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ADAPTIVE METHODS FOR SOLVING OPERATOR EQUATIONS BY
USING FRAMES OF SUBSPACES

H. JAMALI', KH. SHOKRI TERNONIZ!, §

ABSTRACT. In this paper, using a frame of subspaces we transform an operator equa-
tion to an equivalent f2-problem. Then, we propose an adaptive algorithm to solve the
problem and investigate the optimality and complexity properties of the algorithm.
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1. INTRODUCTION AND PRELIMINARIES

The aim of the paper is to study the application of frames of subspaces in designing
adaptive iterative methods for solving operator equations. Usually these operators are
defined on a bounded domain or a closed manifold where a wavelet basis with specific
properties is needed to be constructed. Most importantly, during the approach some
serious drawbacks such as stability may not be avoided. Therefore, it is suggested to use a
slightly weaker concept, namely frame. In [7, 8, 5, 6] some adaptive numerical methods for
elliptic operator equations have been developed by using wavelet bases and frames. One
of the advantages of frame of subspaces is that they facilitate the construction of frames
for special applications and meanwhile it is easier to construct or choose already known
frames for smaller spaces.

The main focus of the paper is to find u € H such that

Lu = f, (1)
where L : H — H is a bounded, invertible and self adjoint linear operator on a separable
Hilbert space H. In general, it is impossible to find the exact solution of the problem
(1), because the separable Hilbert space H is infinite dimensional. A natural approach
to construct an approximate solution is to solve a finite dimensional counterpart of the
problem (1). First, we briefly recall the definitions and basic properties of frames and
frames of subspaces.

Assume that H is a separable Hilbert space, A is a countable set of indices and ¥ =
(¥a)aen C H is a frame for H. This means that there exist constants 0 < Ay < By < 00
such that

AullfI% < ST IF w0 < BullfIly, VF € H. (2)

AEA
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For the frame W, the frame operator S : H — H is defined by S(f) = > yca (fs¥x) ¥
It was shown that S is a positive definite and invertible operator satisfying Agly < S <
Byly. Also, the sequence U = ())xen = (S~ 1thx)aen is a frame (called the canonical
dual frame) for H with bounds By, L A;l and every f € H has the expansion

F=> (f0aa =D _(fda)ta (3)

AEA AEA

For an index set A C A, (Pa), i 1s called a frame sequence, if it is a frame for its closed
span. For more details see [1, 3.

For an index set A and a family of weights {v)}xea, i-e., vy > 0 for all A € A, a family
of subspaces { H)} ea of a Hilbert space H is called a frame of subspaces with respect to
{va}ren for H, if there exist constants 0 < A < B < oo such that

AIFIP <Y o}llww, (I < BIFI? Vf € H, (4)

AEA

where 7y, denotes the orthogonal projection onto the subspace Hy.

The constants A and B is called the frame bounds of the frame of subspaces. If A = B
then the frame {H)}aea with respect to{vy}aea, is called a A -tight frame of subspaces.
It is clear, the family {H)} ca of the frame of subspaces is complete, in the sense that
spanyep{Hx} = H.

The following theorem [2], shows how we are able to string together frames for each of the
subspaces H) to get a frame for H.

Theorem 1.1. Let A be an index set, vy > 0 for each X € A, and {1y, }icr, be a frame
sequence in H with frame bounds Ay and By. Define Hy = span;c;, {¢xi} for all X € A,
and suppose that 0 < A = infycp Ay < B = supycp By < 00. Then {vay, facrsicr, 18
a frame for H if and only if { Hx} xen 1s a frame of subspaces with respect to {vy}xen for H.

For a frame of subspaces { H)} ea with respect to {vy}aea define

O @H\)e, = {tahrealtn € Hy, D [lwal* < oo}

AEA AEA

with inner product given by ({ta}yca,{vatrea) = 2-5ea(¥n, va). Now the synthesis
operator Try @ (Do yep DH))e, — H for the frame of subspace {H)} ep with respect to

{va}aren is defined by
Tro(f) =Y oafa Vf = {fibrer € QO ®H)s,.

