TWMS J. App. Eng. Math. V.9, N.3, 2019, pp. 413-423

ON THE PARTIAL SUMS OF CONVEX HARMONIC UNIVALENT FUNCTIONS

A. ZIREH!, M. M. SHABANI!, §

ABSTRACT. Partial sums of analytic univalent functions and partial sums of starlike have
been investigated extensively by several researchers. In this paper, we investigate a partial
sums of convex harmonic functions that are univalent and sense preserving in the open unit
disk.
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1. INTRODUCTION

A continuous function f = w 4+ v is a complex valued harmonic function in a complex
domain € C C if both v and v are real harmonic in €.
In any simply connected domain 2 C C, we may write f = h + g, where h and g are analytic
in 2. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in  is that |h'(z)| > |¢'(2)| in Q.
(See [2]).

Denote by Sy the class of functions f = h + g that are harmonic univalent and sense-
preserving in D = {z € C: |z| < 1} for which f(0) = f,(0) —1=0. Then for f =h+g € Sy,
the analytic functions h and g can be expressed as

h(z) =24y a2, g(2) =D b2¥, bn| < 1. (1)
k=2 k=1

A function f of the form (1) is harmonic convex of order «,0 < e < 1, denoted by Ky (), if
it satisfies

) o, . 220 (2)) + 2(2¢'(2))
%{arg(%f(re 0)} = Re{ ( zh’(z)) tzé'(gz) ) } > a,

where 0 < 6 < 2m,|z| =r < 1.
As shown recently by Jahangiri [6] a sufficient condition for a function of the form (1) to be

! Department of Mathematics, Shahrood University of Technology, Shahrood, P.O.Box: 316-36155, Iran.
e-mail: azireh@gmail.com; ORCID: https://orcid.org/0000-0002-3405-853X.
e-mail: mohammadmehdishabani@yahoo.com; ORCID: https://orcid.org/0000-0003-1416-7795.
§ Manuscript received: April 5, 2017; accepted: June 20, 2017.
TWMS Journal of Applied and Engineering Mathematics, Vol.9, No.3 © Isik University, Department
of Mathematics, 2019; all rights reserved.
413



414 TWMS J. APP. ENG. MATH. V.9, N.3, 2019

in Kg(«) is that

Z (k(kz —aa) o] + E(k + )

- i) <2 e

k=1

In 1985, Silvia[11] studied the partial sums of convex functions of order . Later, Silverman
[10], Abubaker and Darus[1], Dixit and Porwal[3], Frasin[4, 5], Raina and Bansal[8], Rosy et
al.[9] and Porwal and Dixit[7] exhibited some results on partial sums for various classes of
analytic functions. Here, we investigate a partial sums of convex harmonic functions.

Now, we let the sequences of partial sums of functions of the form (1) with b; = 0, have forms

m oo
fm(z) =z+ Zakzk + Z bkzk,
k=2 k=2
o0 n
fn(z) =2+ Zakzk + Z b2k,
k=2 k=2

m n
fmn(2) =2+ Z a2’ + Z by 2.
k=2 k=2

In the present paper, we determine sharp lower bounds for Re{ff}, Re{J;T}, Re{}{ll},
2 ) o / P "
Re{?},Re{é}, Re{J}}, Re{fin}, Re{ff }, Re{ f } and Re{ I },

where f'(z) = (;)ef(rew) =i(zl(2) — 2¢'(2)).

2. MAIN RESULTS

Theorem 2.1. If f(z) of the form (1) with by = 0 satisfies condition (2), then

f(2) m(m+2 — )
Re{ 51 2 Tk Dom i1 =y €D )
The result (3) is sharp with the function
fle) =24 ()

(m+1)(m+1—a)

Proof. To obtain sharp lower bound given by (3), let us put

(m—l—l)(m—l—l—a)[f(z) ~_ m(m+2-aq) }_
1-—« fm(z)  (m+1)(m+1-a)l
14 i rh=lgi(k=1)04, | i ph=le=i(k+1)0%" 4 (m+1)(m+1-a) ph=1gi(k=1)04
k=2 k=2 -« k=m+1
1+ i ph=lgitk=1)0g, 4 i ph—1e—i(k+1)0h,
k=2 k=2
14+ A(2)

=1V B0)
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L+A(2)  14w(2)
1+B(z) 1-w(z)

w(z) =

__A(z) = B(2)
, so that w(z) = ST A LB Then

Set

2] .
> rk—lez(k—l)aak}
=m++1

24+ 2( 72”: rh—1eith=10g, + f Tk_1e—i(k+1)aa) n (m+1)(m+1—a) ( f rk—lei(k—l)aak)
k=2 k=2 1-« k—ma1

