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FRACTIONAL PLUS FRACTIONAL CAPACITATED
TRANSPORTATION PROBLEM WITH ENHANCED FLOW

KAVITA GUPTA!, §

ABSTRACT. This paper presents an algorithm to solve a fractional plus fractional capac-
itated transportation problem with enhanced flow (EP). A related transportation prob-
lem (RTP) is formed and it is shown that to each corner feasible solution to (RT P),there
is a corresponding feasible solution to enhanced flow problem (EP). An optimal solution
to (EP) is shown to be determined from an optimal solution to (RT'P). A numerical
example is given in support of the theory and is verified by using a computing software
Excel Solver.

Keywords: capacitated, transportation problem, optimal solution, feasible solution, en-
hanced flow, related transportation problem.

AMS Subject Classification: 90C08; 90B06

1. INTRODUCTION

The standard transportation problem is concerned with transporting at a minimum
cost, a homogeneous commodity from each of the factories (or origins) to a number of
markets (or destinations). Quite frequently, it may so happen that there is an extra de-
mand in the markets for the commodity. In order to meet this extra demand, the factories
have to increase their production. The total flow from the factories to the markets is now
enhanced by the amount of extra demand. The standard transportation problem has now
no longer transportation structure because of this flow structure. Enhanced flow problems
have been studied by many researchers in the past years. Khurana and Arora [9] have
studied enhanced flow and restricted flow in a sum of linear and linear fractional trans-
portation problem. Khanna [8] discussed impact of extra flow in a linear transportation
problem in 1982. In 2011, Khurana and Arora [10] presented an algorithm to solve a
fixed charge bi-criterion indefinite quadratic transportation problem with enhanced flow.
Gupta and Arora [6] studied enhanced flow constraint in a capacitated fixed charge indef-
inite quadratic transportation problem.

Another important class of transportation problems consist of capacitated transporta-
tion problems where the decision variables are bounded. Many researchers like Dahiya
and Verma [1] , Das et.al. [3], Gupta and Arora [4, 5] have contributed a lot in this field.
Dan et.al. [2] discussed paradox in sum of a linear and linear fractional transportation
problem. Joshi and Gupta [7] have studied linear fractional transportation problem with
varying demand and supply. Xie et. al. [11] studied both duration and cost optimization
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for transportation problem. This extensive literature on capacitated transportation prob-
lem and flow constraint motivated us to solve capacitated transportation problem with
enhanced flow when the objective function is the sum of two linear fractional functions.

This paper is organized as : In section 2, fractional plus fractional capacitated trans-
portation problem with enhanced flow is formulated. To solve this enhanced problem, a
related transportation problem is also formed. In section 3, optimality criterion for the
solution of fractional plus fractional capacitated transportation problem is developed . In
section 4, it is shown that the enhanced problem and related problem are equivalent. In
section 5, an algorithm is presented to solve a fractional plus fractional capacitated trans-
portation problem with enhanced flow . In section 6, a numerical illustration is included
in support of theory.

2. PROBLEM FORMULATION

Let I ={1,2,.....,m} be the index set of m origins.
J={1,2,...... ,n} is the index set of n destinations.
x;; = the number of units transported from i*h origin to j* destination .
ci; = the actual cost of transporting one unit of a commodity from ith origin to the ;"
destination.
d;; = the standard cost of transporting one unit of a commodity from ith origin to the j
destination.
e;; = the actual cost of purchasing one unit of a commodity from i*! origin by the j'!
destination.
fi; = the standard cost of purchasing one unit of a commodity from i*! origin by the ;'
destination.
l;; and u;; are the bounds on number of units to be transported from it
destination.
a; = the number of units available at the origin ¢
b; = the number of units demanded by the destination j
P = Total flow
Consider a fractional plus fractional capacitated transportation problem with enhanced
flow constraint given by :

D00 CigTig DL D €T

b origin to jth

) icl jeJ el jeJ
(EP) : min{+ + }
> 2 digmiy 3 Y fii
iel jeJ i€l jeJ
subject to
jeJ
el
Z Zﬂfz’j = P where P > maX(Z i, Z )
il el el  jeJ

lij < x5 < u;j and integers, Vi € I,Vj € J
In order to solve the problem (EP), we consider the following related problem (RTP)
with an additional origin and an additional destination. Let I’ = {1,2,....... ,m,m+ 1}
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and J ={1,2,...... n,n+1}.
> Ci;Yij > €i;Yij
icl’ jeJ' iel jeJ'