A€A AEA
Also, the adjoint T7; , of the synthesis operator is called the analysis operator. In fact
Tyt H = (Oosen ©H))e, is given by 1% (f) = {vamm, (f)}rea- It is proved that the
synthesis operator T4 ,, is bounded, linear and onto. [2]. Also, the analysis operator Ty, s

an (possibly into) isomorphism. As in the well known frame situation, the frame operator
Sva for {H)\})\GA and {UA}AGA is defined by

Sto(f) = T Tio(f) = T ({oamm, (F)hrea) = D vimm, (f)-
AEA

The frame operator Sg, for {Hx}ren and {vy}aen is self-adjoint, invertible on H with
Al < Sg, < BI, where A and B are the bounds of the frame of subspaces. Furthermore,



144 TWMS J. APP. ENG. MATH. V.7, N.1, 2017

the following reconstruction formula satisfies:

f=) wiSy,mu(f) Vf€H.

AEA

It is proved that {S;;" Hy}rea is a frame of subspaces with respect to {vx}rea. [2].

Proposition 1.1. Let {H)}xca be a frame of subspaces with respect to {vy}rea, and let
L : H — H be a bounded invertible operator on H. Then {L(H))}xen is a frame of
subspaces with respect to {vy}aen-

Proof. See [2]. O

2. PRECONDITIONING BY USING FRAMES OF SUBSPACES

The most straight forward approach to an iterative solution of a linear system is to
rewrite the equation (1) as a linear fixed-point iteration. One way to do this is the
Richardson iteration. The abstract method reads as follows:
write Lu = f as u = (I — L)u + f. For given ug € H, define for n > 0,

Upt1 = (I — L)uy + f. (5)
Since Lu — f =0,
Upy1 —u =T —Lup+f—u—(f—Lu)=(I — L)uy, —u—+ Lu
= — L)(up — u).

Hence ||upy1 — ullg < ||I — L||g—m||un — |/ m, so that (5) converges if || — L||g—g < 1.
It is sometimes possible to precondition (1) by multiplying both sides by a matrix B,

BLu = BY,

so that convergence of iterative methods is improved. This is a very effective technique
for solving differential equations, integral equations, and related problems [2, 3]. We shall
apply this technique by using frames of subspaces.
Let { Hy}aea be a frame of subspaces with respect to {vy} e for a separable Hilbert space
H with the frame operator Sp,. By Proposition 1.1, {L(H))}rea also is a frame with
respect to {vy}aea. We denote the frame operator for {L(Hy)}ren and {vy}rea, by S}{,U
and we note that Sy f =3\ ViLap, L™ f = LY cp v3mu, L™ f = LSu L™ f, that
means, Sy , = LSp,L71.
Also since L is bounded invertible then there exist two positive constants ¢; and ¢y such
that

cillull < |Lully < callulln, Y e H. (6)
Now we design an algorithm in order to approximate the solution u of the equation (1).
The convergence rate of the algorithm depends on the values of the bounds of the frames.

Theorem 2.1. Let {H)}xcp be a frame of subspaces with respect to {vx}ren for H with
frame operator Sg ., and let L be as in (1). Let ug =0 and for k > 1,

2
= Up_ — Y A — Lug_q),
Up = ug—1 + A+t Ho(f — Lug_1)

2B
€3
where S}i,v is the frame operator for the frame of subspaces {L(H)}xepn with respect to
{vr}renr with bounds A, B, and c1, c2 as in (6). Then

2 2

5B —ciA

: =)

_ < (22 M4
I UkHH_(C%AJFC%B
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In particular the vectors uy converges to u as k — oo.

Proof. By definition of u; we obtain
2

— LS, — Luy_
A+ 3B H’“(f k1)

U— U =U— Up—1 +

2
— (-
( C%A—I—C%B
2
= - LS. L)*(u— up_
( C%A—i—C%B Hw ) (u—up_2)
2
AA+ 2B

LSy, L) (u — ug_)

LS}I,UL)k(u - u0)>

therefore

2
[ = ueller < |17 = — LSy L|*|[ull . (7)

AA+ 3B
But for every v € H we have

2
- =
= i as

2

LS} L)v,v) = ||v]|} — -
L)) = ol ~ o

(St ., Lv, Lv)

2
2 2
= ||v||H — == v Lv), Lv
Il = iy g Ao (L), Lo
2
2 2 2
= - v L
I = s g o A lmen (ol
2A
T w2
Za+agn Pl
2A
AA+AB
B <C§B — A
- ‘?A+ciB
where in the first inequality we used the property of the lower bound of the frame of
subspaces and in the second inequality we used the property of ¢; in (6). Similarly we
have

<|lv|lF —

<|lvllz — cillvll7

vl

3B —c2A

( 2
C%A + C%B

2
Mvllz < (I - WLS}{,UL)U’U>7

and so we conclude that
2 2B —c2A
[ — ————— LSy, L[| < 22—, 8
H C%A—FC%B Hpu H_C%A—FC%B ()
Combining this inequality with (7) gives the result. O