(m—i—l)(m—i—l—a)[
11—« &

Hence

(m+1)(m+1—-—a); X
2]
(m+1)(m—|—1—a)< % ’%’)

-« k=m+1

11—«

w(z)] <

Ty 2(22 lag] +§2 ]bk|) _

The last expression is bounded above by 1, if and only if

- > (m+1D(m+1-0a)/ «—
P R D S 1) | (5)
k=2 k=2 k=m+1
It suffices to show that the L. H. S. of (5) is bounded above by > (MMH—FMMH),
k=1 11—« 11—«
which is equivalent to
" rk(k—a) 2 rk(k+ @)
> (Fra )+ 0 (S 1)
k=2 k=2
2 /k(k—a) (m+D(m+1-a)
+k—zm:+1( 11—« 11—« )]ak]_O

To see f(z) = z+

we have
f(z) 14 l-—«a m_ g l-«a _ m(m+2—a)
fm(2) (m+1)(m+1—-a) (m+1)(m+1—a) (m+1)(m+1-a)
when r — 1. This completes the proof of Theorem 2.1. O

Theorem 2.2. If f(z) of the form (1) with by = 0 satisfies condition (2), then

fm(2) (m+1)(m+1—a)
Re{ f(2) }Z mim+2—a)+2(1-a)’

The result (6) is sharp with the function given by (4).

(2 €D) (6)

Proof. We may write

1+w(z)

1—w(z)

m(m+2fa)+2(lfoz)[fm(z)_ (m+1)(m+1-a) }:
e flz) mm+2-a)+2(1—-a)

(m+1)(m+1—a)(
-« k=m+1

14 i ph=1gilh=100g | i‘é ph=1le=i(k+ 105" _ rkqei(kq)eak)
k=2 k=2

1+ i rk=1ei(k=1)0q, 4+ § rk—1g—i(k+1)6p,
k=2 k=2
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where
mm+2—a)+2(1—a)f X

> ]

l -« k=m-+1

lw(z)] < <1

< 2_2(k§2‘ak‘+k§2‘bk’> _W< 5 !aﬂ) <

a k=m+1

Equivalently

Z|ak|+2|bk!+m(m+2;_a)a+ (1—a)< > |ak|) <1. (7)
k=2 k=2

k=m+1

x rk(k— k(k
since the L. H. S. of (7) is bounded above by > (M kik +a)
=\ 11—« 1-a

complete. O

Theorem 2.3. If f(z) of the form (1) with by = 0 satisfies condition (2), then
f'(z)
R >
e{f/n(d} “mtl-a
The result (8) is sharp with the function given by (4).
Proof. We have
1—|—w(z)_m+1—a[f’(z)_ m }
l—wiz) 1-a Lfi(z) m+l-a
m+1—a«a S ]

14 i Jork—1gi(h—1)6, f fork—1e—i(k+1)0 4 S kb leih-Dog,
k=2 k=2 L—a L0

1+ i krk—lei(k—1)0q, — § krk—1le—i(k+1)0p,
k=2 k=2

lak| + |bk]>, the proof is

, (2 €D) (8)

Then
w(z) =
m+1—« oo

k—1_i(k—1)8
T [k:%Jrl kr¥ e ak}

m . S . — m+1—a« & A
91 2( S krk—leith—1)0g, — 3 krk—le—z(k—i-l)ebk) n ( > krk—lez(k—l)ﬁak>
k=2 k=2 L—a \piin
In a similar fashion as in Theorem 2.1. the proof is complete. O
Theorem 2.4. If f(z) of the form (1) with by = 0 satisfies condition (2), then
Gy, mt1a
> D 9
&{ﬂ@ Z i i—ay GED) ©)

The result (9) is sharp with the function given by (4).