(RTP) : min{- / —}

Z Z dz]ylj Z Z fzgyij
iel’ jeJ’ iel’ jeJ’

subject to

Z Yij = a;,W S I/

jeJ’

>y =bvied

iel’

lij < yij < ugj and integers,Vi € I,Vj € J

0<Ymt1; < Zuij —b;,VjeJ
i€l
0<¥in+1 < Zuij —a,Viel
Jj€J
Ym+1,n+1 = 0 and integers
/ . ’ ’ !/ .
a; = Zuij,Vz €l, a,, = ZZUW —P=b,; = Zuija vjed
jeJ icl jeJ icl
’ ’ ’ . . /
Cij = Cijs Cmy1j = Cimp1 = Vi€ LVj € J, cpyynp1 =M
’ ’ ’ . . !
dij = dij,dp 1 j=diy =0VieLVjeJ dyyyny1 =M

/ / . . /
€ij = Cijs i1 = €1 =0Vie Ve J ey pi =M

fij = Jigs fgrj = finpa = 05V € LV € T, fropqna =M
where M is a large positive number.

3. OPTIMALITY CRITERIA FOR A FRACTIONAL PLUS FRACTIONAL CAPACITATED
TRANSPORTATION PROBLEM

Theorem 3.1. Let XO = {x%}l 1y be the feasible solution of problem (RTP). Let
Z E Cz] 'Lj’ Z Z dzj 1]7 Z Z ez] Zj’ Z Z fz] i7"

iel’ ]EJ iel’ jEJ iel’ jEJ iel’ ]EJ
Let B be the set of cells (i,7) which are basic and N1 and N2 denotes the set of non-
basic cells (i,7) which are at their lower bounds and upper bounds respectively. Let

ul,u? ud, ud vh v vt ki € I')j € J be the dual variables such that u) —I—U = CU,V(i,j) €

7 ]7 j? ,]7 ]7
B u? —i—v :dw,V( )GB u3 —i—v —eU,V( )GB uf —H) f”,V(z j) € B;u, —|—v]1-:
2]7 (Z ]) ¢B u +U _sz’ (Z ]) ¢B ’LL +U _ZZ_]’ (7’ ]) %B U +U _ij,V(’L,j) ¢
B.Then a feasible solutzon X0 = {:UU}I o of problem (RTP) with objectzve function
value %2 + g—ﬁ will be an optimal solution if and only if the following conditions holds.

L 0lD%(ci; — 2) — COdyy — 2)] | 05[F°(ey; — ) — E°(fi; — 1))
5T DD b, 2] FOLFO -+ 04,7}, — 25)]

1] 17
—0..1D0(+ . _ 07  _ .2 E0( 0 4
63] _ 91][D (C Z ) C (d Zz])] N GZJ[F (6 Z ) E (fzg zzg)] Z O,V<Z,j) e N2 (2)

DO~ 0,(, — 23 FOFO = b3 (f3; = 7))

> 0;V(i,5) € Ny (1)
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Proof. Let X" = {x?j} I'sy be a feasible solution of problem (£P) with equality con-
straints. Let 2" be the corresponding value of objective function. Then

Z Zcz] ?_] Z Z el] 1]

c® E°
ZO _ [zel jEJ 4 iel ]EJ ] — i =
E z d’L] Z] E Z f’Lj ’L] D F
iel’ jeJ’ iel’ jeJ’
ZZ( U =0T+ 2 Z(u +vj)ay)
. iel ]EJ iel ]GJ
ZZ( = up = of)ag 2 X (uf 4 vf)a;
iel’ ]EJ iel’ ]EJ

XX (e —ul —v)ali+ XX (ul +v)al

zGI jeJ’ iel jeJ’
ZZ( - —vpa + 2 X (4 + vf)y;
iel jeJ’ iel jeJ'

XX (g + X X (e —auig+ XX (u) +v))aj

_ (4,5) €N (4,5)EN2 iel’ jeJ'
XX (=2t X (dy = ug+ 23 (u) + o)y
(3,5)EN (4,4)EN2 iel’ jeJ'