Now, let u be the solution of the equation(1) and T, be the synthesis operator of the
frame of subspaces {H)}xep for H. Since Tp, is onto then there exists U € >,y ®H)y
such that u = Ty, U, so the equation (1) is equivalent to LTy ,U = f, or Ty LT U =
T4 ,f, where Ty, is the analysis operator of the frame of subspaces. Therefore finding
the solution u of the equation (1) is equivalent to finding the solution U of the equation

MU = F, (9)
where M = T[*{’vLTH,v and F := T;I,vf'
Note that we can consider the equation (9) as a matrix equation from (3, ., ®H))s, to
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itself , where the entries of M are the operators of the form my x = vyvx7y,, L.
We note that (Do ©H))e, = RanT 710 ® KerTh ,, and the following lemma holds.

Lemma 2.1. The orthogonal projector onto Ran1y; , is Q = TﬁvSﬁlvTH’v.
Proof. For z € Ty . f,
Qz = QUuamh, f}ren)

= Tty Trw({oama, f1re)

= T;‘(I,’US;I}U(Z Ug\ﬂ-fo)
AEA

= T5,)_ Sy’ vimu, f)
AEA
= {oame, (O Sphvima, £ aea
AeA
= A{oama, (/) hrea

That is Q = id on RanTﬁv and @ =0 on KerTy .
O

Therefore, M|gqnr+ : RanTy,, — RanTjy, is boundedly invertible and we have || M| <
BIL] and [ Mgl || < AL,

3. AN ADAPTIVE ALGORITHM BASED ON A FRAME OF SUBSPACES

In this section, we construct an adaptive algorithm in order to give an approximate
solution to the exact solution U of the equation (9). In order to analyze adaptive methods,
we compare them with the best N-term approximation. The aim is to balance between
the accuracy and computational complexity at the same time.

For N € N, define

Y ={Ve () ®H\), : #supp V <N},
N AEA
and the corresponding error

py(V) = inf [V =Vnlls, om0, V€O EHNmn,
VNES N € 2
AEA
where #supp V is the number of nonzero entries of V.
A best approximation to V' from ), (called the best N-term approximation to V) is
obtained by taking a set Ay C A with #Ay < N on which ||v,| takes its N largest
values. Note that the set Ay is not unique.
Given a sequence V = (vx)x € (2_ycp ®H))e,, for each n > 1 let vy, be the n-th largest of
the values |lvy|| and define the decreasing rearrangement V* of V by V* := (v})2% ;. For
each 0 < 7 < 2 we let £#(A) denote the collection of all vectors V' € (3°ycp ®H) ), for
which |V (a) = supnzln%v;; is finite. This expression defines a quasi norm for £<(A).
A corresponding norm is defined by ||Vl ) == [Vlewna) + VI, ., ®Hy),, - Also there
exists a constant C,- such that

IV + Wiy 2 (V] + [Wlem) (10)
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where a < b means that, there is a constant ¢ such that a < ¢b. Now let V be the best

N-term approximation of V' such that |V — Vy ||, ©H,),, < € 1f for some s >0

IV = VNl en @), S V77 (11)
then N < € . For 7 = (3 + )71, (11) means that V € ¢¥(A) and for 0 < 7 < 2,
supNeN{ N[V = V[l o, @), } = [V ] a)- (12)
One can see [4, 9] for further details on the quasi-Banach spaces £<(A).
Proposition 3.1. Let s >0 and 7 = (s + 3)71. If V € (¥(A), then
pn (V) 2 N7V a), (13)
with a constant only depending on T for T 0.
Proof. See [4]. O

Assumption. We assume that the matrix M is s*-compressible, in the sense that for
0 < s < s* there exists a sequence o = («;); € ¢1(A), and a matrix M; having at most
a2 nonzero entries per row and column, and a positive constant Cys such that

1M — M| < Cyroy277, (14)
for all j € N. (||M — Mj|| is the spectral norm of (M — Mj).) Such a matrix maps ¢« (A)
boundedly into itself for 7 = (1 + s)~1. [4].

Remark 3.1. If M is s* compressible then M maps (< (A) boundedly into itself for every

— (L —1. 4]

T=(3+s) . [4].

