient computational algorithms.

The remainder of this paper is organized as follows. Section 2 introduces the logistic
regression model. Section 3 presents regularized logistic regression using the Fused Lasso
and SELO penalties. Section 4 explores the Atan penalty in logistic regression. Section
5 describes the method used for selecting the penalty parameter. Section 6 analyzes the
simulation results, while Section 7 presents the analysis of the real data. Finally, Section
8 concludes the paper.

2. Logistic Regression

There are two types of logistic regression: binary logistic regression and multinomial
logistic regression. In binary logistic regression, the dependent variable takes two values,
0 and 1; that is, Yi ∈ {0, 1}. In contrast, in multinomial logistic regression, the dependent
variable takes three or more categories. Binary logistic regression is appropriate for binary
classification problems. In this case, the dependent variable follows a Bernoulli distribution
with probability:

p (Yi = 1|xi) = πi (1)

p (Yi = 0|xi) = 1− πi (2)

and

p (yi) = πyi
i (1− πi)

1−yi ; yi = 0, 1. (3)

The mean and the variance of dependent variable are:

E (yi) = πi

var (yi) = πi(1− πi)

Also

E [Yi|xi] = p(Yi = 1|xi)

And let (t) = e−t

1+e−t ; then in logistic regression assume that:

p (Yi = 1|xi) = π
(
x′iβ

)
=

exp (x′iβ)

1 + exp (x′iβ)
(4)
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where x is explanatory variables. The log likelihood function:

logL(β) = −
n∑

i=1

{
Yi log π

(
x′iβ

)
+ (1− Yi) log

[
1− π

(
x′iβ

)]}
(5)

The parameters vector β were estimated by maximum likelihood method [15].

3. Regularized Logistic Regression

Standard logistic regression cannot handle high-dimensional data, nor can it effectively
deal with situations in which explanatory variables are highly correlated. A suitable
alternative for addressing these issues is regularized logistic regression, which incorporates
a penalty term into the objective function. The objective function of regularized logistic
regression is given as follows:

L(β;λ) = logL(β) + λJ(β) (6)

Here, λ is the tuning parameter, J(·) denotes the penalty function, and λJ(β) represents
the penalty term. The tuning parameter λ controls the trade-off between bias and variance.
The estimator of the regularized logistic regression model can be expressed as:

β̂RLR = argmin
β

{L(β;λ)} . (7)

Various penalty functions J(·) have been proposed in the literature. A ridge-type
penalty for logistic regression was introduced by [11] where J (βj) =

∑p
j=1 βj

2. The

fused lasso penalty, proposed by [7] is defined as follows:

J(β) = λ1

p∑
j=1

|βj |+ λ2

p∑
j=2

|βj − βj−1| . (8)

The fused lasso for logistic regression had been proposed by [16]. The estimator of
regularized logistic regression with the fused lasso is found by minimizing:

L (β;λ1, λ2) = logL(β) + λ1

p∑
j=1

|βj |+ λ2

p∑
j=2

|βj − βj−1| . (9)

Also CD algorithm was proposed to compute the fused lasso for logistic regression.
The SELO penalty in generalized linear models had been proposed by [17]. [9] proposed

a new version of penalty called SELO penalty that is taking the following formula

pSELO(βj) =
λ

log(2)
log

(
|βj |

|βj |+ ϵ
+ 1

)
. (10)

In practice the tuning parameter ϵ is equal to (0.01). Regularized logistic regression
with the SELO penalty was proposed by [19]. The estimator of the regularized logistic
regression model with the SELO penalty is obtained by minimizing the following objective
function:

L(β;λ) = logL(β) +
λ

log(2)
log

(
|βj |

|βj |+ ϵ
+ 1

)
. (11)



1038 TWMS J. APP. ENG. MATH. V.16, N.8, 2026

4. Regularized Logistic Regression with Atan penalty

Recently, a new penalty function named Atan was proposed by [10]. This penalty
resembles the Lo norm and possesses oracle properties. The Atan penalty is defined as
follows:

Pλ,α (|β|) = λ

(
α+

2

π

)
arctan

(
|β|
α

)
. (12)

Where α > 0. The estimator of regularized logistic regression with Atan penalty is
found by minimizing:

L(β;λ) = logL+ Pλ,α (|β|) (13)

5. Selection of penalty parameter

The selection of the penalty parameter is a crucial issue in regularized regression, as it
controls the amount of shrinkage applied to the regression coefficients. One of the most
commonly used criteria for selecting the penalty parameter is the Bayesian Information
Criterion (BIC). The BIC formula is given by

BIC(λ) = log (σ̂) + df(λ)
log(n)

n
. (14)

Where (σ̂) represent to the residual and df(λ) represent the degree of freedom [18].