Y OX (=2l + X X (e — A+ X X (] +of)al)

(7J)€N1 (‘7j)€N2 ’LGI ]E]
Ty (fy =2l + X X (fi—zpuy+ X X (uf +vj)ay,
(4,4) €N (4,4)EN2 iel’ jeJ'

> (C/ij _Zilj)lij +> X (C;j )uu + Z au; + 3 b U

_ ()EM (i,4)EN2 iel’ jeJ’
XX (dy =2+ X (dy =2+ X i+ X by
(,5)€N1 (4,J)EN2 iel’ jeJ'

SO (e =AY Y (e — 2ug + Y and + Y b

n (4,4)EN1 (4,4)EN2 iel’ jeJ'
DD (fz'/j - Z;'lj)l’ij +2 X (fi/j )UU + E amg + 3 b U4
(4,4)EN: (4,4)EN2 iel’ jeJ’

Let some non-basic variable x;; € N; undergoes change by an amount 0,5 where 0, is
given by min{u,s —l,s; x?j —1;; for all basic cells (i, j) with a (—6) entry in §— loop;u;; —x?j
for all basic cells (¢,7) with a (4+0) entry in 6— loop }. Then new value of the objective
function Z will be given by

O+ 97‘5(0;3 —z)  E°+ 07‘8(6;5 )

rSs

DO =+ ers(d;"s - ng) FoO + HTS(f;’s - z4s)

I

z =

z_ ZO — CO +07”S(C;s — Z;s) o QO 4 EO +97“8(6;s — Z?s) _ 20
D0—|—97«S(d;s—z2) DY F0+9r8(f7/~s_z4) FO

rs rs
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_ GTS[DO(C;’S _ Z}*s) — Co(d;s B ng)] + HTS[FO(G;'S B Z?s) B Eo(f;'s B Zﬁs)] _ 51 (sa )
a DO[DO + 0,5(dys — 22)] FO[FO 4 05(frs — 27)] — O

TS rs

Similarly, when some non- basic variable x,, € N2 undergoes change by an amount 6,,, then

*QP‘Z[DO(C;W - Zzlnz) - Co(d;)q - qu)] epq[FO(e;)q - qu) - Eo(fz;q - Z;;q)]

DOIDO — Opq(dpg — 25,)] - FOE® = bpq(fpq = 2g)]

7-20=

2
= (5pq(say)

Hence X° will be local optimal solution if (57;1]» > 0;V(i,7) € Ny and (5i2j > 0;V(i,7) € Na.

Conversely, if 5z‘1j > 0;V(i,7) € N1 and 5% > 0;V(i,j) € Na, then Z — 2° > 0 which simply
means z > 2. This shows that the minimum value of the objective function is 2°. This
proves the theorem. O

4. THEORETICAL DEVELOPMENT

Definition 4.1. Corner feasible solution:A basic feasible solution {y;;}; ., ; to prob-
lem (RT'P) is called a corner feasible solution (cfs) if Yym+1n+1 = 0.

Theorem 4.1. A non- corner feasible solution of (RTP) cannot provide a basic feasible
solution to (EP).

Proof. Let {y;;} .y be anon -corner feasible solution to (RT'P).Then ypm 41,041 = A(> 0).

Therefore, Z Yint+l = Z Yin+1l T Ym+1n+1 = Z Yin+l T A= Z Z ug — P

el iel iel icl jeJ
> S = X Y- (P
iel icl jeJ

Now, fori € I,

! I
E Yijg = @y = E “ly

jed’ jeJ
= Z Z Yij = ZZUU
el jeg’ icl jeJ
= Zzyw +Zyi,n+1 = ZZUU
i€l jeJ icl il jeJ
= Zzyij+ZZUij —(P+ ) :Zzuij
el g icl jeJ i€l jeJ
= > yi=P+A
i€l jed

This implies that total quantity transported from the sources in I to the destinations in
Jis (P+X) > P, a contradiction to assumption that total flow is P and hence {y;;},
can not provide a feasible solution to (RTP). O

Theorem 4.2. There is a one -to-one correspondence between the feasible solution to
problem (EP) and the corner feasible solution to problem (RTP).
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Proof. Let{z;;}1«.; be a feasible solution of (EP).
Define {y;;}, . by the following transformation