For a finite support vector V, N := (#supp(V)) < oo, we denote the best 2/-term
approximation to V' in (3_ycp ©H\)e, by V), for j =1, 2,...; |logN|, and let V| V,
for j > log N. For a given K € N define

K-1
Wi i= McVig + 3 M;(Vie—j) = Vire—j-1),
§=0

il =

where M; is as (14). In this case
K-1
MV~ Wi = MV ~ MicVig — 3 My(Vse—) ~ Vise—-1)
=0

= MV — Mg Vo) = Mg —1(Viy) = Vig)) — -+ = Mo(Vig) — Vi—1))
=MV - Vig)) + (M — Mo)(Vig) — Vig—1)) + - + (M — Mg )V,
and since M is s*-compressible then

MV = Wkl(s,cp Hy), <
MV = Vi)l cp @820, T 1M = MollIVir) = Vik—1ll(5ycx ®Ha)ey
o M = M |[IVio ls o @50, < MV = Vil s,y @80, +

CM(aO”WM - V[K—l] ”(Z)\GA ©H))e, +..t O‘Kz_KSHV[O] H(ZAEA @H)) g, ).
In the other words there exists a constant C'3 such that

MV = Wikll(s, ) @), < (15)
Cs([IlV = Vi)l (=, cp #H)e, T
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a0l Vie) = ViK1l cp @), + o T a2Vl @), )-
Now by proposition 3.1 and the definition of V; there exists a constant Cy such that

IV = Vijllosen @n)ey, = P2 (V) < Ca272 [V e a),
hence
Vi) = Vil Saen omne, <1V = VilSienome, + 1V = V-l en 05104
= p2i (V) + pai-1(V)
< Ca(27° + 127U Vo).
Applying the above inequalities and the fact that |Vigllx, , @my),, < [Vo)ller(a), the
inequality (15) induces a constant C' such that

1MV = Wikll(5, p @Hy)e, < C27 55|V [l a)- (16)

Now we are ready to design our algorithm. First, following [4], we introduce the following
routine.

APPLY (M, V, ¢:
i) Compute Vg, Vjjj = Vjj—1), j=1,...,[log N] and define V};) := V for j > logN.
1
ii) Compute K as the smallest integer such that 2% > Coe s ||V||;w(A).
iii) For £ =1 to K compute

Ry = HMH”V_VWH(ZAGA ©H))e, +CA(O‘0||VU€}_V[/€—1]H(ZA6A ®Hx)ez+'“+ak2iksuv[0]H(ZAGA @H/\)fg)'
iv) If Ry < € then exit.

v) Wi := Mg Vi + Y52 My(Vi—j) — Vik—j—1))-
1
Remark 3.2. Since K is the smallest integer such that 2% > C%e_%HVH;w(A), then

1
2K—1 < Cie 5||VHew(A Thus 25 < QCse_EHVHZw which 2K < e_%HVH;w(A)

(A
Lemma 3.1. Let V € ¢¥(A) with 7 = (s + 5)_ . For a gien accuracy € > 0, the output
Wk of APPLY [M, V, € satisfies

MV = Wkl(s, p @), <6 (17)

and
1
#supp(WK) ;HVHZw(A (18)

1
Also the number of arithmetic operations to compute Wi is at most a multiple of e s V. )

Proof. The inequality (17) comes from the inequality (16) and the definition of K in
APPLY.
Recalling the number of nonzero entries in V;;, and definition of M; we conclude

#Hsupp(Wk) < #rows(Mg) + #rows(Mg_1) + ... + #rows(My)

<ag2® + g 1287+ Lt ag < (Jog| + ok 1] + -+ eo])25 < 25,
where the last inequality is induced by («;); € £1(A). Now by using remark 3.2, we obtain
the inequality (18). Also if Nx denotes the number of arithmetic operation needed to
compute Wy we have

Ng < FFrows(Mg )#supp(Vio)) + #rows(Mg —1)#supp(Viy) — Vio))
+... + #rows(Mo)#supp(Vix) — Vi-1))
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) 1
<ap2f o 1257 4 f 28t < 2K < 6_§||V||;w(A).

Also, as in [4], for an accuracy ¢ > 0 and a finitely supported vector W with N =
#(spport(W)), we introduce the following basic numerical ingredient that we will use in
our algorithm.

COARSE [W, €] — (A, W)
(i) Sort the nonzero entries of W into decreasing order in modulus and obtain the
vector \* := (A1,...,Any) of indices which gives the decreasing rearrangement W* =
(W, |l -5 [[Way || ) of nonzero entries of W; then compute ||I/V||%EAEA SHy)y = SN W11

(ii) Find the smallest K € N such that S5 ||y, ||? exceeds HVVH%ZAeA ©H) e, T 2. For

this K define A := {\;:i=1,..., K} and W by W), = W, for A € A and W, = 0 for \ ¢ A.