6. Simulation Study

In the simulation study, we investigate the performance of the proposed estimator and
compare it with the following estimators: the fused lasso estimator (implemented using the
genlasso package in R by [21]) and the SELO estimator (based on the algorithm described
by [17]). The data are generated according to a logistic regression model, and the details
are described as follows. The dependent variable is generated from a binomial distribution
with:

p (Yi = 1|xi) = π
(
x′iβ

)
=

exp (x′iβ)

1 + exp (x′iβ)
. (15)

The explanatory variables were generated from a multivariate normal distribution, with
correlations defined as Cov (Xi, Xj) = 0.6|i−j|. The true parameter vector was set as
β = {3, 1.5, 0, 0, 2, 0, 0,−1}, and the error term was assumed to follow a standard normal
distribution with mean zero and standard deviation σ, i.e ε ∼ N(0, σ); where σ = 0.1, 0.3.
The sample sizes considered were 30, 60, and 100, with 1000 replications.

Tables 1, 2 and 3 show that the Atan estimator was more efficient and outperformed the
other two estimators (SELO and Fused Lasso) in terms of parameter estimation, achieving
the lowest mean squared error (MSE). The SELO estimator ranked second, while the Fused
Lasso estimator performed the least effectively. In terms of variable selection, the Atan
estimator again performed the best, followed by SELO and Fused Lasso. Additionally, as
the sample size increased, the mean squared errors of all estimators tended to converge.

7. Application

In this part, we applied regularized logistic regression to the Iraq Breast Cancer dataset.
Breast cancer is one of the most common diseases among women in Iraq. According to
recent statistics, 6,000 to 7,000 new cases are registered annually, with an incidence rate
of approximately 22 cases per 100,000 females per year. The data were collected from
Alzahra Hospital. The dependent variable indicates whether the patient has the disease
or not. The predictor variables include: age, grade, surgery, chemotherapy, tumor volume,
status, immunotherapy, lymph nodes, proliferation, radiotherapy, behaviors, and extent.
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Table 1. Results for the first experiment, with σ = 0.1.

FNR FPR MAPE estimators n
0 0.24 0.6289 fused lasso 30
0 0.22 0.3465 SELO
0 0.13 0.3042 Atan
0 0.2 0.4851 fused lasso 60
0 0.18 0.3064 SELO
0 0.03 0.2341 Atan
0 0.17 0.2777 fused lasso 100
0 0.14 0.2654 SELO
0 0.01 0.1832 Atan

Table 2. Results for the second experiment, σ = 0.3.

FNR FPR MAPE estimators n
0 0.07 0.9575 fused lasso 30
0 0.05 0.9363 SELO
0 0.01 0.9047 Atan
0 0.03 0.8626 fused lasso 60
0 0.03 0.8604 SELO
0 0.01 0.8786 Atan
0 0.03 0.8596 fused lasso 100
0 0.03 0.8556 SELO
0 0.06 0.8267 Atan

Applying regularized logistic regression methods to this dataset, the results show dif-
ferences in variable selection. The Fused Lasso method selected eight variables: age, BMI,
glucose, insulin, HOMA, leptin, adiponectin, and MCP.1. The SELO method selected
seven variables: age, BMI, glucose, insulin, HOMA, adiponectin, and MCP.1. The Atan
method selected six variables: age, BMI, glucose, insulin, HOMA, and MCP.1.

Table 3. Coefficients for the state of patient.

Atan SELO Fused lasso Estimators
0.3918 0.4209 0.4729 Age
-0.0889 -0.1397 -0.1924 BMI
-0.3788 -0.4268 -0.4706 Glucose
1.1265 1.1785 1.1994 Insulin
0.2757 0.3684 0.3425 HOMA

0 0 0.2302 Leptin
0 -0.0505 -0.1231 Adiponectin
0 0 0 Resistin

0.3737 0.4397 0.4999 MCP.1

8. Conclusions

In this paper, an Lo (Atan) regularized approach was applied to the regression parame-
ters to improve prediction accuracy in sparse high-dimensional logistic regression models.
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We introduced the sparse Atan estimator, which is used for both parameter estimation and
variable selection. This estimator is capable of handling high-dimensional data as well as
multicollinearity among explanatory variables. Simulation studies and a real data applica-
tion demonstrated the superior performance of the Atan estimator in terms of parameter
estimation and variable selection, compared to the Fused Lasso and SELO methods.
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