Proof. Since

1+w(z) :m+2(1—a)[f,’n(z) _ m+l-a
1—w(2) 11—« f(z) m+2(1—-a)l

proceeding exactly as in the proof of Theorem 2.3, we evidently have the required result. [
Theorem 2.5. If f(z) of the form (1) with by = 0 satisfies condition (2), then

f(2) n(n+2+ a)
R%f“@}z(n+ﬂm+l+ay

(z € D) (10)
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The result (10) is sharp with the function

11—« .
16 =2+ it ita) (11)

Proof. Write
1+w(z)_(n+1)(n+1+a)[f(z) n(n+ 2+ «) ]:

1—w(z) 1-« fn(z) (m+1D(n+1+4+a)
14 i ph=1eih=104, i ph=le=ilh+1)0p " 4 (n+1)n+1+a) [ i rkﬂeﬂ'(kﬂ)ea}
k=2 k=2 -« k=n+1
1+ ic: Ph=leitk—1)0g, 4 zn: ph—1g—i(k+1)07,
k=2 k=2
where
w(z) =
m+Dn+1+a)r & 41 ikerne—
l—«o |:k:2n:+lr € bk:|
92+ 2( i rh=leith=10g, zn: rk—le—i(k-&-l)ﬂa) n (n+1)(n+1+a) ( i rk—le—i(k+1)ea)
k=2 k=2 I-a k=n+1
Then
m+1Dn+14+a); &
Y o]
W) € —— (TS RS T ya——
2-2( 3 Japl+ 3 Ibwl) - (> )
k=2 k=2 1 - k=nt1
This last expression is bounded above by 1, if and only if
oo n oo
n+l)n+1+a
S ol + 3 gl + PEREEIEAN SR ) < (12)
k=2 k=2 k=n+1
o rk(k— k(k
It suffices to show that the L. H. S. of (12) is bounded above by > <20?O]ak]+m]bk\),
k=1 - -
which is equivalent to
o0 n
k(k — «) E(k + )
> (e e+ X (S )l
k=2 k=2
o0
k(k+a) (m+1)n+1+a)
* Z ( 1 -« l-« >|bk|_0
k=n+1
11—«

To see that f(z) = z + Z"*1 gives the sharp result, we observe that for

‘ (n+1)(n+1+a)
z = re'»+2 one obtains

f(z) 11—« no— T (n42) 1-—« n(n+ 2+ «)
= 1 n+2 1 — =
fn(2) (n—&—l)(n—i—l—i—a)r e - (n+1)(n+14+a) (+1)n+1+a)
when r — 17. This completes the proof. O
Theorem 2.6. If f(z) of the form (1) with by = 0 satisfies condition (2), then
fn(2) (n+1)(n+1+a)
R > D 13
e{f(z)} 71(71—1—2—1—04)—1—2’(2E ) (13)

The result (13) is sharp with the function given by (11).
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Proof. 1t is easy to see that
1+w(z)
1—w(z) -
n(n+2+a)+2[fn(2) (n+1)(n+1+a)} _

f(2) nn+2+a)+2
1+ io: rh=leik=1)0g, 4 i rh=le=ilkt1)0p, " (m+int1+a) [ f) Tk_le‘i(’““)ga}

11—«

=2 =2 l-« k=ng1

1+ i rh=lei(k=1)0g, 1+ § rh—le—i(k+1)0p,
k=2 k=2

Rest of the proof is omitted since it runs parallel to that from Theorem 2.2. O
Theorem 2.7. If f(z) of the form (1) with by = 0 satisfies condition (2), then
9 _
(i) Re{ /() } > ( m(m +2 - a) (zeD)ifnin+2+a)+2a>m(m+2—a) or

Jmn(2) m+1)(m+1—«)
by = 0 Wk > 2
.. +2+ .
(ii) Re{ff(z()z)} > (ni(%(n_’_loﬁa),(z eD)ifnin+2+a)+2a <mim+2—a) or
ap =0 Vk > 2.
Proof. To prove (i), we may write
1+w(z)_(m+1)(m+1—o¢)[ flz)  m(m+2-0)
= w(z) - Fn(2) G+ Dm+1-a)
B P
14+ 3 ph-leilk—10g, 4 3° ph—Te—i(h+1)0F,
k=2 k=2
where
P = 1+Zklzkla+z7”kl i(k+1)0
k=2
(m+D(m+1-a)[ < k=1 i(k—1)0 i(k+1)0
+ 11—« { Z Gk + Z i }
k=m+1 k=n+1
So that
+1 +1-— oS ; >, ; —
(m )1(771 @) [ S Tk—lez(kfl)eak + 3 rk—le—z(kﬂ)abk}
w(z) = - k=m+1 k=n+1
Q )
where
Q= 2+2(Z phlgik=10, 4 Z kalefi(k+1)aa>
k=2 k=2
1 1- > : = ; —
i (m + )1(m+ a)( Z ph=1gik=10, 4 Z Tk—le—z(k-i—l)ebk)_
@ k=m+1 k=n+1
Then
(m+1)(m+1—a)f X LS
] S Jad+ X o]
\w(z)\ < k=m+1 k=n+1

_2_2<k§2|ak|+§:2|bk’>_(m+1)1(T+1_a)( i k] + f: |b’“‘).