Now, let 0 < € < ||V||(ZAeA ®H,),,and W be a finitely supported approximation to V' such
that [|[V — W, ., eHy), < defor some d < 1, then it is obvious that the COARSE
[W, (1 —d)e] produces W supported on A which [V = W[ _ an,), <€ (Note that the
output W of COARSE, by construction, satisfies [|W —W/{|(x> _ amn,),, < €). Moreover,
we have the following lemma [4].

Lemma 3.2. If V € &(A),7 = (s+ )71, for some s > 0 then the outputs W, A of

COARSE [W, (1—d)e| requires at most 2N arithmetic operations and NlogN sorts,where
N = #supp(W). Moreover,

W ewa) = 1V ]ew (), (19)
and #A (the cardinality of supp(W) ) satisfies
L 1
#(A) < ]V@(A)es. (20)

Also for F' =T}, f we assume that the routine:
RHS [¢, F| — F.
determines a finitely supported vector F, € (3 ycp ®H))e, satisfying

HF o FGH(Z)\EA DH))e, < e

Assuming @ is bounded on ¢%,(A) for 7/ = (3 + /)71, 0 < s’ < s (hence @ is bounded
on ¥, [9])we construct our algorithm for the target accuracy e > 0. At first, for some
0<d< 3 and p:=|I—aM| <1 (since M is a positive definite matrix this real number
«a exists) set K := min{k € N: 3p% <d min{l, [0102|I—Q|g:3_>g:\3]5'8*5 }}, where Cp, Co
are two constants induced from (10) and (19) for 7'.

SOLVE e, M, F] — (U, A.)
(i) Set i = 0,U) = 0,A0 = 0, c0 := [|M |00y | 1Fll s,y @030, -

(ii) If ¢ < € stop and set U, := U, otherwise
(iil) i:==i+1, ¢:=3pf"2

ss i de;
(ii.2) F :=RHS [F, goie ]
(ii.3) VOO .=yt
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(ii.4) For j =1,..., K compute

(1) Wi~ .= APPLY [M, V=D, o],

(2) V&) = V1) 4 o(FF— Wi,
(iii) U’ := COARSE [V#5) (1 —d)¢;] and go to (ii).
Remark 3.3. By definition of V), F' in, SOLVE and lemma (3.1) and since MQU =

F,
IQU — VD — (I = aM)(QU = U™ Y52, o),

= |QU — (V@O — o(APPLY [M, V0, %} —FY)
—(I = aM)(QU = U5, o),

= |QU — U™ + a(APPLY [M,V(0), %} —aF")

—QU + U™ +aMQU — aMUi_IH(Z,\eA ®H))

%)
i dﬁi ; P
= laAPPLY [M,V"Y, =] —aF' +aF —aMU' (s, , o),
i0) dei i— i
= |e(APPLY [M,V(0), 6—a} — MUY )+ a(F = F)|(s,_, st
i0) dei i— i
< a|APPLY [M, V0, 6ol MU Ssen @0, T AF = Fillisy oy @H),
dEZ‘ dEi dei
<a—+a—=—.

- ba a60z 3
Stmilarly we can prove
de;
3

1QU — V) — (I —aM)X(QU = U N(s2, _, st1)s, < (21)

Theorem 3.1. If U is a solution for (9) then the following inequalities hold for the algo-
rithm SOLVE:
”Q(U - UE)”(ZAGA D®H\)eqy <e
) ) 2
i—1 i, K .
QU+ (I = QU™ = VOO oy, < 3dein (i21) (22)
Proof. In order to prove the first inequality, it is enough to prove ||Q(U—U")|| (Saen @Hr)ey <
' . . . o -1
¢; for each ¢ > 0. For ¢ = 0, since QU = M‘RanT;MF then
0 -1
QWU = UM (sycretn), = 1QUIs, yemy), = 1M zanr-Fll(s,cp @)y
S HM‘;{;,nT* ’FH(Z)\GA @HA)gQ = €0-
Now for an ¢ > 1, let ||Q(U — UZ_I)H(ZAQA BHy),, < €i-1. Since MQU = F and
(I —aM)BQU —-U™ ) =T —aM)XQU —U™Y) — (I - QU
by using the inequality (21)
i—1 i K
QU + (I = QU™ = VIS5 o),