Yij :xij;Vi el ,vVjelJ

Yin+1 = Zuij — ZCCU;Vi el

jeJ JjeJ
Ymi1g =) ui— ) wiVi € J
el iel

Ym+1n+1 = 0
It can be shown that{y;;}, , ; so defined is a cfs to (RTP).
Since, lij < Tij < U5 and Yij = .%'Z'j;Vi S I,Vj elJ

Therefore, lij < Yij < uij;W el,vVjelJ

Since, Zl’ij > ai;W €] and Yint+l = Zuij — Zl‘zj;Vi € I,
jeJ jeJ jeJ

Therefore, 0 < Yin+1 < Z U5 — Qg5 Viel
JjeJ
Since, Z x;; > bj;Vj € J and by definition of y,,41,j, we have

il

0 <Ymy1,; < Zuij —b;Vjed
il

Clearly, ym+1,n+1 > 0

Now, y;; = x45;Vi € I,Vj € J and definition of y; 11 implies that

Zyij :Zyij+yi,n+1 szij-i-zuij —sz‘j :Zuij =a;

jeJ’ jed jed jeJ jeJ jeJ
Fori=m+1,
E Ym+1,j = E Yij + Ym+1,n+1
jeJ’ JjeJ
= ui =) )
jed iel iel

DN

iel jeJ i€l jeJ
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:ZZUU_P:CL;TL—H

i€l jeJ

Therefore, Z Yij = a;,i el
jeJ’

Similarly, it can be shown that Z Yij = b;-,j eJ
icl’
Therefore, {y;;}, . ;/is a cfs to problem (RTP) .
Conversely, let {y;}, ., be a cfs to problem (RTP). Define z;;,i € I,j € j by the

following transformation.
Tij = yij;W el,vjelJ

It implies that l;; < x;; < u;; and integers,Vi € I,Vj € J
Now, for ¢ € I, the source constraints in problem (RTP) implies

Yoy =ar= Y wg

jeJ’ jeJ
Zyij t Yint+1 = § Ui
jeJ jed

=a; < Zyij < ZUU because (0 < ¢ pt1 < Zuij —a;Viel)
jeJ jeJ jeJ

Hence, Z ¥ij > a;; Vi € I and subsequently Z xij > a3 Vi e 1)
jeJ jeJ

Similarly, Zyij > bj;Vj € J and subsequently inj >b;;VjeJ)

i€l el
Fori=m+1
!
> Umi1y =gy =YD i — P
jeJ el jeJ

= Z Ym+1,j = Z Z Uiy — P because Ym+1n+1 = 0
jeJ i€l jeJ

Now, for j € J the destination constraints in (RT P) give Z Yij + Ymt1,j = Z Uij
icl il

Therefore, Z Z Yij + Z Ym+1,j = Z Z Uij

iel jeJ jed iel jeJ
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S DD Y= D i ) Ymarg =P

i€l jed el jed jeJ
= E E Tij = P
icl jeJ

Therefore, {x;;}1xs is a feasible solution of (EP).
a
Remark 4.1. If problem (RTP) has a cfs ,then since C;n+1,n+1 =M = d2n+1,n+1 =

’

€;n+1,n+1 = fm+1nt1, @ follows that non-corner feasible solution cannot be an optimal
solution of problem (EP) .

Theorem 4.3. The value of the objective function of problem (EP) at a feasible solution
{xij} 1% is equal to the value of the objective function of problem (RTP) at its correspond-
ing cfs {yij}; and conversely.

Proof. The value of the objective function of (RTP) at a feasible solution {y;;},, ; is

Z Z CijZ] Z Z ezjyl]

B [zEI jEJ iel’ jEJ ]
Z Z dzjyl] Z Z fz]y’tj
iel’ ]GJ iel’ ]EJ

Z Z Cz]ylj + Z Cm+1 ﬂ/m—&—l,g + Z cz n+1Yin+1 + Cm+1 n+1Ym+1n+1
[ el jed

z:[ :}dz]ylj + Z derl ]ym+1d + E dz n+lyZ nt+l + dm+1 n+1Ym—+1n+1
IS NIS

> 6 Yij + Z em+1 jYm+15 + Z ez n+1¥int1 T em+1 n+1Ym+1n+1
i€l jeJ

]
ZI ZJnyU + Z fm+1 GYm+1j + Z fz n+1Yin+1 + fm+1 n+1Ym+1,n+1
1€l g€

+[

D00 CigTig Y ) €T

B [ieljeJ | ELsE ]
> > dimyy Y0 Y i
i€l jET i€l j€J

= value of objective function of problem (EP)at its corresponding feasible solution{z;;}rx.s