«Q k=m+1 k=n-+1
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This last expression is bounded above by 1, if and only if

Z|ak|+2|bk|+(m“)l(’le_o‘)( ED |bk\> <1. (14)

k=2 k=2 k=m+1 k=n+1
Since the L. H. S. of (14) is bounded above by >’ <W|ak| + WMH), it yields
k=1 -

the following inequality

S s (2 ety

k=m+1
" rk(k+ ) 2 /k(k+a) (m+Dm+1-a)
7—1) ( - ) > 0.
+ ( 11—« 1Bx] + Z 1l-« 11—« bx] =0
=2 k=n+1
1-— o
Tosee f(z) = z+ (m+ 1)(m(—li- T a)z *1 gives the sharp result, we observe that for z = re'm
that
1- 1-— 9 _
f(z) 14 a 1 a __m(m+2-aq)
fmn(2) (m+1)(m+1—a) (m+1)(m+1-—a) (m+1)(m+1-a)
when r — 17.

To prove (ii), note that

1+w(z)_(n+1)(n+1+a)[ flz)  nn+2+a)
1—w(z) -« fn(2) (n+1)n+14+ )
B P
14+ 3 ph-leilk-—10g, 4 3° ph-Te-i(k+1)05,
k=2 =2
where
P14 Z Ph=1eik=10, 4 Z k=1 =ilh+1)0p -
=2 =2
(n+Dn+14+a)[ o 4 pi(k—1)8 o i(k+1)0
+ T [ >or ar + Z b }
k=m+1 k=n+1
So that
(n+1)(n+1+a) { i Tk, io: T,k—le—i(k—i—l)@a]
w(z) = -« k=m+1 k=n-+1
Q )
where

Q=2+ 2(i 7J<;—1ez‘(1c—1)<9ak + i Tk—le—z'(k-l—l)ea)

k=2 k=2

Jr(7%”1)(n+1+a ( Z Phlgitk=10, | Z kL (k)05 )

11—«
k=m+1 k=n+1
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Consequently
1 1 o0 o0
(n+1)(n+ +a)[ SEIEEES ‘bkq
w(z)| < l-a k=m+1 k=n+1
- il n n+Dn+1+a);, X 5. ’
2-2( % Jal+ 3 Jbe]) — T4 (> Jal+ > 10l
k=2 k=2 o k=m-+1 k=n+1

This last expression is bounded above by 1, if and only if

Z!akHZIka(n+1)1(7izl+a)( S odwl+ Y ) <1 (15)

k=2 k=2 k=m+1 k=n+1

x rk(k— k(k

It suffices to show that the L. H. S. of (15) is bounded above by > <(1;)|ak]+(1+;)|bk|>,
k=1 - -

which is equivalent to

" k(k - ) = sk(k—a) (n+Dn+140)
Z( 11—« _1)|ak|+ Z ( l—a 1 -« )|ak|
k=2 k=m+1
" rk(k+a) = /k(k+a) (n+1)(n+14a)
MAShLE Y _ > 0.
+Z( 1l—a 1)’bk|+ Z ( 11—« 11—« )|bk‘_0
k=2 k=n+1
1— o
To see f(z) = z+ e —(:[1 n a)fnﬂ gives the sharp result, we observe that for z = re'n+2
we get,
f(z) -« - =T (nt2) 11—« nn+2+ a)
=1 nt2 1— —

fom@ T rDmrira) T T A Dm+ita) (ntDmt1l+a)
when r — 17. The result follows.

O
Theorem 2.8. If f(z) of the form (1) with by = 0 satisfies condition (2), then
Jmn(2) (m+1)(m+1-—a«) .