= QU+ T - Q" QU -U"") - (I-Q"QU-U"")=VER| & an,,
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< (I = aM)QU = Ul i,y @800, T
HQU - V(LK) - (I - aM)K(QU - Uiil)H(ZAeA ©HN)e,

i de;
<P QU = U iz cemn, + 5
de; 2
< K — — = =d 29
S Pt g = e

as we desired in (22). ‘
Now by using (22) and the definition of U’ in SOLVE we obtain,

QU + (I — Q)Ui_l - UZ‘H(ZAE,\ ©H\) e,
=IQU + (I - QU™ = VR VED Ul ey,

<QU+ ([T - QU™ —=VER| = anyy,, + VOO —Tlis,, am,
< (%d +(1—d))e=(1- g)ei.
QU = UM, e, < 1QU =UIES, _ amy,, +
I = QW™ = Ut o),
=1QU = U + (I = QU™ = U)ix, _, o,
=lQU+ I -~ QU™ ~U'lts, _, amy)
d

<(-3)d<d,

Therefore

£

and so

QU = UM,y 0k, < €
0

In the following theorems, we investigate the optimal computational complexity of the
algorithm SOLVE as it recovers an approximate solution with desired accuracy at a
computational expense that stays proportional to the number of terms in a corresponding
wavelet-best N-term approximation.

Theorem 3.2. Assume that the solution U of (9) belongs to <. Then

1
#(supp(U)) < € U]
Proof. Let (QU)n, be the best N;-term approximation for QU such that
de;

QU ~ (QUIN. 2 ity < (23)
where 0 < d < . Since U € £%, by (11) we have
N =t QUL < ¢ ¢ Ul (24)
Since s’ < s, then for a vector V' with #supp(V) = N
Ve, < N*|V]gw, (25)

combination (25) and (24) gives

/
S
e
i

s

1- s—s’
(QU)Nles, =& " N 1(QU) n e =
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! I

1_% _% (S—S/) % (s—s’) 1—%’ _%
& (e ) (UE) T NQU)N I = Ul *1QUe = Ul
therefore / /
1-< 5.
& “lQU)N;le, 2 |U- (26)

Using (22) and (23),
- K
(QU)N, + (I = QU™ = VE|(s5, Ly ok, <
IQU)N, = QUII, ., o, + QU+ T = QU™ = VEis  amy), <

de;  2de;
3 + 3

then by lemma 3.2 and 10 we have
U |es, < Col(QU) N, + (I = QYU e,

< C1O|(QU) N, les, + CLO|T = Qe s, U s,

_ 3pPeia
d

by (26) and since ¢; =

s
S

3 K _s 17i i—
L@ U ), D)

for some constant C. Now by the properties of K we obtain

U |es, < C|Up™ + C10o|T = Qs -, (

1
€

/

s
s

-2
& U e, 2 U g - (28)
Finally by (28), (26) and lemma 3.2 we conclude

1 1
#(supp(U") < € 1(QU)N, + (I = QU2
1 oq_s . 1
< (¢ TQU)N e, + [T = Qles, e, [UT g 1) ¥
11
=€ U,
and it is obvious that this proves our request. O

Theorem 3.3. Assume that the solution U of (9) belongs to ¢¥. Then the number of

_1
arithmetic operations needed to compute U, is bounded by a multiple of e%]Uuws.

Proof. Since MU = F and M is bounded on /¢ then |F|g =< |Ul|g, and therefore by
lemma 3.2

1 1
#supp(F') < e * Ul (29)
and
|Floe < |Ug- (30)
Now by (25), (29) and (30) we obtain

[P, = (#supp(F"))* ™ [F* |

-5 3 \s—s £-1 _s
= (6 " Ul) " Ul 2 &7 (Ul

Thus )

(€)' "5 1 F e, 21U (31)
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Lemma 3.1 together with (28) and (31) give (¢;)'~ 5 |[Vid|w < |U|.", 0 < j < K,
. B T & 11
therefore by lemma 3.1 (for s), #supp(W7=1) <, * |V(l’3_1)]ZL/ = € |U|p’ - Also by the
, , 1 U
previous theorem #supp(U'™1) = #supp(V*°) < €7 1|U|,°, while by step (2) in SOLVE,

#supp(V D)) < supp(V I V) + dsupp(F*) + #supp(W7 ).
Therefore we conclude 1 1
supp(V'9) < €} U )

Now by lemmas 3.2 and 3.1 together with (32), the number of arithmetic operations needed

from i to i+1 is at most a multiple of € |U|,.* , which is the desired result.

0 =

O
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