. . ’ ’ ’ ’
because Vi € 1,5 € J,c;; = cij, d;; = dij, ;5 = €ij, fi; = figi Tij = Yiji Ym+1m+1 =0
! / / / ! / / /
Cint1 = Cmt1j = Qint1 = g1 = €int1 = €yl = fing1 = fm+1,j =0
The converse can be proved in a similar way. O

Theorem 4.4. There is a one -to-one correspondence between the optimal solution to
problem (EP) and optimal solution among the corner feasible solution to problem (RTP).
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Proof. Let {ZL‘ -} 1% be an optimal solution to problem (EP) yielding objective function

value 20 and {yZ ;i 11/« be the corresponding feasible solution to (RT'P). Then by Theorem

(4.3), the value yielded by {y%}I/XJ/ is 20. If possible, let {y%}I/XJ/ be not an optimal

solution to (RT'P). Therefore, there exists a corner feasible solution {y;J} to (RTP) with

b < 29 Let {a:/ } be the corresponding feasible solution to (EP).Then by
> X cyw > 2 et

the value z

theorem (4.3), 2! = [;”;’dﬂ + Zg ;‘If] ~] which is less than 2%, a contradiction to the
i€l jeJ Vi i€l jed Wi

assumption that {.%'Z]}[XJ is an optimal solution to (EP). Hence,{y%}I/XJ/ must be an
optimal solution to (RT'P). Similarly, it can be proved that an optimal feasible solution
to (RTP) will give an optimal solution to (EP). O

Theorem 4.5. Optimizing problem (RT P) is equivalent to optimizing problem (EP) pro-
vided problem (EP) has a feasible solution.

Proof. As problem (EP) has a feasible solution , by theorem (4.2), there exists a cfs to
problem (RT'P). Thus, by remark (4.1),an optimal solution to problem (RTP) will be a
cfs. Hence, by theorem (4.5), an optimal solution to problem (EP) can be obtained. [

5. ALGORITHM

Step 1:Given a fractional capacitated transportation problem (EP) with enhanced
flow, form a related transportation problem (RTP) by introducing a dummy source and
a dummy destination.

Step 2:Find an initial basic feasible solution to (RTP). Let B be its Corresponding basis.
Step 3:Calculate dual variables u,u?, u} uf,vjl,v?,v;’,v;i,z € I',j € J by using the
equations given below and taking one of the uls or vjs as zero.

u? —i—v —dwu +v —ewu —|—v —f ,V(i,j) € B
u} —H} = zzlj,u —H} = zfj,u +v] —zfj,u +v —ZZ],\V/(Z j) € Ny and Na.
N1 and Ny denotes the set of non- basic cells (z j) which are at their lower bounds and
upper bounds respectively.

u —i—v —cl],

Step 4:Calculate 0;;,c ;J }];d;J fj; ;] ”; fz/j WVZ el',jeJ for all non- basu:
cells and also calculate C° = Z > cwyw, Z > dwyw,E = Z > e”yw,
iel’ ]GJ iel’ ]GJ iel’ ]EJ

E Z fljyzj

iel’ jeJ’

Step 5:Calculate 53]» and (5% given by equation (1) and (2). If 57;1]- > 0;V(i,7) € Ny and
63]- > 0;V(i,7) € Ng, then the current solution so obtained is the optimal solution to
(RTP) and subsequently to (EP).Then go to step 6. Otherwise some (i,7) € N; for
which (51 < 0 or some (7,7) € N for which (52- < 0 will enter the basis. Go to step 3.

Step 6: Find the optimal cost 2° DO + ?3

6. NUMERICAL ILLUSTRATION

Consider the following 3 x 3 fractional plus fractional capacitated transportation prob-
lem.