R > D 2 200 > 2 —
(i) e{ 8 }_ mm 2 —a)+ 201 = )(ze ) if n(n+2+a) +2a > m(m + Q)
or by =0 Vk > 2.

fmn z) (m+1)(n+1+a) .
D 2 200 < 9 _
(i) R { } nnt2ta) 12’ (2 €D) ifn(n+2+a)+2a < m(m + a) or

ap = 0 \V/k > 2
Proof. To prove (i), we may write

I+w(z) mm+2—a)+2(1-a) [fmn(z) (m+1)(m+1—-a) ]

1—w(z) -« f(z)  mm+2-a)+2(1-a)

P

L4+ 3 rh—leith-D0g, 4 3° ph—1o=ilk-+1)05,
r=2 F=2

where

m n
P=1+ Z Tk—lei(k—l)eak + Z rk_le_i(kﬂ)ea
k=2 k=2

—(m+1)(m+1_a[zrkllklak—i—Zr k+19b}

11—«
k=m+1 k=n+1
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Then
m(m—l—2—a)—|—2(1—a)[ i‘é ] + i ’bk‘:|
l-a k=m+1 k=n+1
w(z)l < il n mm+2—a)/ X 59 =1
2-2( % Jal+ 3 el ) = FE— (X Jarl+ X Jbil)
k=2 k=2 k=m+1 k=n+1

This last inequality is equivalent to

Z\amem mmE2 XA (S g Y ) <1 (9

k=m+1 k=n+1
Sufficiently, the L. H. S. of (16) is bounded above by > (Wak + k(lk—i_a)|bk|) the
-«

k=1
proof is complete.

To prove (ii), we consider that

1+ w(z) n(n+2+a)+2[fm,n(z) (n—i—l)(n—i—l—ka)}

1—w(z) -« f(2) nn+2+a)+2
P
= o0 o0 _
14+ 3 rh-leik—Dbg, 4 S pk-le—ik+1)0p,
k=2 k=2
where
_1+Zklzk Dog, +Zk1 i(k+1)0
1 1
_(n+ )1(7:; + ) [ Z Phlgilk=10, | Z phl=ilkt1)0h
k=m+1 k=n+1
Then
nn+2+a)+27 X e
T ]
jwiz)l < m n n(n +k;’r‘;) + 2ak:n—; 0 =1
—2( 3 Jail + 3 Jbl) = S (> Jal+ % lo)
k=2 k=2 aQ k=m-+1 k=n+1

This last inequality is equivalent to

Z\ak\+2]bk|+ n+2+a) (1+a)( Z lag| + Z ]bk\)ﬁl. (17)

k=m+1 k=n+1
x rk(k— k(k
Sufficiently, the L. H. S. of (17) is bounded above by > ( (1 @) la| (1 +a) |bk\> which
k=1 -
completes the proof. O

Theorem 2.9. If f(z) of the form (1) with by = 0 satisfies condition (2), then

f'(z)
Re{fgw(z)} “m+l-a

, (z€D)ifn>m (18)

The result (18) is sharp with the function given by (4).
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Proof. Consider

1—|—w(z)_m+1—a[f’(z) B m
1-wiz) 1-a hn(2) m+1l-a
B P
14+ 3 krk—Teith=00g, — 3> fpk—Te—ilk+1)0h,
k=2 k=2
where
P—14 Z ek —1gi(k=1)0, Z fork—1—i(k+1)0p
k=2
1— i A -
N m;r_ . a[ Z forh—1 i k= 1)9% Z krk—le—z(kﬂ)ebk}
k=m+1 k=n+1
Then
1— o) . [ee) . -
m;— « [ Z k?"k71€z(k71)9ak _ Z krkflefz(kJrl)Gbk]
w(z) = - k=m+1 k=n+1
Q )
where

Q=2+ 2(% krkflei(kfl)aak _ Zn: krkflefi(kJrl)eE)
k=2

k=2

n m ;L_l ; a( Z ferh—1i(k=1)0 i krk—le—z‘(k-l—l)@a).

k=m+1 k=n+1
Consequently, we get
m+1—a x S
ﬁ[ > klag| = > k’bk\]

k=m+1 k=n+1
m —|— 1— (

w(z)] < <L

> klaxl+ D klbel)

2= 2( 3 Hla| + 3 klbu]) -

This last inequality is equivalent to

Zﬁm+2}mum+l (Ejmm+§:mm%q (19)

k=m+1 k=n+1

k(k — «)

Since the L. H. S. of (19) is bounded above by > ( (1 Rk + o
k=1 -

)\bk|>, the proof
11—«
is complete. O

Theorem 2.10. If f of the form (1) with by = 0 satisfies condition (2), then

lag| +

f7/n n(z) m+1—a
> D 2
R{fx)}_nHQﬂ—w’@e ) (20)
1—
The result (20) is sharp with the function f(z) = z + “ zmtL

(m+1)(m+1-a)

Proof. Proceeding exactly as in the proof of Theorem 2.9, we evidently have the required
result. g
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