252 TWMS J. APP. ENG. MATH. V.8, N.1A, 2018

3 3 3 3
Zl Zl CijTij 21 21 €ijTij
(EP) : min{——= 55 }
>0 > digmi 30 > fijti
i=1j=1 i=1j=1
subject to
3 3 3
lej > 30;Z$2j > 60;21‘3]' > 90
j=1 i=1 j=1
3 3 3
lel > 60;2%2 > 50,21’13 > 40
i=1 i=1 i=1
3 3
> ai; =P =200 > max( Za, = 180, Zb = 150)
i=1 j=1

1< 211 £20;2 <212 <10;0 <13 <20
0 <291 <2052 < 290 <2051 < 293 <50
1 <31 <50;4 < 3o <4053 < 233 < 30
In order to solve (E'P), we first convert it into related transportation problem (RTP)

TABLE 1. Cost table

origin| | destinations — | D1 | D2 | D3
01 (Cijy d”) — (2,3) (3,4) (4,5)
(ew? flj) (574) (976) (972>
02 (cij, dij) — (1,4) | (2/4) | (2,6)
(elja fZ_]) — (433) (233) (177)
03 (Ci]> ]) - (173) (571) (674)
(eZJ’ fl]) - (274) (273) (872)

with Cip = 0 = di4 = €4 = fz'4 for ¢ = 1,2,3 and C45 = 0= d4j = €45 = f4j for
Jj=123and cag = dyga = eqs = faa = M. Also, 0 < x4 < 20;0 < w94 < 30,0 <

! 3 !
234 < 30,0 < 241 < 30;0 < w40 < 20;0 < wy3 < 6052044 > 050 = Zulj = 50;ay =

Zugj—QO g = Zu3]—120 ay = ZZUZJ—P—260—2OO—60 b, = Zuu:
Jj= i=1j=1

90; by, = Z uip = 70;by = Z u;3 = 100. Find an initial basic feasible solution to the
i=1
(RTP) so formed This solution is shown in table 2 and is tested for optimality. In table

2, C0 =473; D% = 719; E° = 518; FY = 897

Since in table 3, (511] > 0;V(1, ) € N; and 5%- > 0;¥(i,j) € Ny, therefore the solution in

table 2 is an optimal solution of problem (RT'P) and hence yields an optimal solution of
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TABLE 2. Corner feasible solution of problem (RT'P)

DAl ul T2 Tud [ ud

z;; | D1 | D2 | D3 up | ug | uy | u
O1/20[10]0 [20]2 |3 [5 |4
021020 |50 [10 |1 [4 [4 |3
0O3]50 [37[3 [30 |5 |1 [2 |3
O4110 (3 [47]0 [0 [0 [0 |O
v;i [0 [0 [0 [-1
v [0 [0 [0 |-4
v [0 [0 [0 |-4
vi [0 [0 [0 [-3

Notes.Entries of the form a and b represent non- ba-
sic cells which are at their lower and upper bounds
respectively. Entries in bold are basic cells.

TABLE 3. Computation of 51'13' and 5%—

NB [01D2|01D3|01D4| 02D2 | 02D3 | O3D1 | O3D3 | O3D4

0 0 19 0 10 10 3 17 3

cy — 2 1 2 -1 1 1 -4 1 -4
di—22 | 1 2 1 0 2 2 3 3

€ — 75 4 4 -1 -2 -3 0 6 2

iy — 2k 2 -2 -1 0 4 1 -1 0
0L and 0% | 0 [ 0131 0 [0.0083]0.0665 | 0.0243 | 0.1055 | 0.0185

(EP) with minimum cost = 20 = % + % = 1.2353.We also verified this optimal solution

by using a computing software Excel Solver.

7. CONCLUSION

In order to solve a capacitated transportation problem where the objective function is
a sum of two fractional functions and the total flow constraint is enhanced to a specified
level, a related transportation problem is formulated which possesses a corner feasible
solution. Optimal solution to enhanced flow problem can be determined from optimal
corner feasible solution to related transportation problem. As future work, it is intended
to apply proposed algorithm to a sum of n fractional functions when the decision variables
are bounded. Moreover, the developed algorithm can also be applied in a solid fixed
charge capacitated transportation problem, indefinite quadratic transportation problem,
fuzzy transportation problem , with or without flow constraint.
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